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PREFACE 

This book is a simplified fonn of the author’d " New School 
Geometry,’’ at present (1939) in its twelfth edition. Sinoe the, 
original book was published, in 1927, tho teaching of Geometry 
has, in many schools, tended to become less and less complex. 
One reason for this fact may be that more children of average 
intelligence ate being prepared for the various School Ocitificate 
Bxanunatians; another reason (»rtainly is that under the 
increasing pressure of other subjects less time can be devoted 
to the older subjects, such as Geometry, than used to be the 
case. It was therefore felt that many teachers would welcome 
the opportunity of having a text-book wHch contained the full 
bookwork of the ordinary Certificate course and also plenty of 
riders simple enough for the average pupil, but which omitted 
the more difficult applications of the s^j eci At the same time 
all tho really essential things will, it is hoped, be found to be 
included in this simplified edition, as also ate the main oharac- 
teristies of the original hook. For instance, the referenopR in 
tho Propositions aro set out in phrn,sc.s -nob in numbered 
referencosto earlier Thcorcnis—an important feature which the 
original book was tho first to introduce and use cunsistimtly. 

'Tho original numbering, both of the Figures ami of the sets 
of KxamjileH, has been retained, so that the two forms of tho 
book can bo used side by side when doomed necessary. 

The author hopes that teachers will welcome this simpler 
form of a vSehool Geometry, which presents the subject in a 
way that is mathematically rigid and useful practically, both 
by tho care with which the bookwork is set out and by reason 
of the large store of simple riders of the various types necessary, 
numerical and practioal as well as theoretical. 

An addition lias been made in this reprint (1916) consisting 
of sets of Revision Ikampkte which ueal with the various 
parts of the work. They have been mode fairly easy in order 
that they may be used either for homework or for revision, 

W. J. Walker, 
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STAQE I. 

ELEMENTARY IDEAS. 


ELEMENTARY IDEAS. 

SoUtls In Geometry, 

A Solid is the nnme we give to any body with o definite 
boundary. It need not be of a really eolid nature; for 
examploi a carpet and a piece of eking are both called 
Bolide; so also le an india->mbber ball, though this is, in 
one eense, hollow. 

The shape of a solid may be quite irregular, as in the 
case of a boot, a kettle, or a oricm-shirt. On the other 
hand there are a few solids with actual geometrical names. 
There are, for instance, the cube, the cone, the pyramid 
and others, wMch we should examine and learn by name. 

Let us learn the nature of all solids by considering a 
briok; the shape of this is often called a rectangular blook, 
Notice that it has Ungth, and hrecM, and thimete, three 
dimensions) as they are called. Every solid that we can 
think of has the'same three dimensions, though it may not 
be as easy to measure them os in the ease of a briok. 

Sorlaoes. 

A solid is always bounded by Surfaces. A eurfaoe is 
merely the bouudtury of a solid. It has no thickness at 
all, so that it has two dimensions only, length and breiM, 
Distinguish between a page of this book and the upper 
surface of the page. The page itself is a soUd, though its 
thickness happens to be very small, and the solid page is, 

{snoaiBS) B 
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of oouiBe, made of paper. The top aurfflce of thabaa 
no thiolmess, nor u it made of paper at all; for if it were, 
It wodd need to Have some tmcknosa. In faot the top 
Bur&oe is merely where the paper ends and the air abere 
it begins. 

Surfaces may be either fum or curtwt. The surface of 
a cup is curved; the surfaces of the walls of a room, if 
well We, are plane. If it is desired to find out whether 
a Burfece is plane or not, an ordinary ruler should be taken 
and laid aoiose it in many positions. If the aurfaoe is 
plane, the ruler will alm^ He flat against it 
' A plane surface is often spoken of as flat, but it is better 
to use the word “plane," as a flat surface might be taken 
to mean one that is honzontal, like the suriaco of water 
at rest. The wall of a room may be plane, but we ahoald 
hardly call it flat. 

Lines. 

Two surfaces meet in a line, A tine, therefore, bas 
ndlther breadth nor thickness; it has one dlmenslfm only, 
length. Think of the line where the floor of the room 
meets one of the walls. It is not made of the piaster 
which forms the walle, ot of the wood which forms the 
floor, or of the air in the room.. It Is simply where the 
ait, the wood and the plaster meet. 

. Lines can be ei&or straighl or mtiwi, (We nse tiie 
word curved to include all sorte of irregularities.) If a 
curved piece of string connects two nuls in a wall, it is 
evident that the string would have to be pulled at one end 
tighter and tighter before it would be a etraight line joining 
the nails. Thus a straight Um gives us the saorfest autonos 
hetwm its tm end points, A straight lino is eusn from 
end to end. The e&e of a ruler is, or should be, straight, 
and so we use a good ruler and a well-aharpened pencu to 
draw attaint linw, If you want to find out whether a 
ruler edge ia etraight or not, take a penml and use the 
ruler to draw a line AB on your paper. Bavetse rukr 
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and use the same edge reversed to dra'w again a line from 
A to B. If the two lines AB are the same, and have no 
space between them, the ruler must have a straight edge. 

Points, 

Two lines meet in a point. A point, therefore, has 
neither length nor breadth nor thickness | it has no 
dimensions at all, no size, though it has pontion. We can 
think of the right-hand top corner of this page ae being a 
point, where the right-hand edge of the paper meets the 
top edge. 

In drawing a point, make two fine lines cutting one 
another in a cross (x), and not by a dot of pencil 
or ink (•)• 

Points, Lines, Surfaces, Solids. 

We may begin with a point, instead of with a solid. If 
a point were to move, it would trace out a lino, straight 
or curved. If a line were to move, it would generally 
trace out a surface. If a surface were to move, it would 
generally trace out a solid. 

ETiUFLea 1. 

1. dire lostanoM of solids, surfacos, Uum and points in your 
olossroom. 

2. Point oat surisoss about yon whioh sxe (i) piano; (U) not 
- plane. 

3. Point out llnea abont yon whioh aro (1) straight; (il) not 
strsight. 

4. Mention artioles that are bought and sold (i) by volume; 
(il) by area; (iii) by length. 

5. How many (I) surfaces, (ii) edges, (ui) corners has an ordinary 
brick} 

6. How many measurementa must I give in order to have a wall 
built T 

7. How many measurementa must I give in order to have a wall 
papered on (me side} 

8. Is this page a auifaoe or a solid 7 



4 mw S 0 H 00 £ axointrnr 

B Hoto yont peiudl to diow bov * liiw aui mar* to 

trace out (i) a plane mirfaoe; (ii) a oorred Burfaoo; (Ui) no tnifaoe 
at all. 

10. Is one thread of a spider's veb a lina, a surfaoe or a scdio T 

11. Is the best straight line you oan draw on your twpw really a 
line] la It really straight 1 What sort of a thing is » aoioally T 

12. Why did the Bomsns maJca their roads straight 1 iiie there 
any disadyantoges in roads that are straight } 

13. Is a ooat of yaroish on a door a solid or a anrfaoft t 

U. Name some objeots that are bounded pertly by eurved 
snrfaoM and partly ^ plane turfaoee. 

QomnoHs OR imo OiouRsaiou* Sousa (bm page f 1).. 

15. Oan a straight line he made to move eo ee to deeatiba toe 
ouEved sntfaoe of (i) a cylinder, (ii) a epbstot (id) a OMW 1 

16. Giye the nnmber of faose. edra and oomesa In oaoh of the 
fonowingt a enbei a teotangider blook; a triangular prism { a 
eylindai; a oone; a trianguler pyramicL 

17. Name geometriool solids that at* bounded by# 

(i) Planesurfsoesonly; 
iil) Ooryed suifaoee only t 
(111) Plane and ouiyed aurfaooe. 

MEASURlNa STBAIQH7 LINES. 

The lulei yon nso in Oeometr? shoald b«ve one edge 
divided into tno^ <tnd tenths oj an iwA, and the other 
edge divided into eentmeires (cm.) mi milUtiuirea (mm.), 
Bemembei that 1 mm, » ^ cm. 

In measuritiff, always use cleoimat, not ndgar, fraction*. 

In measuring, do not nae the *'zero’* end if it ia ah all 
worn; be^, say, at the l*inoh mark instMd, eabtrocting 
the 1 inoh from the mei^emont obtuned. A batter 
iteeult BtiU will he^ obtained if the mler i* tUt^, oo a* to 
bring the graduations on tdie edge of the mler os oloee oe 
possible to ihe line which is being measured. 

DRAWING STRAIGHT LIHIffl. ETC. 

In all drawing exeidsea the pupil should use a hari 
penm (H fos preference). Fairly good work oan be done 
with a penciT sharpened to o jm point in the ordinary 
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way, bat mach bettoi work is possible if tbe pencil is 
sharpened to a chisel edge, a piece of glass-paper being 
used afterwards to make the edge as sharp and straight as 
possible. It is a good thing to hold the pencil against the 
ruler in a position that is upright or nearly so. 

QN DRAWINQ AND MEASURINO STRAIGHT LINES. 

A. In inches and tenths | in om. and mm. 

Bx^urua 2. 

1. Draw straight Ilnai of the following lengths, and mark the 
length over each) (i) 1*7 in.; (h) 2*6 in.; (iii) 3*7 in.; (iv)6 in. 

2. Queea the lenrth tn Inohee of the two Unes AE, 6C in Fig. 1; 
then measure each line and find your errors, 

8. Draw, without measuring, aline aoross the page and one down 
tbe page, eaoh 3" long; then measure the line* and find your errors. 

4. Heasoie the lengths AS, BC, CD, DE in inches; obeok by 
adding your resiiits atid by measuring the whole line. 

A B 0 D r 

Fm. 1. 

0. Draw a line AB aoross your page; oot oR from it a part AC 
4*4 ora. loim, and then a pMt CD 2'7 om. long, How long should 
AD bo 7 Cheek by measurement. 

6. Measure the lengths PQ, QR, PS In Fig. 2 in oontimstros and 
miUlmstresi ohook by oaloniating and mesauring the length of R8. 

■ ■ . .. 1. —_t__ 

p <3 R s 

Fia. 2. 

1. How maOy times is the line AB la Fig. 1 oontalned in the 
hright of this page ? Ouess an uiswer and oheok it by measuring 
in millimetreB and dividing, 

B. la iaohes or oenttmeties (tc two decimal places). 

When a line is not an exact number of inohca and tenths, the 
length of the small amount left over has to he gaBosod. Divide a 
tenth of an Inoh Into ten equal porta In your mind; eaoh small 
part is now one-hundredth of an inoh, i.s. '01 Inch. You have 
now to guess the number of Uieae small parts in the piece of the 
line still to be measured. If it is a little lees than half of ^ inoh, 


■ad AQ aiwnt *03 ia. 
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6. Drav » line 4 inoboa long, moMuro It In om., and so find, in 
oentimotres, hov much longer a motro la than a yard. 

6. Drav a lino 7 om. long and another 2 inches long. Find, in 
om., hoar much ono line ia longer than the other. 

7. Moasiiro in inilUmotren the length of throe different pages of 
this book (close to the right>hand edge), and find the average of 
the three rosnlts. (Ans. oorroot to *1 mm.) 

8. Work out the same qiioation in inohes (oorreot to *01 inob). 

0. Draw a straight Uno across the width of your patwr and 

divide it into throe equal parts hy guessing. Measure tuo three 
parts, flow much longer is the biggest part than the smaliest T 
(Work in inohes, and then measure again in om.) 


ANGLES. 

An Angle ia formed by the meeting of two atraight linea. 
The aize of the anglo depends on how widdy open the linea 
(oi arma of the angle) arc. The length of these arm does 
not affect the she of the angle. For example, the anglea x 
and y are equal; also the angle y ia smaller than the 
angle «, because the arma in y arc leaa open than, they are 
ine. 





An angle may be considered aa being made by the 
turning (or rotation) of a line from the position of one 
aim, say oa, into the position of the other arm, OB; i^e 
the iff me angle is the amount iff turning involved. 



Q— A 

A oomptotft turn. 
Fjte.S, 


Fio. 7. 
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If ft iSiiA Kutfttas from ths poiitba OA oomplotcdi' rottaS 
H Mft^os tha i»ma poaiUon a^to, ii maVoi, o| 
oomsa, a oompleta nvobUoa. Whan it imui ftioo batf. 
v&y soond, Ute aagb deemibad la oalied a •traight ftog^; 
vKea it iuia gono ooa qttftrtar tbo way round, Uu aa^ 
ia oall^ a right angla. 


vS7 


Tw. a. Wn. 10. 



in angle law ihan a rigid is oaltad an aanta angla. 

An aame meater than tm right amgUt, but Im (4aa 1m 
oalled an ^tiaa angle. 

.An atme jfraolar lAon too rigU angUa, but Im them /our 
right oMjflM, is oalled a redax angle. 



Chniglil u(^ fteBes 

fto.Il. 

v): f he nfetted to in two irnyai 

^ # M B in Hg. 6, and O la Pig. 7} whan 

«n ^ *“8l» to * 

(a). By lettem in all otjun ooMa {atioh m AOB oar AO0 

l^Qtlca that tha pohu irhraa tita aogla la apqpaani hi tiw fg |]|g 
ttwa Ijttaia atoo that th* angle AOS aonU ha oailad tha aofth 
BOA (gMMWUy mitten L AOB or a6S). » 
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Ohq OEumot iip«ak of tho angle O In Fig. 12, beoanae thoie an 
aeveral angloe at Oi and it would not be oertain whiob angle was 
meant. In this book one letter is used when there is no ambiguity, 
but three letters are used in other easee. 

EZAUFTiXa 4. 

1. Mention in Fig. IS the names of 
<1) seretal aonte angles; 

(U) a tight angle; 

(lii) seretal obtnse angles. 

S. Draw an aonte angle AOB, then a 
right angle BOO, and then an obtuse 
angie COO, all fomed at the eame 
point O. 


(1) Faoo Nmih, then tom to the 
West. 

(ii) Face Bast, then turn to the South-Baat. 

(lii) Faoe Korth-Baat. then turn and faoe South-West (a) by 
taming to the right; (6) by turning to the loft. 

(ir) Faoe North, then turn tb the right until 1 faoe West. 
(The Mariner's Cempan is explained on p, 14.) 

4. State what kinds of angles are to be found in the letters 
E, A, M. 

*5, Find the size of the angle made 

(1) By the hour-hand of a olook between 1 p.m. and 4.30 p.m. 
(U) By the minute-hand between S p.». and 6.26 p.m. 

(iii) By each hand between 4 p.m. and 4.30 p.m. 

(It) By the hands of a olook at 

(a)2o'olook; (fr) 3.12 o’olook; (o) 6.30 o'olodk; 
(d) 7.30 „ i (e) 2.24 „ ; Q) 10.30 „ . 

6. Show, by drawing, that tho sum of two acute angles may be 
sifAer an acute angle, of a right angle, or an obtuse angle. 

7. Sketoh angles of the following rises: 

right ang^o; right angles; 1 right angle; 3 right 
angles; 3i right angles. 

8. Fold an iTrogulsr piece of paper so that, when it Is opened 
out, tho oroasoa form four right angles. 

* Question 6 eon bo answered In degrees if preferred and taken with 
Bsamples 6. 


3. State the sixe oi the angle (in right 
^leaand fraoriona) whiohl turn through 
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HOMZOHTAIi AND VKRTICAI.. 

The meanings of these words must ho clearly uador- 
Btood. They are used to refer to straight liaea and to 
planes. 

Lines, 

My l^e along the floor (or the ceiling) of a room Is 
horUonWj any uprwfe hne, such as a string hanfrins 
with a lump of lead at the lower end, is vsrUeal,^ i 
spinfrlev^ IS used to test whether a line is horisontal and 
a ijimhjine to whether a line is vertical Bofjj an 
used constantly when a house is bemg built. 

Planes, 

'^6 floor (or ceiling) of a room is a horhmaW ulane * 
each waU is a vertical plane. Notice that aU ImJ iJ a 

hotiaontsl plane are horizonbti; the 

lines m a vertical plane, however, 
J^y be vertical or Iwriaontal or 
oblwne (m., neither horisontal nor 
vertical). 

Unw m nirltwli 
A for huliMitel. 
vfwvsrtkMil. 

0 for oblique. 



I PLANE 
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>»» »p«p»a.^, to ko*,„toi'iiS‘S5“i;r“ 
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SxAimjM ft. 

1. Kamo oemal rerttea] liniw in jronr e!M»<m>tn, 

Sf. Kamo aovorat bodtonta) linna in jroor nwm. 

3. point boriaontalljt la tio« man; fiorixnntai ttlinMlmt* nan 
^rou point T 

4 . Point TorUoatlyi in bow man; «arti<wl lUrMintM ««» yism 
{K^t vitiioirt moTing fnnm ;nur amt t 

6. How man; vortimU liinw am in IIm! nrHXH «Ww amtta ami 

floor or oeiUng mw<t t Ilov matt; t4 tbinm finm am ItnrfmantiJ t 
6. How man; boHuinu) planM art Ibrr* in ilta rwiiM i ilma 
man; vartioal piatm f 
?, How dona a Imlliliw tM* 

(i) whHiior (fan Bmir U fwiM; hnriimnia) 1 
(iii vbotbar an ou(at4« wail of a bouw in fwaU; aarikal f 
8. U a piaaa oonttdtw a h«iri»onl«l btm. mniri IW ptawa Iw 
horiaonUt t 

8, If a piana oontaina a vwttirial tlna. moat lit* {dan# b* aaatami t 
19. la wbat aort of linm will tb# {oliawiitK 8ln4a d pTaAm tMta* i 
fi) a rnrUoaf and a vtwtiml. 
fil) a vnrtinal and a horiaKnuU. 

(iii) a bodaonlal atnl an flbii«)<ia. 

(iv) a vtwUoa) and an 

11. Can Ilta foHowinii min «d ilMl V ji#t|»«w)trw)M f Am jA#; 
oBitain U) bo pnrpwtdioHVr 1 

(1) two fertiwii iinna, (i») a (KwtomntiaJ ami« tonMal. 

ni) Iwo bariumlat iinn. t*> • btitiwoiia) mu| an 

(Ul) two nbliififa liiM. fvi) a «wlk»J at>4 at> oU^m. 

HEASURBMEMT OF ANGLES !R OSC»S£«. 

It is ftwkwafd to luiv» to aiii#U ani{lr# »5ww)na 

ta toraw of » right atigl'', and «o a rtght ang{« n iltvnMi 
into 90 oqu&i (auta ciUU'ii Urgm*, 

I right ftogls m 90 (ii^nMiia i«, 90 *; 

1 straight angttt *» l))o i)jr>|{rv«# i.e. Iso*; 

I oompleto tom m 300 tirgittoa i.t. W.. 

Any aogln can be meaatirvd in Tin iinidmtiMBt 

tusd for doing so is called a protractor. Fig. 14 aboirt 
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to 132*. The two sete of m«S« ®9«al 

tractor run opposite ways, each^m 
must never he confused. If you 
whether /fa 

will know which numberinir fa thfl*S,SjI you 

oase. A protractor can also^Lo nm«l *“ ®®cl* 

of any /yen sfae. 2 it *« 

angles (or 180“). « as it u leas than two 



1 ‘H’^aauriiBa O, 

!• Bzpresg In degrees I ^ 

a,. 
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0. Measure the angles AOB and BOC In Fig. 16, and, after 
finding theii sum in do^eos, check your result by measuring the 
angle AOC, vhich is thesr sum. 



7. In the above figure, measure the follovrlng angles, and ohoek 
by addition and by measuring the last angle given. 

(i) AOC, COD i their sum ■» ADD. 

(ii) AOS, BOE; thdr snm« AOE. 

(ill) BOD, DOF; their stun - BDF. 

(iv) COD, DOE, EOF; their sum — COF. 

(T) AOD, DOF; thoir sum is the straight angle AOF. 

(Vi) AOC. COE, EOF; their sum is the straight angle AOF. 



Fio, 16. 



Angle E, 


8. By taspocUoa only, arrange 
in order of sice the anglrs A, 
B, C, D. E, nutting the smallost 
finl. (See Fig. 16.) 

9. Guees the nnmher of 
degieoe In oaoh of the angles 
Pi Q. n, 8, T. Measure each 
and find the error la each ease. 

10. Dratr angles ot^ the 
foilcnring dzes by nesswork, 
ndng your mier, b(» not your 
pzoteaotoi. Then measure each 
sad find the error In eaoh ease. 



80*; 140*; 06*f 60", 


14 mv aoDoos. akoMmiT 

m HABIKSB'S COMPm 



Ube diteoiaon tn vhiolt'oae potul tiea^ vben WMia Emm 
c^oitheir, is often given bf we nadiog o! » llMta«r*a 
Compass, The Compass has four priootpa! direo> 
UoBB, K., S., E., W. BiseoMsg the tmglas between tiieee 
aie the diieotions N.W», &B., S.W. Thus we have 
ei^t directions separated by aisles of 46^ The sailor 
obtains smallat angles by baling Umse twice over, time 
obtaining anglra of of 45** ox 11 We can, however, 
^less any diieotion in a more sunple manner. For 
msbanoe tme first direction shown in Fig, 19 can be 
described as N. SS" W, (or 25* W, of N.). 

The same direction it gim by W. W* N, (or #6* N. of W.). 9o 
aUo S, 28’ N. or 88’ N.« B, means Sl{^ on the MorUi tide ^ EaiA, 



Bxumju 7. 

(In them exeroim awnme that the Kortherly dlteolloo t> 
iorarde ihe top of (he ptge<) 

filvstaratjng the (oUowing dlreotiost, and tulde^ 
neath oaoh.pnt the direotlont 
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(i) N. 80* E., (U) N. 60* W., 
(iii) E. SO* S., (iv) W. 48“ N., 
M S. 42“ W., <Ti) 40" \V. of N., 
(vii| 72“ N. of E.* (vlii) 31“ W. 


2. Oive the dirooiloni of the 
Unce In Fig> 20 aa aeon from the 
oeutrel point. 

3. Give throe other n&mee for 
Moh of the following direcUone, 
end Uluetmie with a freehand 
flgnre: 

W.47“ N.,8.28“B.,N.Sr'E., 
B.27“S., E. 70“ N. 



THE CmCLE. 

Pig. 21 ehow* a oirole, the space enoloeod being the oirole, and 
the oorvod boundary being mllod the elroumfereQoe. 

Every point on the okaiimforoiioe {a at ^e aame dlstanoe Itom 
the fixM point 0> 




0 is ealled the flentre of the oirole i aaeh Une kom D to the 
olrontnfi'irenoe is oalled a ftdiut. Thiuii 
A olrcle ie ft figum bounded bp a carved Una, 
avetr pouit on vrfakh ia at tie mm dUttance {rota a oertaia 
fixed ]wmt instdo the figu^ Thia point w cidlod the sentre 
o! the cirole, and everp line from the centre to any point 
on the boundarp is called a radltu. The curoed botmaity 
of the oirole is called the ofrcurafareisee. Anp portion of 
the circumferonoB is called an arc. (See Fig. 



mw acmomi OMMirmt 


la 

A (dUHRl ol « eM« k ft itmigbt UiM jmtdng aaj tm 
points on the circomferanne, )%. 'S^.) 

A dining oi ft drck is ft ci^rd wbkb p«mw 
lihft eaatxo. 

nulittt, 

'Bat plutal ot hhUih it fwtit. 


xm or iHSTRoaifiiiTS. 

?1ff9 luiTO ftlteod; shown how a. {woUactor ofta bs nwd 
I hoi. to messan sa^ si^ to draw aagtes of a givoa idn. 

^ , : ho mod ws an dcaliiiK with a right aai^ 

"l^iMiinlsftselHKp^ to mako right aoj^ and 
I as Wttl M pftcaUata. 

',■■'■ ' 

; , i, draw ft ilna paipwHUshtftr to ft ghrao Uim Aanta 

polQl 0 ht th« 

flam the Mt-tqun w that opt of Uit 
tboxteadgw It along tiu Una ABwiii tlw 
d^t aagio oonuT SaatUngiTon polns O. 

Vk yaOK penoU to draw a Uu aloiu 
POonyowpapw. 

Than doM POQ if a right aogla, PQ 
la patpandlotilat to AB and to drawn no. tS. 

UuonglL tha givan point 0. 

ith« li worn at tha oomw O, H aannot ha aaad to 

1' wayto dva an MWtnto raaeltt I* wonH ba bauar to Uda oaaa 

to use a ptokaotot to oidar to mka tiia anglaa ftt O ^ht fti«left 

'^wft Um patpondtonlar lo a gtraa ttoa ab from a 
glvsn pQte(t 6 oohilde the u&A 

1 This is BimiUi to the test eonttnetton. 

' : g 3 ie iDt-equara nnutt ba pUu»d M that 
. ofte of the shortet anna to along AB nod 
. j|fe':Q[tihet goes thttwah 0. Draw tha 
Jihe PR. ^ : 

rw 


PP to the perpeudieolar 




Vm. H. 
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8. To draw a lino parallel to a given line ab through a 
given point o. 

Place yonr aet-squate with ita longest edge PR along the line 
AB, and then put a ruler exactly along PQ, one of the ouei edges. 



Fia. 2B. 

Keep the ruler flnuly in place and slide the set-square until the 
longest edge Just posses through O (in the position pr). 

Then pr is a line through O parallel to AB, 

'While tne eet-square is being moved PQ keeps on oooupytng 
dilleront parts of the straight line Pq, and the dlieotlon of PR also 
remains the some during the sUding. so that pr and PR are in the 
same direction, that is, they are parallol. 

In practice the pupil must bo careful to have his pencil woU sharpened 
either with an ordlmuy point or with a chisel point. 

Even then it will not bo easy to draw a lino along an 
edge ol the set-iquaie to go through a particular 
pout O, it the set-sqaare is placed to oevci 0 
exactly. It is bettor to place the sot-square edge 
to go nearly through O, so that when the pencil is 
nsed the line is drawn to go exactly through 0. It 
is easily teen how much allowance must be made In' 
praotloe for the fact that the poneil does not draw a Fro. 2d, 
line Bzaotty along the edge oi the set-square. 



(snORTBR) 


C 



la 


jni* MBOOV OKMURilT 



ORAWWa to 8CAI.S. 

(i) the lengths of «ll attikht 
Jttw m mmmijat lediajrff b 
the same atio. llos.ifftpU 

I* is.!? ^ i^y»rom 

^ WwE <rf 

M long „ the oe^af 

IJaofaon (or Il.F.f of 

Mil. il! j*™ 1 

r ®»tl»«BJ'.B5p^ 

O! OOUIH Pig. 27 does DOk .w 
MVWd Itodft iTisiaSS 

aoalq tu beon muii i- ^ ?* ***•* 


a**M*l**BOft. 





wauy Uxutn fai twh f —^ 

Swa&jt rf «S", >i» M 

_JW but the ihttiSf*" 4*“^ “■**“ 

:<:@^;!^ ««. igh, o' “«» I 

j!jSit»IIW w taf£.7-ff *.f* »!« b RMte 1 

L fl{n.^ 7 '«Wto tofiSSSS^* *"*“* 
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. In lookmg np to an object (x) (see Fig. 28 ), the 070 
has to be laised through an angle from the horizontal. 
This angle AOX is called the angle of elevation of x at o. 
Think of the angles of elevation of objects in the elass' 
room as yon view them when seated at your desk. So 
also when you look down at an object (Y) the angle 
AOY through which the eye has to drop i^m the hori> 
zontal in oraei to look at Y is the angle of depression of 
Y at 0 . Think of the angles of depression of the boys 
seated in your class-room as you view them when you are 
standing up. 



Angle of Elevation Angle of Dapresslon 
Vio. 28. 


EzAvrrjM 8t 

(Drawing to Soale; Use of laatrumonts.} 

1. A ship A is 6 otilea North of a port B, and a ship C U 7 nllM 
N.W. of A. Find tho distanoe of C from B. {Sade .* 1 m. to 1 milt.) 

2. A rootangulax field is 160 yards long and 126 yards wide. 
Find tho diatanoe aoross from oomor to cornet. [Saue i 1 

60 yards.) 

3. A ladder 28 foot long rests against a wall with Its foot 13 feet 
from the wall. How far np the wall does it reach T (Neale .■ 1 inch 
- lOM) 

4. A kite Is flown by moans of a string 280 feet long, sad the 
string makes an angle of 36* with the ground. Find tho height of 
theBte. 

6. The elevation of the top of a tower is 40* at a point 110 yards 
away from its foot. Find the height of the tower. 

0. A is Z'7 miles North of B, B is 3’6 miles East of 0, and D is 
1*4 miles South of C. How far is A from D T In what dizootlon 
is A when viewed from 01 

7. A hoy ran after a rabbit, wbieh started from A and ran, first 
of all 20 yards North, then 18 yards S.W.| then 9 yards S. How 
far was ft then from A in a straight line I 
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90 

apAikmal M*. Btwh^fc 
tlie movutoin a)io«« Um lAiiiiac-pouil fTfci «»piM ^ m ifojM m 
nti^iMOthintunlat,] 

Zl»Ma8k84*]i.«( YuMiH.1l*it.a{X. Had Uw dUuMM XZ, • 
YZi 

10. A iMp anna 4*8 ntlai tii ft ItaM iumI ibw tnmi 

tlyeo^ n* to too right, aflwwiitik X'fl nitoo. Find tot 
^Iftuoo from tot fiat to tot kA potiUoa. 

;1.1k> 1!ht o( ft olook it 8 ft. ft iot, tong tnd tt uttiofi 

|pOpI^bn«Mtotldfto(totm(ie^ flMiUitimxrtottditttaflt 
ik Inn tnd porilto^ 

V j^M@wtoideOf dopnHton(d ft tMp atooftivlMn viawtdfnn 
'ift topot ftOuS ISOMU^ Srfnd tot dbtaiwo of tot 
ildp. iron too foot tot oils. 

18. A tower to 88 foot Idflh tad {»m tot k» fti* tata, in wpoatto 
.di^tout, two mna Aam B, totor aagltt of dt^rnttkin botog 81* 
toaijSO*. Bind toe dtotaaoe betweea A ud B. 

U. A end B iu« ivro tnoMOtitirt mUfletoaet on ft atnJgbt ntd, 
tad gto ta tonptone toet oTttootd ftt toma point D Mwooo A 
tbd .B ( the an^M of uevetloa of 0 ftre> 47* when ritwod from A, 
tod 88* whoa viewed from B. Find tot betght of tot ftotopltat 
.(1) k atoee t 0) k ]«rdi. 

.^^'tfti '^kftlttsiitottMdooatodBiUtelo^ A btbig dm Bttt 
rp{ to" (TtoABBlpimoh betii NJ. of B and nTss* wTw A. Find 
toe dtottdoee of 0 tooa A tad B. 

; Ift. A’tree to viewed from two polnto, X tod Y, tS jfudt taut, 
;XVZ Itolag t itralght lint, wht» Z to tot foot of tot tret. If tot 
of uevtUoa of toe top d tot ttw tt X tod Y «» ST* tod 
CSV find toe height of the tree. 

-47j A, B, 0 tte three towut AB to IB nlltt, tod 8 it 8.S. of 
At to hetiie hr. 88* E. of A tad M» 17* W, (d B. Hew futo G from 

■■‘■'AtiadsltotttBi" r 

18. A to a llghtootue pUoed 88 aftoa from * itimlgjht ootat XY 
Whioh laiu North and South, The Ught tan bo nan tt a diitaMt 
ofsemilea. What length of ooett oan itt tot Ught t 

'49. Mount Everest to 29,000 feet hi g h , tad «, membor ^ tbe 

^ on^ phteau of Tibet, whteh 
to lliOOO feet high at a dtotaaoe toon tot nmunlt of the ir m nii^in 
oflOnd^ {62,800 feet). I)rawafig«rttraijlrtlto«*^^ 
we'angle of elevation of toe l ammti i ti a oia bo foimd, tad 
meuure the angle. 
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GEOMETRICAL SOLIDS. 



The above sketches show the ioims oI the cominouost 
Geometrical Solids, apart from the sphere. The first three 
figures, Wving a top and bottom wnich are identical and 
having vertical sides as well, are called prisma; the last 
three, tapering to a point, are called pyramiis. 

Of the pri^ the first is called a stpiare or recb/ngufar 
prim^ according as the base is a square or a rectar^Ui U 
aU the edges are equal it is called a cube. The second 
prism, on a.triangular base,is called a triangular prism; 
the third, on a circular base, is called a circular pnsm (or 
cylinder). 

Of the pyramids, the first is called a square (or rectangular) 
pyramid, the second a triangular pyramid (or tdrahmron), 
the third a circular pyranm (or cone), A regular tetra¬ 
hedron will have all its e^es equal, and all its faces will 
be equal equilateral triangles. 

Another well-known solid is the aphere (or hall). This 
is bounded by a curved surface, eve^ pdnt on which is 
at the same (ustanoe from a fixed point inside, called the 
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oen^ If t ]^bffi» Mtx£aM cut* ft ipbirtit H am%f$ mm 
it la ft obslft. 

Wlbsa the £mm of ft «oUd an tU drawn oa a 
tm^ftoftt tio ^nodined it catted tbn net of ibe aott^ 
Htibftkmwa «ft Bti0 fiftpnror taidhcNudandIwtt 
«IbM Hft ttim it ift pombte to fold libe figiua to m to 

<?* -PM * . w .« w .a 04 a 


txairtHi i. 


Mhi taamm wa mB te taftte t( » «»«k klw ttap ol 
ttu 9 ^«lU M («aH tHfidta Amtaritaf a {Hiftit** wne d 

VlSttrHabmtbBiMlof teabe. I)fww inob t iwft, bmIi «d|) 
bdcg and fhtn eat tad fdd ptpw to tt to (Dm a «al». 

8. l1g.80dioaatbaiwtot»tirkBia]ariariaBi. Dnwtlitol^Bnk , 
iMktng1ih6tot)giidHl'^aadtiwdmaaail'',ftad fcMttaeM 
to-fondithepdna. 



u 


na. 8 B. 


V 

rB. 8 a 


.3^ I)nipWfhemto(*«qaennrt*B, Uw bate edgw betag 1'*'aad 


‘4. the net of a aqum pyramid, the bate belos a Mnira w 
.a^a*of]."M^ifce«lantedgoeWiigl^^^^ 

\i®rJBrtij’ idete of a teotangaiat ma. and a leetaaentar {nmcdd, 
iUtk..the ridwvhioliw^wd. 

■ft. How many oobw of V' edge ota be oeb oat of a eabe id ft** 

** ^ ****** ^ aodeaeb edge it divided latol fort. 

^ footeaoh way. How mai^taeb 
ariglnal wbe ww pabiled oo Ibe e«tidd% 
'■'■ ISl' **i*ll** bare pelat oo {1} 3 ftuntt (H) a 
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8. VABC is ft teplur tefarfthedron, V being the vertex, and eftoh 
edge ie 1 Inoh long. If X biuota V A, and Y bimotB VB, drftvr to 
Boale the triangle VAB, and join XY. MeBBiuetheaiiglesof A VAB 
and XY. 

9. In Ex. 9 draw also the telangle CXY and measure the 
angle C. 

10. V is the vertex and ABCD is the square base of a pyramid, 
oil of its sides being 4 om. long r draw the A VAC and meosare 
the angle V In it. 

11. A square pyramid is drawn with its height 6 om. and its base 
edges 4 om. Draw to seale a triangle containing the height of the 

£ and the slant height os sides, and then draw one of the 
jnlar fooes of the pyntnid to soele. 

18. A sphere of roditu I'' fits into a onbioal box. Eind the 
inride dimenslotu of the box. 

18. Find the dimensions of a oylindrloal box into wbioh two 
sphnes oan be just pnt, one exaetiy above the other, the radius of 
eooh sphere being 4 om. 

14. Two oyllnden 6'^ long and P in radius oan be pnt side by 
side into a reotongolor box and tbe lid will just fib, Find th* 
dimensions of the box. 

16. Find the sUo of a box on a square base whiob will just hold 
38 oylindrieal osndlei upright, eaoh of length 8" and diameter 

16. The radios of the base of a oone is 4 om. and the slant edge 
is 7 om. Draw a triangle to soale from whiob the height of the 
oone oan be fonnd. Measure the height, 

17. The height of a oone is 0‘6 om. and tbe diameter of the base 
is 6 om. Find by drawing (i) the slant height of the oone, and (il) 
Its vertical angle. 

18. How many marbles, eaeb in diameter, oan be packed In 
a reotangolar box which is 4^'' long, 8" broad, and i** deep InrideT 

19. A onbioal box fits into a hollow oylinder, with fonv of its 
edges lying along the oarved surfaoe. The diameter of the oylinder 
is 4'^ By drawing the hose of the oylinder find the length of an 
edge of the imx. 

20. Find, by drawing and measuring, the radios of a hollow 
spheim inside which a oubo of edge i*' oan be put exaotly. 
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AftOUfiB AT A FOIITT* 

MMlI- *i«t to Md 
: dW « B ^ hftT« ft ftMMHM am ftndl lift M 

Tbi. ta »%. SlX Il(£ 

«Wft 8 t % M Ihe ftoglfti AOS, BOO m idjafisoi 

SXillRJft t 0 „ 

kS“Jl •«*»« lo ftfi, is, lA n. 


.;^^Wftgi^whflftft mm ii Mft rig^ ft» mid to b* 


V And HP —1___ .„. 




■ "7*** mppUmwiUw iiutai, 

'*»' "•' »t^i« »I 

***““'• <* w "•i wi iwi 01) m 


H,l«, t«lMl Moh In 


r-V-. ^ 

'--f'•:. ■'■ *1 
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8. Pig> 31 shftWB k ■trkighli line AO ataiidlDg an utotber 
Birafght line BOO. Drew e afuilbur figun, n»king tbo anKtoi of 
any mze ym plcuee. Use voar protnctor Ui meeirara the n^neent 
anglM AOB, AOC. (Tbla oan be dona without moving the 
protnotorr aa in Fig. S2.) Find the aum of the angloa AOB, 
AOO. 




0. In Fig. S8, nalng tbo figturoa ahown, any whet la the djse 
of (I) the /. BOA. 

(li) the Z AOC, 

(lli) the L BOA -f tiie Z AOC. 

^9?hAt la the auffl of the Za BOA, AOC t How many right 
uglea 1 Will thla atweya be ao for other poalUona of OA1 


10. Conalder AO to be a aort of 
band moving like a olook-hand be¬ 
tween CO ana BO, Doea the protraotor 
you the ^zo of the ono angle 
(BOA) if the other angle (AOC) la 
known! 

What vdll ofuKiya be (die anm of theae 
adjacent anglea t 



11. In Fig. 31 

find Z BOA, If Z AOO-(1) 70*. (II) (HI) 
find Z AOO. If Z BOA ->{1} 100”, (U) ISO”, (HI) y”. 


10. XOY la an angle and XO la eon- 
tinuod (or prodaoed) w Z. (I) H Z XOY 
ie known, how can you Qnd Z YOZt 
(11) What (a ZXOY-f Z YOZt (lU) If 
Z YOZ la twice Z XOY, find the also of 
each. 

IS. Draw a straight Una CD, and from 
a point 0 In It draw any atralght linaa 
OA, OB (bdth above CD). Heaaure the 
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lHl^tK>%iOiA,A(M» tad wM Hmm 
lofrihiK lamuilortlMiMtlk 

bwobMiM in*, mimk wmM 

XI taolhar iMqr ^tialai i«r, »hti 
«miM7aa(liyca(U»NM}tf liawdb 
rwMomuttfttHf 
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il ooa « m 4 » 0 * • 89 *. ftad £ Aoa 

*** ^OOB-8#*, 4 kW>mW, Mitaiiil* 
;: W. WW li ttt cl Hw Uuw 

^ U|te te F%. Mt (QNc 




Ac. ». 

W. n ^ 8 cnglia m aqutl lo Fig. 87, Bud tb* oI cmIi, 
■S' t* npphBwatai, T (Dnw flguKt.) 

aa impertent FiaV irUcb «t7b« clt 
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lAitoct 


■;w 

tBura t 

rtralght Sm, Am gam 

. lomed h «p«a to twiTKlSJK 

® “ AOO li«inl|iiit 
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irm. 8S. 


M* I '**0 


Jtn, » 9 . 


AT 

to. tarns® <»»<»kl»yd«*ln|tei»ta. 

4r flatmoto tbfct mmIm of 40*t 60 *p 80** TO*» ^Hr* **®i*®^* 
..??' oUdbi ot nuMT aod iriv«n to joo* 


7». <a 


7ia. 41. 


«rt n«»»rtralBfctlfi»OX. On, o*e rid* oJ ft m«k# M 

•STSthTSth*Wo moko ZOX - lOO*. 

^ j Hflsi If noA ft XO oboTo or briow tho 

T If ZOY ft otUl f0*» kow Wg *ottld ZOX 
tfAj'iTxO^OYw^tanotmlghtltnoI ^Fl*.«.) 

m’oJSd M)KTiSS-SfllU Afi «;« ta tMr «n I 

‘ ThftttSoft TRUTH 8 ,wfloh ftautodtJai. 

tr two ftdJaoont oailM *» tofotlior oqual ta im iteW 
anglto 7 a»^^^ ^ tto to aio twne 

straight Jtoo. „ * A 9 

“ cSa -««•! find » «d iho afto of tho W 

thrtoangloB. Ohookbyo^g. 

80. OA. OB, 06 «» ®0? 

that ZAOB-78*. taA 4 

bfteots L AOB and OQ Waoot* 4 BOO, find ^ 

4P0Q. 
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tianMi l» Z AOOt inun 

--t J1 iM . »M M, * 


|^lia|Mil»ZAOOt An* 

a.'Kzr" ’•*' *» 



^ h 


ncra s. 

*“‘*"*•‘1 tt* wKti*rtf oppotiti taiiM 

«tMiKhl iiniw ioteiMot, tiie 
•" wrttwOIy mo^ 

$ ^ 0O« •» (WNilf* 
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MMOM. ■ ’ »tet# 
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ftnrDXtnnrtAX vntmii 


DXBSCmOHS^OF UMBS. MBAtLlL U 1 IB 5 * 

BXAMYtai II. ( 0 n )4 

1. Stvanil 1x9» fa a room point at anoUtw bop. Am tliw 
polatii^ la Dm mino dlnotfoa Y If Uwp poinlwl ni Uw omo* om 
on tinb 'vrid^, m* Iba^ poinl^ la tfa« msm lUmtin f 

S, (a) Iftow^ {MpaiatbopkramadnohtlatAobttRibfewtf 
a mile vnj, an tlt^ aotaallp p&Ung in tin aana tUmotkn Y 
Are pimUim (q martp Ibe eama dirawon Y 

(bj If tbap all poini Baal, am Uiiqr poiaUi^^ auwUp fa lb» mm» 
dlrMtfoat Kotim fcba dlffaraOM b«l««Nn (a) and (If. 

Ajiotiwt QBine fox itro^hi {tMtt hi th$ torn* la 

puallai iliMt. Notice thiU cwi oever meet. 



? JnM vbloli are aeartv In ftbe eama dlwokku neet a long mf off.} 
be imaUer (be angle bniwen two linea, tbe aeaiwr thep h« to 
one aaolbar In dlfeetlon. 

The la^er (be aimle betweM tfwo Unea, Ibe more apart tbtir 
dlreotloiii are. 

We hare .alao to nodeieUad what la meant bp eiime ffnea 

Skew Unet me Imea Uiatwe oot 
in the eame |^ne *, they o&n there' 
fore never meet. 

^ne in the box ihown tbe Unm AB 
and CD are akew. 

3. Point ont other paini of okew iinet 
ittKg.«. Fio.*?. 

4. Point ont pafri of akav linei In the olaattoom. 




Hit IQSOOb 
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5 . Hold out jion ttilerifid ym p«Ma«} (kt tiioif dlitoHoM 

lepfMeatApaIrdikflvItnw, 

6 . Ill kv mMT dimtioiu Ota t ponoa Utvtl tlo«g I ik^ 
Kiitt Hovnaiiyde^viUtkrowlBUtoM^moedliflin 
lincaUittiQiiS<»adN>W.f 

7. Thvoogliliovi&tii^dtgroM utitl! tom i list Iki ftOM H. 

oni^ It fM« U I tom it (1) i&iI*ekKkriMi( (ti) oMkvlN f 

8. A line nsi dots,} I tom it Mviit thmaglb M i«||^ «f 
46*. IntrltttdiMotio&doMil potnlf Doet ib» lanrtr dipHtd 
at (dl on tilt ptdilonitt point iboflt whlidi 1 

8. Hrtir too ptiallcil lintt tn poor piptr bf mtiai cd titt top 
tnd lottom ot fm rottui praduot (km bow ntpi mtil 
retoh the Bidet of thtpaner* An thoBnei tap forttor atrip im 
eliMylfotberttonepluetiitQitMot^ tbop toermnit 

10. Ho tkto linei erv meet! Would it do to up Uwt Sbh 
thttnerermeettrepinllell 

, 11. Hold out two Ma(dta to indiotto two liaei vbloh in in (k 
iDue pitnetod vhioh&eMinett» hotrerorliu theptn prodtod. 
Ai^helinetpuillel? 

WO bow hive t Moond dtSfiltim of pmM tineii 


PoraUeZ Itnei ore Iinof iohioA m fk mm oMd 
ifiM nm fmtf hmm jmfQvsjim proved. 

In tliis book ve iiso the fiist definiUon of 
lines. (See page 29.) 
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TRUTHS ABOUT PARALLEL LINI 


EXAupua 12, 

1. Two boya X and Y aro valking in 
» Nortbarly dirootion a few yanla apart 
in the eame playground, when a bell 


at E, and ao they turn and waik along 
it, What angle boa X tamed Uirough 
at 01 What angle hoa Y tamed through 
atDi 


5, X am walking from A along a path« d!w. 'X Y 

npreaented by ABCF, whiofa runa into F»> 4S. 

a wide TO^ with parallel pathwaya BE 

and CD. It I tom at B into a pathway, p ^ 

what angle do I turn through I If I m on 1 

to 0 batore turning, what angla do I tnm 

ttongh 7 What oonoiuaion followa from thJa 7 _ 

(Bee Fig. 49.) 0^ 

8 . Sererai boya are standing in single file 
behind eaoh other. They ali turn through 40* 
to the right. Do they now face in the aamo B 
direotion 1 lUuatrate by meana of a figure. 

4. AB and CD are parailel ilnoa (aa in Fig. A 
AO) and are therefore in the aame dlTMtlon (eay Fra. 40. 

K and W.). EF ia a third line outting them 

at G and H. Suppoae ita direotion born » 

N,E. to 8 .W, what ia the aUe of ( 1 ) Z, . _ 

EGB; (ii) Z OHD1 Am they oiuaya A r ® 

oqntd aa long aa AB and CD are in the /C 
aame direotion f C — „ .,, 0 

0 . Pub down your penoU in the position 
EF ; turn It about G nntil it Ilea in the Fio, so. 

direotion BA, Abo turn it bom EF 
about H nntU it lies in the direotion of DC, What angles has 
it turned through in the two oaaeel Aa BA and DC aca In 
tiie same direotion, what oonoiuaion follows T (Sea Fig. 60.) 

6 , Draw the figure to Ex. 4 by making AB and CD eoneepoad 
to tiie top and bottom of yonr rwer. Wul AB and CD be parallel 7 
Now draw EF aoroae them at any aoute angle (aay 47”). Which 
are the angles of 47* 7 


Fra. 49. 


Fra. 60. 



n 


m9 tmoct. onwmtT 



Ixi (iie ftbm figom, 3 tud 8 •» «i4]«d vom^tnilBi; 
KDl^ei. v 

fflun m jptln at tmutfonOoi «q||M> aiidb m I «( 4 :' 
xwM two atbtt ipida.] if 

i I'ii OonoBpQ&difig ftBgM slw«^ form » Kut of ktfor r, 
^ F, ihot^K tus axnui Med ool b« putlfol. 

; t.'It ji9M40*iiri}tadowti UwvmIism^ tb* witoua It 

til U W)«rit>Ie la ftgk i ud U ^ot». 

W« oavs ttou Im^ ot» frd Tndi nboat flnlM tbm t 

^ K a pidr ol «isEtMqp«Ddfoc aaifM m Sui 

mutt be iMinUel. 


3^tlie abo^ fiKOxes, S aod $ (formiiffl » tort of kdto 
2 os as) ate cauKt idfor&afo anilM, Tlien » aoDtlies 
paif of altsr&ate aagloa (4 and 5). 

S.If ioBia. ttZ3»‘Zfl. wbycioH 49-461 WUt eta 
yw Mqr about tlu UoM wUoh m nrt bjf U» Uiuwtwaat 1 
9.1 walk in n tfaraight line tAB}< turn 
iO* to the Tight {is. iMo 8C), watk u tu 
|i,.Q, tad th<n tuia 49* to tho left. tVbot 
Jiit yon my abovt my fittb and lut dlno* 

. ttj^bal tUoiteatobya^uro. 

\ ’ibt A tblp it B&iliDg duA Kfir^aod thon 
hn.oovaw by 36* tovudt the Bait. 

: P>tei: on eht ohaugM her ooam by 86* 
towndi tho WoBt. In-vhat dlteotion la abe 
tioTT Bafltngt What idatlon ii there between thia dbteotlon and 
heEbrat dwiatioa I 



rio.fl3. 


' * tot fuller itatementf on tbli Truth and i» the Tmthi o& nage 88. 
refer to (he enundattoni on pagei 



tmrBAitcmi. nmu 


11. A lr«a«work o( two pitralM 

ridM Unked tc^taUtor by borimtiUl woodoii 
bttwMO u» nidM. If oem of Uw bwn 
tii&kw B.tt (usgtfl of At* wtUi th« teft-hood 
tide, wbot onjtle doao H fn»k« with ih* 
righl'hand •!<!«> f 

W» ttow Imto oar mmd TnOi otxHit 
penllol liDMt**" 



rn.«s. 


It ft luir alMrulft sai^m in tqualt tiw Itew stttrt It 
jparaliii^. 


IS. Hold a pondl lA ft m t^own. and 
torn H oloflkwiM throng M ooglo of 
70* (nurkod p). In wbnt diiwtlon doM 
tho poneU sow pcdotf Tbrouab what 
nnglo munb It bow bo innMid oiooInriM 
for it to lie ta the ontmiita direothm to 
Iti oyiciaet dinotlonT Wbot will 
toe ii» of the eflgkM y gad rt 

18. Examine Fig. 51 (d) agalB. II 
angle 4 la 88* and the Unoa ere peieltol, 
label all the other engloe io degreee. 
WhetU the xlxeof angw 07 What do 
joa koow ebout angle 4-f eagle 81 



l4.Sa^iAFtK.01(U)tfuit£4-f-^8»180*. Whet oeo 
be said aboot (I) angloe 8 nud 4; (U)englae S aad 8} (ill) toe Unet 
mot by toe traoivenial f 

We toeretoie loam a tUrd Trato ahont paraHelBt-* 


It ft pair ot interior ftnglw on tl» lamft ddo of tbo enltiltf 
line make np two right aagteft, the Uaa* mnit he itotaUeU 

We eau of ootirte ley aa wallt 

It two tines are p8nllel-~ 

(i) the oorrespondlitf angles are eQual; 

(u) the alternate aa^es «re egnali 
and (iii) two interior anglee on the sune ride of the ontdng 
line are eqaal to two right an^es. 

16. Oonitder Fig. 61 (It) again, and enppoae that angle 7 ■■ 68*. 
If the tiube are parallel, detemtoe the otoet seren angles, giving 
reawnu. 

(saosm) ' ® 



^ MBW flOHOOli OHOMBTST 

ifl The flmres below ehow » Une ootting two pwjllel Haw. 
kIS' tSooKon between the the «,gl« ««kod. 


© 

Tio. U. 


17. The flgnrM below contain pnnUel lino* (In pain). Find the 
reletlon between the englee marked. 


(0 Oia • OK) 

Fra. 68. 

18, BE and CF ate parallel ^d BE to p^i^ontor ttf AD s 

provethatCFiaalaoperpendlonlarto AD. (See Kg. 67.) 

Ifl. In Fig. 68 AB and XY ate paraUel. wd ui^o 1 -luigle 8t 
Bhow that angle 8 mnet einal angle 4. 

B| 10 / \ 




Fra, 67. «8* 

20. A fonr-Bldod figure ABCD baa ita oppc«ita aldee parallel. 

(i) W angle A - 70". ealevilata the other anglee, giving reaaona. 


21. AB and CD ere parallel (Kg. 60), and ep are EF «d OH j 
QF to drawn, and an^o a«»W* and angle 6«»32 . PUul the 
valneit of the angles p, j, r, «,t,u,v, giving your roaaou*. 

22. If in Kg. 69 0 Ml b, prove that r •■ «. 

Bhow that e + v miISO® alwayet also that o + p. 




jraHSAliUUITAli TBUtflS 


SB 


DeOnltlons. 

The foUomng deEmtions are placed together for 
reference: 


A feotUlnear figure is a plane figure that is bounded by 
straight lines. 


A triangle is a plane figure bounded 
by three straight lines. 

In the A ABCi A8| '&C, CA are oallod the 
sides', the poinU Ai 0 are called the 
cmMlar poiiUs or verlius. 

It yre think of one oomor oB vertex, say B, 
then AC, the oppoaite aide, la Bold to be the 
base. 



Tm. 00 . 


The names of Its angles arc A (or BAC or CAB), B (or ABC 
or CBA), C (or ACB or BCA). The amidl letters, a, b, e are spme- 
dmoe used to denote the sides; In that ease a is BC, the ude 
opposite A. Which Is 61 and o t 


If all three aidea of a triangle are equal, it ia said to be 
equilateral. 

If only two sidoB axe equal, it is eaid to be Isosceles. 

If no two aides are equal, it is aaid to be scalene. 


In an Isosoelos triangle, the unooDol side la gonorally token sa 
the base, and the oppoute angle as the vet^. 

If a triangle has one of its angles a right angle, it is said 
to be rlght^gled, and the aide opposite the right angle is 
oallod the hypotenuse, 

A quadrUateral is a plane figure bounded 
by/our straight lines. 

Either line joining two opposite comers Is said 
to bo a diagonal. 

A polygon is a plane figure bounded by 
more iJhmfmt straight lines. 

Ciwttdn polygons have special nameat 
U with 6 sldoB, It Is oallod & pentagon. 

If with 6 aidos, it Is oallod a nexagott. 

If with 8 sides, it Is called an oei^on. 

If with 10 ddes, It is called a decagon. 

The perimeter of any figure is the sum total of all its 
sides. 



ITio. d]U 



HBW SOBOOL okoustav 


A reotUlnest flgnr# fa said to bni 

_t _I.M .11 Mi 


There fa another meaning ol the *’**y i! 

z c=. Z F. tuey i^eMB ^ oonJttrione «n 

Xfanjtttor trianglu havt «4e oeifi« On ffd ejtiwl «• <«» » 
(Ae i/tte 


A /A 


An eqelamsular triangle. J*" Ta*** / ^ r*^ / P 

ZA«i^B«eZ0. 

»I 0 . 62 . 

Later on It will bo seen that an ejniaiHrelw telwglo (*» 
Kg. 02 (i)i iB afao egtttleiieral. 


Regular Pentagon 


Regular Hexagon 


Regular Ocugon 





Ifiaguitf Octarm 


Irregular Pentagon Irregular Hexagon Mtagular ocUBm 

F». 63 . 

A convex polygon fa one in whtoh every ait^ fa face M<ta two 
rigJU angles,. ... . . . , 

A oonoave polygon fa one in wniob at loaat one of Ibe angwa u 
nfltx. 
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THE ANGLES OF A TRIANGLE. 


EzAuriiSs IS. 


Meiwnro lU angles and find 

by gthet 


1. Draw any largo triangle ABC. 
their sum. 

“""WO" obtained 

pupils. What is probably the oorroot ana wot J 

2. Do the sarao exerolae wain with different trlancles. What de 
you ^nk the anm of the three angles of a triangle resMv is r ml* 

to|lapupUwhoobtafn6atlioanfiworaa (!) 179^* 

Jasttsr™ " “» 

8. Draw a triangle on paper and ont It ont; tear off the three 
angles and pnt them togetfier again with the three angli aS 
same point. What do you notice 1 .What does this seem “ Sow? 

4. Draw a triangle ABC and place yonr ncncll alono nr min. 
the point towards C. Turn the ^nril anti- * 

olookwlse about B until it lies along BA i 
then abont A until It lies along CA; then 
about 0 until It lies along CB. What throo 
angles has It turned through in turn I What 
oonnoction is there between Its first dirco> 
tJon and its Inst I What total angle has the 
penoU turned through; 

(i) in terms of angles of tho trisngle; 

(ii) in degrees or right angles l 

What oonoluslott follows from this oiporimontT 

B. Draw a triangle ABC and produce BC to 

D. The line CE in the figure is drawn parallel 
to BA. Namea]iairof allcmato angles and a 
pair of oortospouding angles. What angle is 
Mualtod) Z Ai (il) jL B; (Hi) ZA+ ZST 
(Give reasons.) What two angles at C are 
together equal to the three anglw of the 
triangle t What fact does this itlusliato I 


I 




Fm. 64. 



Fin. 68. 


AH the alwTB exenises seem to point to the Important faoti 

Th6 sum ol the eugloa of a trtaaglo b equal to two right 
Bugles, 

6. If In a triangle ABO. 4 A - 43*. B » 86*, oaloulate il C. 
Cheek by a figure drawn to scale. 

7. If two angles of a triangle an 73* and 41", what Is the third 
angle! 


3B jmw flottofo. aioiiw»T 

8, If in a rlghUnglwi triangla one ugio fa 48*, Snd Ui« tfkfad 
angle. 

8, It in a faiangle ABC, L A« B and Z C»50*, oatenlata 
A and B. 

10. It In Fig. eS Z ACD m. 118* and Z B -■ 47*, Ond Z A and 
Z ACB. 

11 , If In Fig. 65 Z Am Z B and Z ACD »110*, orionlaie all 
iibe angles of we triangle. 

IS. U the angles of a triangle an aQ eqaal, axpreas aaoJi (i) in 
.degrees; (11) aa a fraotdon of a right angle, 

IS. ({The aoglee of a Mkii^e are A ix*, Sif; find a. 

' < 14 . Cfaa a triangle be dram ;ri& aaglae (i) 01*. 47*, SS*; (U) Iffi*, 
86*,BS*J 

ili, If in a triangle Z A is 4* larger than Z S, and Z 0 fa Sit* 
thui Z B, oalonlate aQ Use angles. 

• 16. In a triangle ABC, Z A- 84*. ZB « 78*. AO bfaoota Z A 
and meats BO in D; BE fa perMndioulac to AC. Draw a rough 
figure and find esoh angle in we %ure by oaleulaUen. 

17. In 4 ABC, ZAmS4*, Z OmSI*; cx is porpmdfoalar to 
AB jptodaoed Show that Z XBC ■■ Z XCB. 

;i8c Ont out Is paper any triangle euofa aa ABO, and mppoae 
that AD fa perpendionlar to 80. Show, by 
oreaeing the paper along the dotted linm, 
that A, B, 0 oan be folded orer on to D. 
blorioe how the Ones fall at 0. 't^t faot 
does this UluBtrateT 

18. Show, by drawing flgnre^ when the 
Z A of a triangle ABO fa (1) egntd to Z B + 

ZC; (11) greater &enZ B 4-ZO; (Ui) lose Fto. 86. 
than Z B + Z C. 

SO. Draw ^ triangle ABO on a baaa fiC 1 inoh long, having 
Z ,B «■ farioe Z A, and ZG ■■ three timea Z A. 

‘'SI; $ketQh the following Idnde of triangle i 
(i) an equilateral triangle} 

(li) a right-angled faoerSes trianfllat 
(ill) anobtm-angledisoBoetestdlMi^l 
(Iv) an aonra-angTed soalcne tiianglo. 

* right-angled triangle. H^Hiab Jutti of angio fa each 
of the btlier two angles in the triangle 1 Give a raaeon. 

. SS,. fa the least nnmbecr aonte anglea is a triangle 7 
What fa the gre4t«at munber 7 
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ANGLES OP A QUADRILATEHAL AND POLYGON. 

Ezahplbb 14. 

1. Dnw » largs qti&drllatefft! ABCD; 
ffleuure all four auKloa and find thair aura. 

Work out iha aura aKoin In a quadrilateral of 
diSerenti ak« and abapo, Oom|M» your two 
anawora. Hava you any idea wnat the anawor 
ahonld bot 

2. Draw a quadrilateral ABCD and join 
BO; without tulng your protraotor, alata 
what la the aum of I 

(1) all the angle* of A ABDi 
(il) all the ai^lea of A CBO; 

(til) all the angle* of the quadrilateral ABCD. 

^'“'rth anKle of a four- 
rided figure H three angln are 4fl*, 85% W. check with a fiuuM 
drawn to acalo. * 

4. U the four angle* of a quadrilateral ar* equal, oxprcm Mob In 
degreoB. Draw two auch quadrilaloraU qniio different InwbaC “ 

6. If on# angle of a quadrilateral 1* 63% and * 

the other three are equal, fiiul the aiii* of rarii. 

8. Draw a potiUgon and divide It into trianglt* 
aa ahown. What is the antn of 

(I) all the angle* of all the frtangire; 

(ill all tlin angle* of Ilia pnlHgonf 

7. By dividing a farragon into uiangloa, find 
tha euffl of aU lie augloe. 



COPYING A GIVEN TBIAHGLE. 


la order to find out hnw to oopy » pivon 
triangle ABC, we may have to tiao tbn 
of the figure, or the Angle*, or both. 1'he 
angle* are, of eourao, A. 8. C. The aiMo* 
are often called a, b, e aftor tb« nntnee of 
the angles to wbiJi they are (ai-e 

figure). 



P». 86. 


i *« ‘’f** a*«naM 

tkatoh of the inangle ftwhend and iiM«tt ib* nural^ 
spondbg to the tidea and angbi given. 



40 


aiw Koeoot. 


Sow rn-Dj of tbs six dermis samod above {3 ndet ond 
d mghs) must be imowD before we can cop; tbe tdangla t 
Do we need to know all sixt 
Is one element sufficient (one nde or one angle) I 
Aie two elements sclent (two aides cr two anglw or 
one side and one angle) 9 
Sow let ns tt; three element*. 

MBItHOn I of eopjrbiK a Trlangth 

To draw a tHang^Oi idvtn ‘'two M)d fbo iMdodsd 
angle.** 

Suppose that AB •» i", AO * i’G", 

,4 A«»60*. 

OsQ we draw the trlaogle from thoes 
Howt 

' sMdeDU; A ABO ean be drawn bom 
the thieo flTBQ elemeate—Aaa tuba onit 
(h6 inohidM 

How many u&erent brlanglei ABC oaa 
be. drawn if the dtawloga ere all ooneotf 
lx are not lure, draw anolber A D E F 

hayhlg DE*• 2", DF «1-5", AD • BO*. 70. 

JpMube Aa B and Et Ai C and F{ 
btliee BO ond'EP. Do they agree t 

. i |f two trkngleg agree as regarda two ddee and Uie inoinded 
angle, what do yon know about them I 



BXiXPUH IB. 

'');.Draw a triangle ABC of any bI» 
yon pleaeei and copy tt, naing two eldm 
#od lie Inoinded anglo (BA. BC, A B). 

the other tldee and angin of the 
wlnTOW’ "What oao yon eay ahont In, 

the two-friangtos} [Do not dnw the 
aides of .the new triangle nearly parallel to the sldee of the old.) 


:< 5 !K 


two trienglee with the ddea nd angl" glvw la Ilg. 71 
Da they agree in all weir elemente f 


i. 3^®, * triangle can be drawn in abape 

inolttd^ angle 



nnmAiaurrAi. *ntima 
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ThU b tilt Mm« M wjdDg! 

Two triangles which agree In two ddes and the Included 
angle agree In idl oUier respeoto, Such trianglca are said bo 
be congruent 

[For otatnplH o& Am Mt* tmi AMlwiMl wv ptgM i(t sad 73,] 


METTHOD H of copying a IMangte. 


To draw a triangle, given ** two angles and one side/’ 


SuppoM that Z B ■■ 64®, Z, c ■> 48\ 
BC-H". 

Out the triangle be copied T How T 

8. If two A* ABC, DEP an drawn so 
that they agree as itwards two anglee and 
asidelA B- ZE-iOI*,AC-ZP- 
10S®> BC ~ EF 0 offl.), do l^ey agree 
in all other partiontaie} Draw them and 
meaaurei 



4. Draw a triangle of any eiie yon 
pleaae, and oopy it osing two angloa and a ride between titom; 
mecurare and see If their othor aldm and angles are eqoal. 

g. Oon a triangle ABC be oopied if BC 2’', Z B ■■ 40*, 
Z A ■■ ?ff* r tVnat la the riia of Z C T Oopy the triangle. 

We therefore see that a triangle can be drawn in size 
and shape completely when two angles and a side are 
known. 


TUa la the aante as saying i 

Two triangles which agree In two angles and a side are 
oongruent, 

Note that the sides wMoh ate equal must cormpvnd In Uie two 
triangleei for Inatanoe, if in the trlangloa ABC, DEP, Z Bm 
Z e, Z CmZ P, BC»EP (or AB-DE), the triangles are 
oongnieat. If, howover, Z B >■ Z E, Z 0 «• Z P, bet BC (oppo* 
rite Z A)a»DF (opporito Z E) the trisuglea are not oongmont. 


Fic. 73. Fic. 74. 

[For enntples on (tro ait^k* and om *U* see pagei 4S and 72.] 




mv BOfiOOli OIOIOTBT 
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METHOD HI of oopi^g a Triangle, 

To drav a triangle, given “ Unee 
sUea,’* 


Suppoea that BO i 

21",AB«3". 


.2-4", OA. 



dan yn drav a triangle hariog thoee 
eldee T Elnt draw BC. How (u is A 7e> 

B) Then U we draw a drole with 
oentlie 8 and tadlna 8 ", A will lie some* 
where on it. 


How far is A from Ot 

Then U we draw a oirele with oentre 0 
and radius 2'1", A will lie somewhere on it. 

A mnst therefore lie where these olrolee & 
Interseet. 

Ooin more than one triangle he drawn on 
(he base BC haTlng the sidu se above? 
The. ogmplete oirolei meet in two points, eaj 
A'an^ A% 

Make the two As ABO, A'BO on paper, 
out them out and oonvlnoe joursalf that the 
.two (tianglea ate tougment. 



Tia.73. 


, - . 5 . Draw two triangles as shown In Tig. 

. 7Y .vri(h sides 8 otn., 4 om., 6 om., out 
.(h^m out. and. show that they really oan 
be made tp fit on eaob other. Fio. 77. 



‘ We therefore see that a triangle can be drawn in size 
and shape completely when the Imree sides are known. 

This is the same as saying] 

. Tw6 triang^Ss w^eh agree In ihe three sides are oongraent 

[For examples ohl^ i<dw fee pagee 48 ipd 70,] 
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iS 

We have been copviiw ft triangle from three olemente. 
Thoro 8(10 other sets of thifie oleiuoiitfi to ooiiBidtr» 

IV. Three Angles. 

V. Two sides and a non-lneluded angle. 


IV. Three Angles ol a Triangle. 
Suppose that il A « BO*. Z B - 73*. Z C -fiS*. 


Oan more tlien one triangle be 
drawn baring those angles t 
Erldentlj, yea, more than one 
oan be drawn, for no aide is given 
and the base oan bo drawn of any 
size. (See Figures.) 

Can anything be said about the 
many triangles that can be drawn 1 
ire they not exact copies of each 
other on different soueaf Then 
the sides will not be oqaal; but 
they will bo proportional. 



, In fact they have the same abape, but have diffwwit 

When one of tho sidee k known, the triangle h knom oom- 
ple^y, but the spring of it now oomes under Ceso H, “ Two 
raglM and a side ; if two angles are known, the Ibkd ia kn^ 


6, Braw a triangle with a base of 2"{ meaeura i(« anglee and 
draw another triangle on a base of l"havi«w the same two i!2I 

Ui« sides Of l»olh triangles. Aw 
BBoondT triwglo double the oomwponding alSee of tbe 

The triangles then (ij have tho same shape; 

(li) are dUIoront la sire. 

7. Draw one triangle on a base of 2" and snotheron a 

8 om., with the base angles of tho first eqnnt to Ihe^Lw^lw 

those of the second in eentimelnia. Tba Kmu ni 

true (or nearly true) of the other sidw t If », aZSh 

j * ‘h'ffcit’nt seals. Again we ■«« 

jHhe triangles agree in sbapei (ti) tho triangles V»ot S«i fa 
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V. Tno Sides end t nen'lnoluded Angle. 

Suppose that AS *» 2", AO«» 1*6", ZB"* 40®, 

Can ve drav one triangle onl; from 
these figures t 

lint draw AB, then make A B, 
leaving the arm BO not definite in 
le^h. So ne know the length Of 6C T 
How then eh^ we fixet 
How far la G from A 1 Then C lias 
on a oirole whose oontfS is A and whose Fu. 79. 

radios le I'fi". The flghte ihavn part 
of tUs otrole and shows it ontting 
the hose BD In two points, C] 
and p,. 

We nave now made two trlanglee 
with the given meaanrunenta, ABCi 
' and ABC|, 

The triangles (see Fig. 80) can be go. 

separated and placed in different 
figures with different letlen. They ate evidently not oongraent. 

We see, then, that two triangles need not be oongruent even If 
they agree in Two Sides end a non-ineladed Angle. 

' C Srsiw a triangle ABC given that BC ■> 9 cm., BA m 7‘S cm., 
4 p*>126®. Can mote than one triangle be drawn f Is there any 
ohahoe of two cdSeront triangles hdng drawn from two sides and 
a noh-lnoluded angle If the gtvon angle is obtuset 

Draws A ABCglventhatCA«>4om.,CB"«7 cm., 4 A*> 
60®. Ohn more than one triangle be drawn t If two are drawn 
. lA the same flgnr^ show by moasotlng that they agree in other 
j^srtlgnitrs. 

■ ^ ■ 4 We Bote then that two triangiM ate oongruent U they 
agree In two sides and non-lnoluded angle, provided the given 
angle Is a right angle or an obtuse angle. 

I applying the testa for (^ngruent Triangles, it 

iB-:|tn| 0 rWt to see whether the sides and angles taken 
. to one another. When angles are taken first, 

sides are taken first, corre^t^ing mgks ore 
lAose wmm ore oppostie to ejunl sides. 
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10. In a triangl« ABC nnglo A {d a righl angle and AO ie 
dravn at right onglea to BC. If Z S ie 
30°> ooloulate all the other onglee of the 
Bgnie.' 

The Ab ABD, ACD now have 

Z B«Z CAD (-30% Z ADB- 
Z ADO (—90% side AD is oommon. 

Poes this prove the tdaiules oongruent by 
luu anglu and a tUt f filxamlne carefully F)a. 81, 

whether the side AD oorroenonds in the 
two triangles, i.<„ whether it is opMdfto equal angles. {Which 
angles is It opposite t Are these angfos equal t) 

11. In Ex. 10 eonalder the Ae ABD, ABC. Show that they 
have two angles of one—two angles of the othsr, and a siA 
oommon; does this side oorreapond ? Are the triangles oongraent t 

Notloe that '* (too ongla and a mis** if rightly nssd m—na «iteo 
angle* of one IriangU — lioa anglu of iht athtr, and a aidi mu 
triangle — <Ae corresponding tide tf the other." 

12. Take ooro also that in "two sides 
and the included angle’' the angle taken 
is always iuoludod By the sides already 
taken. ABC Is on isosceles triangle, having 
AB — AC and Z B — Z C. D is any 
point in BC except tite middle point. 

Show that As ABD. ACD agree in two 
sides and a oorreaponding angle, but ^at 
(hey ore not oongruent. why not 1 




EA3t EXERCISES ON CONORPEHT TRIANGLES, 


Exauflm 10. 


Draw rough Sgoios of the pair of triangles ABC, FQR In the 
following oaaos; label the sides and angles inth the numbers given. 
Is there enough evldenoe glvea In oooh ease to show that the triages 
ore oongruent T (Qlve rossons fm: your answer.) If U»y are 
oongruent, write down under your pairs of triangles which other 
sides and angles ore equal. 


1. (1) AB - 3". BC « 4", ZB- 70% (U) PQ - 3", OR - 4", 

Z Q — 70", * 

2. (1) Z A-40'’, AB-e cm., L B-SO'j (11) JL P-40*, 
PR - 0 cm., Z R - 60*. 

3. (1) AB-4" BC-6", OA-6"; (U) PQ-6", OR-6", 
RP-4". 


4. (i) Z A-66*, Z B-34*, AB»8i"j (11) Z P-84*. 
Z Q - 91*, PR - 3 j". 
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6. (1) AO « 6", AB - 7", Z A - 86*} (il) PH - 6", PQ » 7", 
L R-88*. 

0. (I) AC «1", BO - 2", Z B - 20® j (U) PR - 1", QR » 2% 
Z. Q “ 20®* 

7. (i) AB » 2", BO - 21", 0 A - 81" { (U) PQ - 2" QR - 31", 
RP=-2i". 

8. (i) Z A « in*. Z 0 - 81*, BC - 2"; (U) PQ - 2", 

81* Z P “■ 38®< 

0. (3) Z A-106*, AB-6", BC-6"; (U) Z P-lOe*, PQ« 
6",QR-6" 

Aie the Ab ABC, XYZoongnie&i in tho{ollowingoaaes T (Btaw 
fredtuid figoiea to lUiutrate ans^rers, and give reasons for yonr 
answers.) 

10. AB-XY, BC«YZ, Z B-QO'-Z Y. 

11. AB « XY, ZA =. 90® - ZX, BC « YZ. 

12. ABsiYZ, Z A-Z Y, ZC=Z Y. 

18. AB =. XY, AC-H YZ, Z B » Z Z. 

14. AB « XY, BC - XZ, Z A- Z Y, 

16. AB-XZ, BO==iYZ, ZB-ZZ. 

10. AB - XY, BO = XZ, OA « YZ. 

17. Z A-ZZ, AB-YZ, ZO-ZX. 

18. Z /V-'-Z Z, Z a- Z X, Z O—Z Y. 

(Other Examples on Congruent Triangles will be found on pages 
72) 78, 79,80.) 

DRAWnro OF TBIARQLES, QUADRaATERALS, ETC. 

ExAimu 17. 

(In every ease draw a small freehand sketob and Insert 
in it the magnitudes given In the question.) 

Draw a triangle ABC with the given dimeneione; meaenre all 
the other sides and angles. 

1. o-l-&",b=l-8",O->08®. 

2. a-2'4" 6«l'7",c«.l*4". 

8. a=-2'8" B«41",0=i6e®. 

4. A = 88®, 0 = 07®, b a 4-2 om. * 

6. A B 74®, b B 4'7 om., 0 b 8*1 om, 

8,'«»3a",6=2*2",c«2-6". 

7. o « 4-1 om„ A a 61® B » 48®. 

8. li = V8",o«l*6", B = 63®. 

B. e ■■ 4'4 oip., b ■■ 0*8 om., B = 111®. Era. 83. 
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10. a - 8*6", b - 2-4«, c - 2>1". 

11. a =* 2-16", b »1-66", o - 2-16". 

12. 0 » 8'6 am.» 6 <■ 8*4 ttn,, fl >■ d'l om. 

13 . Ai B, 0 are three towna eeoh that AB m fi'2 mUeei, BC 7*8 
miles, end CA 4‘ff miles. How far is C from the point midway 
'between A and B t 

14. AB Is a straight toad and AO is a failway, both running 
from the town A. AB ■■ 4*0 miles, AO •» 6‘2 muss, Mid Z A m 
72*. What is the perpendioolu dlstanoe from 6 to the teilway t 

16. A, B, 0 are three ohuroh spires. B is 3*7 miles away from A 
in the dlreoUon M. 17* B.; C is 4-0 miles away from A in the 
direotlon S. 49* B. Find the dlstanoe from B to 0 and the besdng 
of B when viewed from 0. 


10, X and Y ate two Tillages 18 miles apart. A man walloi from 
X to Y along two straight rrads (whloh meet at P) and be finds ha 
himto walkll miles along the fizrt and 12*6 mites along the seoond. 
Find the angle whioh the first road makes with the strtdght line 
XY. 


Draw a quadrilateral ABCD vdth the dimensions given in Bxx. 


17-23. 


17. AB- 

3*7 om., BC -1*9 am., CD - 4<9 

om., DA =• 8*9 om., ZD — 86". 


18. DC - 

2‘6", Z 0-02”, Z 0- 

90”, 

DA —2-1", 

BC-1'7". 


19. AD - 

16 om., AB— 4'4 om., Z D — 

88”, 

Z A»s98", 

Z B-126*. 


20. AB- 

3*4 om., AD — 8*1 om., BC — 7*8 


om., DC H 6'2 cm., diagonal AC ■■7*1 om. 

21. Z P - Z B -100*. AD - AB - 2*4", Z A - 71*. 

22. Z B«<47*, ABaai’S om., BCMe-S om., CDot 8*7 om., 
AD » 8*4 om. 

23. AD -1*7" AB -1*3% Z A - 117*, Z B « Z D - flO*. 

24. Draw a kite whose sidee are 2'1" and iS‘0", the angle between 
the two largest sides being 68”. Draw the di^nala. W^t do 
you think can be said about the way they out I Try to see If the 
same fact seems to be true of any other kite you happen to draw. 
(Bee page 97 for explanation of the word kilt.) 

• 26. Draw a psraUdogTam whose s^des ere any lengths yon please, 
using your set-square and ruler to draw the psraliel lines, moostm 
the sides and angles. What seems to be true from yonr results 1 
Test with two or three paraUelograma of diflerent ehapee. 

20. Draw a parallelogram by means of your ruler and set-equore. 
and draw its diagonals, What do yon notice about the way they 
out each other I Test your statement with other paraUelograms. 
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THE SIDES OF A BIGHT-ANQLED TRIANGLE. 

Exaueuss 18. 

1. Draw B right'anglod triangle ABC la whioh Z A « AB 
Bi S om., and AC => 4 om. Sliov by meatturement that the 
hypotenuse (that Is, the side opposite the right angle) la very 
nearly 5 om. long. 

[TAe averagt of liU {hi ruuUt dblatned In ueniou* allemplt ihould bt 
dmosl txacUy 6 cm.] 

Notioe that 3* + 4*»»6*. 

2. Take three other numbers a, 8, e, euoh that a* + h*« o* (thus 
6* 4. 12 * = 3 13*). Draw a triangle with eidoa 5, 12, 13 units long 
(take any unit you please), and seo whether the largest angle is a 
right angle. 

8, Do example 2 again, using the numbers; 

(1) 1-6, 2, 2-6; (ii) 9,12, 16 { (ill) 7, 24. 26. 

(Show that eaoh of these sets satlaBes 0 * + b* ■■ c*.) 

These examples suggest the truth of the foot that: 

In a rigbirangled triangle, the squara on the hypotenuse Is 
equal to the sum ol the squares on the other two sides. 

This fast is oalled Pythagoras’ Theorem. Use it la the arlth- 
metio of the following examples. 

4. Oaloulate how far I am from home If I walk 8 miloB W. and 
then 8 miles N. Verify by a figure drawn to scale. 

6. Coloulate the length of the diagonal of the floor of a hall which 
is 24 feet long and 82 feet wide. Vmlfy by a drawing. 

e. How high up a wall will a ladder 20 foot long reach If its foot 
is 10 feet away from the bottom of the wall T Work this out (1) by 
ooloulation; (ii) by drawing, 

7. A ship sails 13 miles due H., 14 miles due E. and then 01 
miles due S. How fat is she now bom hor starting point T 

8. The sill of a window is 60 feet above the ground, and the 
foot of a ladder is 11 feet away from the foot of the wall below 
the window. How long is the ladder If It j\ut teaches to the 
window-sill f 
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SYMMETRICAL FIQURE». 

ExAuetM 19 . 

1, Take a piece of paper and iold it over to /IX 
as to make a crease. Then oat out anj pattern ^ \ 

in the double paper from crease to' oroaso. li f \ 
the paper be no# opened ont tbe pattern will be / \ 

repeated on tbe opposite aldee of tbe oreaee (see / \ 

mg. «B). / \ 

Snob a double flgtire, In which the two ddM [ J 

ootreepond exactly, is sold to be tvmmttriuU 
about the oreose. The oontr^ line, wnloh takes 
the place of the oroaae>, Is oalled tit exit 
lymmky. 

9. Take a piece of paper and fold tt orer so as 
to make a orease. Now fold it ovn again eo 
that the oreose folds over on Itself. Then ont jsi. 

out any pattern In the four ihlokneaees of paper f | \ 

from one orease to the other. If the paper be .j ,, X 

now opened out, the pattern will be repeated X ’ j X 

four timea over (sea Fig. S6). \ j / 

Such a four-fold Sgure, in whioh the four 'si/ 

ports oorreepond exao%. is said to be a ease of » a> 
iouhU tynuMiry. The full dgnre Is symmetrioal 
ebout each of the two axu of tymmdry. 

8. There is a third kind of symmetry, bnt this 
oonnot be obtained 1^ foldii^. Fig. 87 shows )p 

on Instanoe of it. The ourve le euoh that to / 
every point P there la a oorreeponding point P' \ 

sueh thot PP' always goes through a nked point y' 

«0, and PP' is always blscoted at O. The onrvo J 

is said to be tjfmmtriuA abovt the 0. O ( y 
is oolled the centra cf eymmetry, ^ore is no 
axls of symmetry.] 0 most be the middle point Fto. 87. 
ofAB. Why? 

The figure could be drawn by taldng any 
stenoil pattern and drawing the part APB, and X 

■ then, reversing the pattern end facing It bdow /L 
AB, by drawing the lower half AP'B. / 1 

Sometimes there Is no dofinlte break at A and I - 'I 

B in the shape of the ourve (see Fig. 88). ^“7 

4. Desorlbe what Unds of eymmetry,If any, / 

there axe in the following printed letters: v.—-' 

A, B, D, E, H, I, L, M. N, 0,8, T, E'w. 88. 

U, V, W, X, Y, Z. 

In each oaae show In a drawing the axis of symmetry or tbs 
centre of symmetry, if either exists. 

(SHOKTUR) B 


Fto. 87. 


Fio. 88. 
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6. Is Bymtuetirv ftbont one (udB ft ease of symmetry nbont a 
point ? Is double symmetry about two axes a oaae of symmetry 
about a point ? (Draw figures to illustrate the answers.) 

0. Notioe that a oiiolo Is a osse of symmetry about a diamotorj 
It is also a ease of double sym'metry about two dlametoia at right 
angles; It Is also a ease of symmetry about the centre, Draw 
figures to Ulustrate each of those statements. 

7. Draw a figure to illustrate the fact that an Isosooles triangle 
is a oase of symmetry about a line from tho vertex to the middle 
point of the base. Cut out an isosceles triangle in paper by 




8. Show by msans of a figure that a parallelogram la a ease of 
symmetry about a point, the centre of symmetry being the point 
where the ^aganals meet. 

9. What kind of symmetry have the following figures T 

f ) a rectangle; (Iv) an oqullateral triangle; 

) a kite; ^ (v) a rhombus; 

(ill) asemiolrole; (vi) a square. 

Draw figures to illustrate your answers. 

[Definitions of some of the figures named above ooour later in the 
book.] 

10. Symmetry evidently Involves repetition of a pattern (see 
fixx. 1, 2,3 abovel. Con there be repetition of a pattern without 
there being any kind of aymmetry T (Considor diueront patterns 
of wallpapers you meet with; they are, of oonrso, full of repetition ; 
do they all oontain symmetry T do somo of them T) 

Sometimea tho fact that a figure is 83nn- 
metrical xnakes one sure of oei^m facts in 
the fi^e, For instance, in the case of an 
isoscelM triangle ABC which u symmetrical 
about a line from the vertex A to the middle 
point D of the base Bc, it must he ixae that 
Z, b=b /. c ; also that A bad = A CAD, 

It is evident that if a curve is symmetrical SO- 
about an axis AB and the points P and p* 
correspond, then pp' must be peipen* 
dioular to ab, and PP' must be bisected 
by AB. Otherwise p and p' would not 
fall together when the figure is folded 
over about AB as crease. 



tio. eo. 
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It has been seen tbat if two tmngiee ABC, OEF have 
the an^es A, B, c of one equal in order to the onglea D, E, F 
of the other (thua A » D, B » e, c F), the tdangiee 
have the same shape, but may bo 0/ differeni sim. It 
• therefore follows that the sides of the A ABC reprearart the 
sides of the A DEF on some scale or other. 


Thus ~ 



eom. 
Fra. 9f. 


AB BC OA 
5 i “ EK FD* 

We may es^d the idea bo 
quadrilaterals. 

ABCD is a quadrilateral field 
with sides and angles as shown. 

How can we draw a copy aVo'd' 
of it on paper ? • 

Need we draw the new sides the 
same .len^h as the sides they 
represent T And what about the size of the new angles t 

Notioe the way in which we treat the angles and the dlEuwnt 
way in whioh we treat the sides of the two figures. The angles 
must be made eqnol to the originals. But the sides no^ note. 
If we draw B'C' of the shw of BC, then we must moke CD' 
of the size of CO, and so on. 

ABCD and a'b'c'd' are called simdor fgures. 

Notice that ^i) the angles of one figure the angles of 
, the other, and (li) the sides of one figure represmt the sides 
of the other; the sides are said to be proportioned end wc 

may write ^ 

ever the fraction is which shows the relation in size. 


Let us tlunk again about copying a A ABC on a dtSEeieut 
scale so as to get two aimUar triangles, 

1, We have had one way of doing so—making the angles 
of ABC Miglaa nf r>cg /jcfla 1 ^ AS;!,. . , 

Is there wt othfif«si6hal InsritiitJ! rsf Krliiratinn 
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4Bvd>. 

1 ^ 0 . 92 . 


II. Oonsidei the sides of the two 
triangles. 

Moke a triangle XVZ whoso sides repre* 
sent the aides of the triangle ABC on a eoale 
of 10 yards to 1 Inoh. Measure the angles 
of XYZ. 

Make a triangle PQR whose sides represent the sides of the 
trian^e ABC on a scale of 10 yards to 1 eontiinetre. Measure ^e 
angles of PQR. 

Vniat do younotloe about the angles of A XYZ and of A PQR? 

Take another example: 

Draw any triangle you please, and then draw another triangle 
whose sides are exaotly hali the sides of the first triangle. Moasnre 
the angles of the two triangles. What do you notioe T Evidently 

It two triangles have their sides proportional, their corre¬ 
sponding angles are equal 


m. Suppose we made a triangle XYZ in whloh A X « A A 
and the slues round the angle X represent the sides round the 
angle A on a soale of KWds. to 1 tnen. Measure the other angles. 
What do you notioe t Evidenriy 

If two triangles have one angle ol one triangle eqnal to 
one angle of the other and the sides about those angles pro¬ 
portional, the triangles are similar. 


Examples 20. 

1. Are the following figures sitnilar? 

(1) A pair of equilateral triangles; (Iv) Any two squares; 

(ii) A pair of Isosooles triangles; (t) Any two reotongles) 

(ill) A pair of right-angled triangles; (vi) Two olrolea. 

2. Show hy drawing figures that two quadrilaterals eon have the 
imgles of one equal to the angles of the other without being similar. 

3. Show by drawing figures that two quadrilaterals oan have the 
sides of one proportional to, say one half of, the sides of the other 
without b^g similar. 

4. Oopy the quadrilateral A BCD on a soale of the angles being 
kept the same size. Do this: 

(1) Using sides as muoh as possible; / 

(ii) Using angles as much as possible. 

In each OBse show, by moasoring, that: ^ 

(1) AU the angles of the new figure = In 
turn aU i£e angles of ABCD | . 

(ii) AU the sides of the new figure are halves ' 
of the eorresponding sides of ABCO. 
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ABBREVIATIONS 


The following abbreviations are in common use in 
Geometry; they are introduced gradually in this book, so 
that the pupil may get used to them one or two at a time: 


acU. adjaoant 

oli albonute. 

Wangle} /.aangleB, 

V beoauee. 

0 oliolo. 

Qnoe oiroumfennoa« 
Cot. ootollai 7 . 

oorreap, oorreaponding. 
dlam. diameter, 

ext. exterior. 

Int. Interior. 


+ 

> 

> 


< 


raqnol (adf.). 

\ia (or ore) equal (to). 

{ oongraent (adj.), 

1« (or are] oongraent (to), 
is not equal to. 
is greater than, 
le not greater than, 
is lose than. 


is sot leu than, 
oppooite. 
rpareUel (m^.). 

\u (or are) parallel (to). 
paiaUol. 
pataUelogram. 
f perpendionlar (aiU.). 
\u(OTare)poTpendioular(tol. 
perpendionlar. 
qu^iilateral. 
rectangle, 
rt. Z.(b} riglit angle(a). 
aq. equate, 

8tr. etraight. 

therefore, 
trap" trapezlnm. 

A triangle; Aatrianglu. 

Tort, vortloolly. 


opp. 


pari 

par® 


perpr 

quad' 

rect. 


Q,)S.D., placed at the end of each Tboorem, stands for Quod 
erat demonsirandum, a phrase in Latin whloh may be traoelatod 
thus: “ Whioh u'os the thing that had to be prOTed." 

Q.E,7,, slaoed at the end of each Prohlem, stands for Quod 
erat faeietmm, whioh moans; " Whfoh was fdie thing (hat hM to 
be done," 

Koih.—The signs (*) and (f) are prefixed to the emmoiatlous 
of oertoin propositions, as suggested in the 1,A.A.M. report relaned 
to above. Aooordiug to this report" No formal proof of theorems 
marked {*) should he tequiied for examination pnrposee. Of those 
marked (f) no formal demonstration should he attempted in the 
olasS'toom; the truth of these theorems should be brought home 
to the pupil through experiment and intuition. The theorems 
marked (•) bnt not (t) are ouily deduoible logically from ptooeding 
iheoremSi end this may usefully be pointed out in the oloss-room.** 
Some toaohets may, however, like to have formal " proofs" of 
these simple propositions, and so they are inserted in this book, 
but tkey oan be ^oted or used at the teaoher'a wUl. 



BEOTION I 

liiiANiHO or Terms Used nr QBOifBm 

The bookwork that follows in this book consists of a 
series of separate diecnsaiona or atgumente, Each oom* 
plete discussion is called a Proposition, 

There are two kinde of Proposittons—Theorems and 
problems. 

A Theorem is a Froposiiuon in whioh one sets out to 
prm some sUUmeni to U true. 

A Problem is a Proposition in whioh one sets out to 
mstfud somefigwa. 

lA a Ptobleuii alter ateting tho method of oonstruotbg the figttre 
required, a proof is added to show that the oonatraotlon is oorroot. 

Examples of headings (or enunoiations) of Propositions; 

^i) The o^osite angles of a faroMogram are equal, 

(li) ToUsodagiimangle, 

(iii) To divide a straight Une inio my number of equal 

parts. 

(iv) The straMt Uns joiimg the middle notnfs of two 

sides 0/ a triangle is parallel to the third side. 

Of these (i) and (iv) ore Theorems; (ii) and (iii) are 
Problems. 

There is olso a different type of Problem, a praotloal one, In 
whioh the oonetruotlon baa to be done oarefullr, with ruler and 
oompaaaoe, oertain linee, angles, etc., haTtng to be made of given 
siaee. Thus a praoUool problem ooneepondlng to the theoreti<»] 
one stated above in (li) would be; 

Draw an angh qf 03 * and bUtot U with ruler and eompasiu. 

Here the eonstruotion lines -wonld have to be shown, and it fs 
generally ezpeoted that a short account of the method of oonstmo- 
tion ehould be added; but no proof need be given in a ptaoUooI' 
problem unless it is a^ed for. 
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The various parts of a Proposltloa are as follows: 

U) Tbe general enunoiaUpn, wUoh statea in general terma the 
anbjeot with vhioh the probleni deolB (('a. what una to be proved 
or oonatraotod)> 

(2) The dia^oUf ahowlng the particular figure to wldeh the 
general enonoiation ia to ba made to apply. 

(3) The partionlar emmolationj wluoh atatoa (1) in partloular 
terns, refemns all lines, angles, eto., to the diagram in (2). 

It oonsiata or two parts: 

(a) What is ootnally assumed or given. 

(b) What la going to be proved (or oonstmoted). 

(4) The oonstraoi^on, whion mmiUona whatever extra tlnee, etc., 
have to be drawn in the figure before the theorem oan be proved 
(or the problem solved). 

When there are no extra lines, etc., to be drawn In the flgUte, (4) {« 

(6) The proof, which la the argument proper, proving the tmth 
wMoh the proposition set out to estabUah. 

Theotems may be so simple theh no formal proqf is 
neoessaiT'. They aie then called Axioms. 

Froblema may be so easy tlmt no formal o(mtirudion is 
aeoessaiy. They are then called Postulates, 

(i) To d/r<m a ciroh mth a given centre and a given radiw. 

(ii) Things Aat are double the same thing are egwd, 

(i) is an example of a Fostolate; (ii) of an Axiom. 

In the next sot of Examples there are many instanoes of Axioms; 
but as Axioms a.re self-evideut truths (or oommon-aonae truths), it 
should be possible to deduoe the results of these easy arguments 
by common sense. 


BXEB0ISE9 ON EAST ARGUMENTS. 

ExAiQura 21. 

1. It A A sa /. B and A B b A 0, what is known about As A 
and G7 [Obviously L A and A 0 are equal,] 

2. XY and AB are two straight lines, both 2" long; a portion Is 
cut ofi from eaoh, 1" long in each ease. What can be said about 
the remainders T 

8. The line AB la twice os long as the line PQ, and the lino CD 
is twice 08 long as PQ. What oan you say about AB and CD T 
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AT 


Wliat lollows trom tli» aUteaimta In KxnwplM 4 to H f 
L A A ia tbroe UmeM Z, mtd /. C la threw Umiw L B. 

6. Line AB line CO, and efioh Une It contlnnad an extra inch, 
AB being produced to X and CD produced to V. 

6. ABO and XYZ are tvo itraight Uneai AB » XY and BC •• 

YZp 

7. ZA + ^lB-ZA + ilO. 

8. AX + ZY+AZ^AA + AY+AX. 

9. Z. A 4- / B-flO*; Z, A + iL X -90*. 

10. Z P + /. Q - 180*1 A P + A (*•» 180*. 

11. /, X la tertoe Z P. il V bi twice Z Q> Z P — Z Q. 

12. Line AB la baJf Una CO; line BF la line CD. 

18. Une AB la half lino CO ; line CD la twloe Una EF. 

W. Z A +Z B+Z 0-180% ZA+Ze+ZD-»0*. 

16. VTbat can be aald about t 

(i) Two anglea (P and Q], eaeh of wbloh la equal to another 
anolo (R) I 

(ilf Two linea, eooh of wblob ia twloe aa long aa another Una f 
18, If Z A — Z P and Z P >■' 180®, what do you know about 
Z A? 

17. If Z X — i Z Y and Z Y —two right anglea, what do yon 
know about Z X 7 

18. IfZA-iZB and ZO-iZD, and ZB + ZD- 
180®, wbat oan yon say about Z A + Z CI 

10. It the aum of the anglea X and Y ia 30®, and Z P la twice 
A X and Z Q ia twioo A Y, what do you know about the aum of 
the angles P and Q f 

What follows from the following atatementa f 

20. z ABO + Z XYZ - ISO® and A ABO - 80*. 

21. A — B and B la greater than 0. 

22. A + B — C + 0 and A la greater than 0. 

28. Z A is greater than A B, and Z B La greatoi than A 0. 

24, Z a la the oomplement ol Z P and Z A is the oomploment 
ef A y. 

26. Eooh of the angles X and Y is the aapplement of angle Z. 

26. Each of two things (A and B) la equal to the same thing (0). 

27. Each of two things la doable of the same’thing. 

28. Each of two things is hall of the aame thing. 

20. Esoh of two things is greater than the aame thing. 

80. A X + 80*,- Z Y and Z P + 60*- Z Zj if Z P Is twloe 
A X, what relation ia there between Za V and Z t 
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*t THBOBBSM 1* 

11 a straight Una stands on another straight Una, fha sun 
ot the adjacent angles so lormed Is equal to two right anj^es, 

Given a etiaight line ao etanding on. the etraight line 
BOC. 

Required to prove that <Ae sum of the adjacent Le boa, 
AOO » Aoo riQht Lt. 



Rrool. The two Za boa, aoo together 
the straight angle BOC, 

*= two right angles. Q,E,D, 

Corollary I, If several sltaigU Unes stand on another Une 
and meet it at the same point, ike sum of the adjacent armies 
so formed is equal to im right angles. 

Thna in Fig, 94 the angles together ■■ a straight L (i.s> 

(wo right Zb). 



Fro. 04. Fro. 96. 


OoroUary II. If any nmiber of straight lines meet at a 
point, the sum of the c^dcent angles so formed is ejual to 
four rigU/mgles, 

Thns In Fig, 06 the sum of the angles at 0 tour right Ze« 

.Nora.—A. Corollary ia a Piopowtion wHoh can eaeily 
be deduced fronx another Proposition (eee above), 



tBMonmoAit, uuojamt 
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THEOBSM 2. 

If the sum of two adlaomt aai^ It oqiutl to two zli^t 
angles, the exterior arms of the sogln ste to the nuni 
straight line. 

. ^Glm two adjacent Zs boa, AOO whioh ate together 
equal to two tight anglea, 

Requited to prove that bo and OC oene iin a 

FrooL The two Za boa. AOO together 
two ]^ht eit^ee, 

.i-a a etra{^t ani^, 

Bob is aettakht 

. thSt iSi BO and 00 *f^ (* t^odgU Untk 

XIw ^coof of Xheona S luea tlie figure to Xbeoxem h 


• THEOREM 8. 

If two straight lines Intersect, the vertically opposite angles 
are equal. 

Given two straight lines AB and CD interseoting at 0, 
Requited to prove that (i) angk AOO s an^le bod ; 

and (ii) angle ADD »» angle OOB. 



Proof. Z AOC is the supplement of Z AOD, {adj. As,) 
also A Bqo is the supplement of Z ADD; (adJ, As,) 
A AOC = Z BOD. 

Similarly it may be shown that Z aod » Z cob. 


Q.E.D. 
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HISOELLANEOUS EXERCISES OH ANGLES AT A POINT. 

OOMPLEimiNTABY AliO) SUPPLEMBNTABT ANGLES, 
Exuulbs 22. 

1. find thd oomplomAnta of (Le foUotrlng naglMt, drawing a 
flenio to Illustrate each oases 

(1) 30*} (U) 16*j (iU) «*! (iv) TO-i (y) SB". 

2. Show, by drai^g figures, whether the BUjpplements of the 
foUottluR angles ere acute or obtuse, and mark the number of 
degrees In fiaoh supplement: 

(1) 4C‘j (H) ■?«“» (Ill) 14B*j (iy) 1I0“; (y) 22i». 

3. If, in a A ABC, A B >« /, 0. and AB is produoed to X and 
AC Is produoed to Y, show that /, XBC »■ L YCB. 

A How many degrees are there in the supplement of a fifth of a 
right angle f 

6. find the numhet of degrees In an angle whose snpploment Is 
three times its oomplement. 



fio. 36, fiQ. V), 

6. In fig. 00 AB and CD are two lines meeting at 0. If OX 
bisects L BOD, and XO is produoed beyond O to Y, prove that 
OY is certain to bisect L AOC. 

7. ABC Is a straight line and BO is another drawn through B 
suoh that L DBG a ea* (see fig. 97). If BX bisects A DBC and 
BY biseote L DBA, oaloulate the size of eaob angle of the figure 
and find how many degrees there are in L XB Y. 

8. Oalonlate the size of L XBY In Ex. 7 if /, OBO«« 44’. 

9. Prove, In the figure to Ex. 7. that XBY is almi/t a right 
angle. 

10. A man O walking in level country sees before him three 
objects A, B, C. Ha walks towards B, the middle and more distant 
object, and wishes to place himself in the line AO. He measures 
and finds Z AOB n 69’ and Z BOC »113°, la he now on AC, 
or must he go on or turn back T 

11. from O draw four lines in order, OA, QB, OC, OD; U 
Z AOB = Z COD, and Z BOC = Z DOA, prove that (i) BOD 
is a straight linei (il) AOC is also straight. 



tstoaKnoAt aaojcita« 




*t THEOREM 4 

When a straight line oats two other straight lines and 
"makes a pidr of oorrespondlng angles eqoal^ the two Mralght 
lines are parallel 

Given a straight line BP outting the straight lines AB 
and CD and matdng the /. EBBathe otnieapond^ng 
L GHO. 

Required to prove that AB and CD are pa/fi. 


A- 

0 . 



•^-D 


Proof. If EF rotates clookwiee about o until it lies in 
the direction of BA, it deaoiibea the Z BGB, 
and if EF also rotates olookwise about H until it lies in 
the direction of DC, it describes the Z. QHD; 

but Z EQB — L GHD, {given) 

EF must have rotated each time into the same direction, 
BA and DC are in the same diieotion, 

that is, AB and CD are parallel. 


Q.B.D. 
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^THEOREMS 4a AND 4b. 

When a straight line outs two other straight Ones and 
makes 

either (a) a pair of alternate angles eqaal, 
or (b) a of Interior angles on the same side of the* 
cutting line supplementary, 

then In either ease the two straight lines are parallel. 



4a. Given a straight line ef cutting two other straight 
ines AB and CD so wat the alternate angles a and /9 ate 


lines 
equal. 

Required to prove that ab and co are par*. 
Proof. ® = A 

end * = y, 

^ = y. 

and these are corresponding angles; 
AB and CO are parallel. 


{given) 
{vert, opp.) 


Q.E.D. 


4b. Given that (in tJie same fgure) the 
angles p and d are eupploznentaiy. 

Required to prove that A B and CD are par*. 
Proof. /3 is the supplement of d, 

and y is also the supplement of d; 

and these are oorresponding angles; 
.'. AB and CD are parallel. 


two interior 


(piven) 
{adj, .Zs.) 


Q.E.D. 
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*t THBORBIB 6. 

If a stralglit line outs two pan^el straight Haas, It audcas 
oonespondlng angles equal. 

Given a straight line BF outtang two par* stndght lines 
AB and CD. 

Required to prove that A eqb » the eormponding 
L GHD. 



PreoL If EF rotates olookwise about o until it lies 
aloi^ BA, it‘describes L eqb, 

qnd if EF rotates olookwise about H until it Uea along 
DC, it describes Z GHD; 

but, since AB and CD are parallel, EF rotates into the 
same direction in each case, 

EF rotates through equal Zs, 

Z EQB= Z GHD. 

Q,E.D. 

MISCELLANEOUS EXERCISES ON PARALLELS. 

EXAiiri.xs 23. 

1. In the figure to Theorem 4 (p. 61), prove that, when the lines 
AB end CD are parallel, 

(i) The Zb EGB, DH F together a two right analoB: 
and (li) Z EGA=Z DHF. e B . 

2. In the figure used in Ex. 1 prove that the lines AB and CD 
are parallel If Z EGA + Z CHF =* ISO*. 

3. Draw a straight line and on it mark throe points O, P, Q. At 
0, P, and Q draw straight lines (all on the same side of OPQ) 
making angles of 30* with the line OPQ. Show that in this way 
yon get two sots of parallel lines. How do you know that the 

are parallel T 
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*THEOItEMS 6a AND 61). 

U a striUght line outs two parallel straight lines, It makes 
(a) alternate angles equal, 

and (6) the interior angles on the same side of the cutting 
line supplementary. 

Given a straight line EF cutting two pat> lines AB, CD. 
Required to prove that 

(a) the dUemtUe /.a (t and p are equal, 

(b) tAe interior La § and 6 (on the aam aide of bf) are 

aupjilemmtary. 


Froot (a) Because EP meets the parallel lines AB and CD, 

P — y* {eorresp.) 

, but a — y, {vert, opp,) 

a = p. 

Q.E.D. 

(6) Again, ^ P — y, (eorresp,) 

but d is the supplement of y, (adjacent) 
d is the supplement of p, 

Q.B.D. 

Examiubs 2S { oontimed ), 

4. ABCD is ft straight line, and BX and C Y ftro drawn at right 
angles to AD through B and C. Show that BX and CY are parsdlol 
(1) when X and Y are on opposite sides of 
ABCD; 

and (il) when X and Y are on the same side of 
’ ABCD, 

6, If a straight line is perpendloular to a line 
AB, it will he perpendionfar to another line CD, 
if CD is drawn parallel to AB (see Fig. 98). 



Fia. 08. 
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* THEOREM 6. 

Straight lines which are parallel to the same straight line 
are parallel to one another. 


Olven two straight lines AB, OD which are both pax' to 
PQ. 

Required to prove that ab and CD are par*. 



Construotlon. Draw a straight line EF ontting AB, CD, 
PQ atQ, H, K. 

Proot EF cute the pa# lines AB and pq, 

» = yi {corresp.) 

again, EF cute the pa# lines CD and PQ, 

/? = y; (corresp.) 

. , K =s jj, 

AB and CD are parallel, (corresp, Z.as=s) 

Alternaflye Prool. Since ab and pq are pa#, ab is in 
the same direction as PQ. ^ 

Similarly CD is in the same direction as pq. 

ab and CD axe in the same dhreotion, 
that is, AB and CD axe parallel. 


ExAurons 23 (continued). 

6. Suppose that, in the flgnre to Theorem 4, GX 
biaeots Z EQB and HYblseote Z QHD; prove that 
QX and H Y ore parallel. 

7. Prove Theorem 6 when PQ is drawn betuxen AB 
and CD. 

8. to a A'ABC, Z B=a A C; BA is prodnoed to 
X and AD is drown parallel to BC. Prove that AD 
biaeots Z XAC (see Eig. 69). 


m-lU.D. 



7io. 00. 


F 


r^uoatau.) 
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THEOREM 7. 

Tlwi ittm ot wglw of » triaoglo b eqtjai to two right 
tngfet. 

Givft)} a it ABC. 

Hwjulml to proM that ihe turn 0/ iht /Ls A, b, and 0 
eqtiaU tm rigU jLg. 



Coftstnietlon. Pmdnee the side bo to D; 

*snd »up{H)i«e Ce to hn the line through C whioh is 
pamild lo AB. 

PrcwL *,* BA end CE we parallel and AO meets them, 
4 A "X alternate 4 ace j 

Ageb, *.* BA and CE are parallel and BCD moets 
' 4 a cornMpondbg 4 ECO; 

4 A 4- 4 B «■ whole 4 ACo. 

Add 4ACBtoeacht 

4 A + 4 8 -i- 4 ACB «» 4 ACO -f 4 AOB. 

But 4 ACO 'f 4 ACB «» two right 48 j {adjjamt) 
tklf -'IJtlH lij Ut« Uirte 4t A, B, 0 tAe 4 ABC «two 
rigU 4«. 

Q.EJ). 

Cor. t. // one »id9a iriangh is produeti, the extenor 
mgh so farmed w egual to tke turn (ff the itoo tnbrior 
ophite angles. 

Th«ui the exterior 4 ACD «■ 4 A 4* ^ B. 

Thu M proved in the first five lines of the above proof. 

Cor. Sh If last frjdn^hw have Into anpbr qf the one equal 
lo im a^es qf the other, each to each, then the third angles 
tm also equai, 

* ffae note m tlypoIbktUa] OotmlrwIioM oa pigs 7& 
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Cor. S. Every trimgle has ai least two acute angles. 

Foi if a triangle had only one acute angle, each of the 
othei two angles would be 90° or more, and this is im¬ 
possible, for me sum of ihe three angles would now be 
greater than 180°. 

Cor, 4. In a %ight-angled triangle — 

(i) The right angle is the greatest angle; 

(ii) The sum of the two remaining angles is equal to a 

right angle* 

EXERCISES ON THE ANGEES OF A TRIANGLE. 

EzamtIiSS 24. 

1. If the three angles of a triangle are all equal, express the sfee 
of eooh; (i) as a fraction of a right angle ; (ii) in degrees. 

2. If two angles of a triangle ore equal, prove that each is the 
complement of half the third angle. 

8. Prove that the lour angles of a quadrilateral are together 
equal to four right angles. (Draw a diagonal.) 

4. ABCO Is a quadrilatoral and AO, BD out In O. If Z DAC 
=.62", Z BAC-.47", Z ADB=.42*, Z ADC =.70°, Z ABC=- 
Sl", caloulato the size of all the other angles of the figure, and 
show that AD and BC are parallel. 

6. ABC is a triangle in which Z B =. Z C, and BA is produced 
to P. Provo that Z PAG is twice Z C. 

0. Provo that an isosooloa A is equilateral if eMer the veiUeol 
angle or one of the angles at the base is 00°. 

7. In a A ABC, Z B -60" and Z C« 84°; 

Bl and Cl bisect Zs B and C. Caloulate Z A 
and Z I, and show that Z I =< 90" -|- i Z A. 

8. If Z A of a A ABC la 62°, and Bl and Cl 
bisect the base angles B and C, oaloulate Z B 1C. Fm. 100. 

0. Prove that, in Figure 101, the sura of 
the exterior angles ACD, BAE, CBF equals 
four right angles. ^ 

10. ABC Is a triangle In which Z B =■ Z C; / \ 

BA is produced to X and the exterior angle r/ 

XAC 1$ biaooted by the line AY. Prove that c [> 

AY and BC ore parallel. F/ 

11. Prove that, if the base angles of a Fia. lOl. 
triangle are bisooted (see Fig. 100), the angle 

(B 1C) between the biseotors =. a right angle + half angle A. 
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Exampler—Bim ^lygona of 6, 0, 7 aides in turn, and, by 
dividing tbem into tmndos, find the number of right angles in the 
Bum of their angles. ^ there ony connection between these 
numbers and twice the number of sides of each figure ? Can yon 
deduce the number of right angles in a polygon of (i) 10; (li) « 
sides! 

THEOEBM 8. 

In a polygon of n sides, the sum of the Interior angles Is 
equal to 2n — 4 right angles. 

Qlven a polygon of n sides represented by abode. 

Required to prove that ihe sum of Us interior aisles » 
(2n — 4) right Ls, 

Construction. Join A to all the other angles except 
B and E. 

Proof. The figure is now divided 
into (n — 2) As, 

and since the three As of each A 
= two right Zb, 
all the Zb of all the As 
.= twice (« — 2) right Zb, 

= (2 n — 4) right Zs; 

but all the Zb of the As make 
up exactly the interior Ze of the figure abode, 
the svm of the inimor angles of the figure 
s= (2n — 4) rigni Zb. Q.E.D. 

Corollary. If (he sides of a convex polygon are produced 
in order, the sum of the exterior 

S 'ss so formed is equal to four 
angles. 

[Tor the sum of the two Zs at any 
oomer (one interior and one exterior) ■» 

2 tight Zs; 

all the interior Zs + sU the 
exterior Ze sa 2n right Zs; 
but ell the luterior Ze b 2n — 4 

light Zs, (proved above) 
ell the exterior Zs 

B 2 n - (a» — i\ right Ze 
B 4 right Zs.] 
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EXERCISES ON RECTILINEAR FIGURES. 

Ezauplbs 26. 

1. Ezpioss in (a) right angloB, (6) dogroes, the snm of the angles 
in; 

(1) a quadrilateral; (lii) a hexagon; 

(ii) a pentagon; (iv) an octagon. 

2. If three of the angles of a qnadrilatoral are 06^ 78**, 63°, find 
the fourth angle. 

3. Tonr angles of a pentagon are 76°, 86°, 117°, 130°. What la 
the fifth angle 7 

4. Find the number of degrees ineaoh exterior angle of a regular 
(1) hexagon; (ii) pentagon; (iii) deoagon; (ir) polygon of 36 sides. 

6. Fiove that eaoh exterior angle of a regular polygon of n sides 
. 360° 

IS -. 

fl 

6. Find the size of each interior angle of a xegnlat: 

(i) pentagon; (ii) deoagon; (lii) octagon; (iv) polygon of 60 sides. 

7. Find the number of corners and aides in a polygon if eaoh 
exterior angle is 20°. 

8. Answer No. 7 if eaoh interior angle is 150°. 

9. Find the number of sides in a polygon if each exterior angle is 

(1) 40°; (ii) 30°; (iii) 10°; (iv) 6°; (v) x“. 

10. Find the number of sides in a polygon if each Interior angle is 
(i) 108°; (ii) 120°; (Ui) 174"; (it) 170°; (v) 165°. 

11. Bve of the angles of a hexagon are 160°, 100”, 73”, 145”, 06°. 
Calculate the sixth angle: 

(i) by means of Theorem 8, nsi^ interior angles; 

(li) by means of the Corollary to Theorem 8, umng exterior angles. 

12. A pentagon hoe angles 2A, 3A, 4A, 6A, 6A. Find the size of 
each angle. 

13. The interior angles A, B, C, D of a pentagon ABODE are 
122”, 86°, 164°, 62”. Calculate the acute A oetween the bisectors 
of the angles B and E. 

14 ABCDEF is a regular hexagon; prove that AB and ED are 
parallel. 

16. The floor of a school-hall is paved with equal tiles eluy>ed 
llhe a regular polygon. What particular type of polygon ooulcT be 
used for the tiles to fit together exactly at any pomt 7 [Give na 
many answers as possible and draw sketohes to illustrate eaoh 
answer.] 



TO 
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*t THEOREM 9. 

If two triangles bave two sides of tbe one equal to two 
sides of the other^ each to eaob, and also the angles Included 
by those sides equal, tbe triangles are congruent. 


!DE, ACsssDF, 


Given two As ABC, dEF, in which ab 
and the included As A and d are eqAial. 

Required to prove that As ABC, def are congruent. 

Proof. If the A ABC he 
drawn to have the sides AB, 

AC and the A A of the exact 
sizes given, 

AB can be drawn in only 
one way; 

A A can then * be drawn 
in only one way; 
and AC can then be drawn in only one way; 

.*. the A ABC can be drawn in only one way; 
hence A DEF, which agrees with A ABC as regards the two 
sides and included A, must be an exact copy of A abc, 
that is, ike As ABC, DEF are congruent. Q,E.D. 



Alternative Proof. Pick up A abc and put it on A def, 
making ab coincide with the equal side DE ; 

then A A = A D, AC will fall along DF; 
and *.’ AC _= DF, 0 will fall on F, 

, Then, since B coincides with E and C with F, ’ 

BO must coincide with EF, 

A ABC coincides with A DEF, 
that is, (lie As ABC, def are congruent. Q.E.D. 


R.B.—When this Congrnenoe is quoted in sabsequent work, (t 
will be referred to under the heading "Two sides and included 
angle.’* Be oarefnl and see that the angle taken in eooh tolonglo 
1$ always included between the given aides in that triangle. 


' It evidently does not matter, oa (ai oa the size and shape oC the A 
ABC are oenoemed. on whloh aide of AB the angle A la drawn. 
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•t THEOREM 10. 

If two triangles have two angles ol the one e^ual to two 
angles ol the other, each to each, and also a side o! one 
equal to the corresponding side ol the other, the triangles 
are congruent. 

Given two Aa ABC, Def, in which; 

Z A = A D, Z B =3 Z E, and BC => EF. 

Required to prove that Aa ABC, def are congrmd. 


Prool, Since A a = Z D and Z B sa Z t, 

ZC = Z F, (3 jLsof a A = 2rt. Zs.) 

If the A ABC be drawn to have the side BC and the 
Zb b and 0 of the exact sizes given, ^ 

BC can be drawn in only one way; 

Z B can then bo drawn in only one way; 
and Z C can then be drawn in only one way; 

the A ABC can be drawn in only one way; 
hence A DEF, which agrees with A ABC as regards (he two 
Li and tho given aide, must be an exact copy of A ABC, 
that is, (he As ABC, DEF are congrueni, Q,E.D. 

Alternative Prool. As in above proof L.C=b L P. 

Pick up A ABC and put it on A DEF, making BC 
coinoide with tho equal side £F; 

thon V Z B ss Z E, BA will fall along ED, 
and Z C — Z F, OA will fall along fd. 

Then tho point A, where ba and CA meet, will fall on 
the point D, where ED and FD meet; 

.’. A ABC coincides with A DEF, 
that is, the As ABC, DEF arc congruent, Q.E.D. 

N.B.—Wlion tbic Congraenoe la quoted In subsequent work. It 
will be rolened to under the heading " Two angles and a Side.*' 
The sides taken must eorrttpond, that is, they must bo opforitt 
tgual anglta. 
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NEW SOHOOl, aXOMETBE 


EXERCISES ON GONQRUENT TRIANGLES. 


EzAiQLBa 26. 


Theobom 0. ("Two Sides and Inoluded ANaDE.”} 


1. Two unequal lines, AD, BC cross in E, and E 
is tihe middle poinf; of each lice. If AB and CD are 
joined, prove that ABaCD. (Prove As AEB, 
CED oongruent.) 

2. Prove that the straight lino AD whioh bisects 
the vertioal angle of a A ABC in which AB b aC 
makes equal Zs ADB, ADC with the base BC. 
Show a>lso that AD is peipendioular to BC. 



Pia. 103. 


3. ABO is a A in whioh AB = AC, and AD hisoots 
the A BAC. In AD take on; point K, and Join KB 
and KC. Prove that As KBA and KCA aro con¬ 
gruent and tha( KB => KC. 

4. ABCD is a four-sided figure in whioh AB^ CD 
and L ABC b L BCD. If 0 is the middle point of 
BC, prove that AO => DO. 



PiQ. lOi. 


Thbobiih 10. (“ Two ANatBS and a Sidb.**) 

6. BAC is any angle and AK biaeots it; P is any point on AK, 
and PX is drawn perpendioular to AB and PY peipendioular to 
AO. Show that PX » PY (soe llg. 106). 

0. ABC is a triangle in whioh L B A C; AD blseots A BAC 
snd meets BC in D. Show that the As ABD, ACD are oongment 
and that BD = DC. What other lines and angles in the figure 
must be equal 7 



PiQ. 105. PiQ. 100. 


7. PQ is an^ straight line drawn to meet two parollol lines in P 
and Q, and 0 is the middle point of PQ. If XY be another straight 
Une through O meeting the parallel lines in X and Y, show that 
PX = OY (see Kg. 100). 

8. In the figure to Theorem 10 (p. 71) AX is drawn perpendioular 
to BC and DY perpendioular to EP; ]^ove that AX a DY. 
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THEOBEUa 9 ABB 10. 

0. PQRS ia a four-aided figure. If PQ = ps and the line PR 
blaeota L QPS, prove that QR RS. 

10. ABC la a triangle in which AB » AC; BD ia drawn perpen- 
dieularto AC and CE perpendiouiar to AB. Provo that the Ab 
ACE, ABD are oongruent and ao ahow that BDaCE (aee Pig. 
107). 

11. In a triangle the two baae anglea are equal and the baao k 
biaeoted at O ; prove that the perpondioulars drawn from O to the 
other two aidea of the triangle ore equal. 

12. A olrolo ia drawn with centre 0, and four radii 0 A, OB, OC, 
OD ore drawn making Z AOB equal to Z COD; join AB and 
CD, and prove that thoae linea aro equal (aee Fig. 108). 

13. In No. 12 join AC and BO. Prove that: 

(i) Z AOC = Z BOD, and 

(ii) the atraight linea AC, BD are equal. 

14. If one diagonal of a four-aided figure biaeots each of the 
anglea it joina, prove that the figure lias two pairs of equal sides. 

Id. Show that the breadth AB of a rlvor with a straight bank 
through A aa in Fig. 109 eon bo found thus: 

Mark ofi from A at right angles to AB a length AC and then 
beyond C and in the same direotion an equal length CD. Place a 
peg in the ground at C. From D walk to E at riglit angles to AD 
until you find that when you aro at E the ]ieg C ia exactly between 
yon and the point B. Then DE is equal to the breadth of the 
river. 



Fio. 107. Fia. 108. Fio. 109. 


10. Draw an isosceles triangle ABC in which AB m AC; from 
AB and AO roapootively out off equal lengths AP and AQ; join 
BQ and CP. Prove that BQ => CP. (Take As BQA, CPA.) 

17. AB and AC, the equal sides of an isoaoeles triangle ABC, ore 
produced beyond B and C to F and Q so that BF» CQ. Join 
BQ and CP and prove that BQ CF. (Take As ACF, ABQ.) 

18. AOB, COD are two iaoBoelea triangles with a common vertex 
O, and Z AOB = Z COD. Prove that, if AC and BD are 
joined, AC a BD. 
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THEOREM 11. 

If two sides of a triangle are equal, the angles opposite 
those sides are equal. 

Given a A abc in which ab = ao. 

Required to prove that A B = A C. 



'Construotlon. Suppose the line AD biaeots A BAO and 
meets BC in D. 


Proof. In the As bad, cad, 

AB — AO, (jfiven) 

• AD is oonmon to both As, 

andA BAD = A CAD, (mnstv.) 

the As ate congruent, {tm sides and Incl. A) 
flo that A B = A C. 

Q.B.D. 


Cor, 1. If a tfianfk is eqmkterdl, Us angles are all egual. 
Cor. 2, The angle in a sermoircle is a right angle. 

Jot if BAG be the angle in the semioirole 
on the dJamotor BOC, of vhloh O is the 
oentre, we have;. 

In A OAB, OA « OB, (radii) 

A OAB = A B, 

and in A OAC, OA b oc, (radij) 

AOAO=AO. PiQ. no. 

whole A BAC=-A B+A C, 

A BAO n half of the three As of the A ABC, 
i.e, A BAG a a right angle. 



Q.E.D. 
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THEOBBM 12. 

It two angles bt a triangle are eqaal, the sides opposite 
those angles are equal. 

Given a A ABC in which Z B = Z 0. 

Required to prove that ab 3 = ac. 



Comtruotlon. Suppoaa tihe line AD blseete L BAC and 
meets BC in 0. 

Prool, In the As BAD, CAD, 

A B = Z.C, (i/iven) 

■ Z BAD = Z CAD, {constr.) 

|.and AD is common, 

the As are congruent, [two As and a side) 
eo that AB = AC. 

Q.E.D. 

.Cor. If a iriangh is equ-Uingidar, it is also equikUenl, 

HYPOTHETICAL CONSTRUCTIONS. 

In Theocfltns 7,11 and 12 the oonsfcruotion is said to be a 
thebioal one, as the method of biseoting an angle has not yet been 
reaohed. (See Problem 1, page 81.) 

The argument tn these Thootems, however, la still sound, sines 
we oan argue about a line which wo l(now to exist, even though we 
do not know its exact position. We oan oven argne soundly about 
things that do not exist; e.p. if Jack climbed up the msgio bean* 
stalk 100 feet and slipped down 20 feet, we jfcnow that he is now 
80 feet from the ground. 

The arrament docs not even depend upon our having an aoourats 
picture of the beanstalk in front of us. 
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BOBOOIi OBOUnTBI 


EXERCISES ON ISOSCELES TRIANQLES. 

Ezauflub 27. 

TbSOBSUS 11 AND 12. 

1, If the rerlilOBl angle of an isoaoelea tnangle ie 40^ what le 
the aize of each of the baae angles f 

2, What is the size of eaoh of the smaller angles of a right-angled 
Isosceles triangle I 

3. ABC is a A in whioh AB « AC, and BC la jproduoed both 
ways to X (beyond B) and to Y (beyond C). Show that L ABX « 
A ACY. 

4. If the perpendioular to the base from the vertex of a A bisects 
the vertioal L of the A. prove that the A is isosoeles. 

6. Prove Theorem 12 by supposing that AD Is drawn porpen- 
dionlar to BC. Gee that you oannot prove Theorem 11 by the same 
method. 

6. In a A ABC, AB =a AC, and L B and A C are biseoted by 
BI and Cl, meeting at I. Prove that IB |0. 

7. In a A ABC, AB AO; Y is the middle point of AC and Z 
of AB: join BY and CZ. Prove that BY >a CZ. 

8. DBCE is the base BC of an isosoeles A ABC produced at 
both ends so that BDsiCEi join AD and AE. Prove that 
ADs AE. 

9. In A ABC, AB a AC and A B 36”. D is a point in BC 
suoh that BD b BA. If AD is joined, prove that AD DO. 

10. ABC is an laosoelee A, and BC, its base, ia produood to X. 
Bl biseota A B and Cl bisects A ACB. Prove tlmt the exterior 
AACX=ABIC. 

11. ABC is a A in which AB AC and P ia any point in BC 
(except the middle point); in the As ABP, AOP we nave ABea 
AC, AP ie common, and A ABPea A ACP. Does this prove 
that the As ore congruent f (Give reasons for your answer.) 

12. Prove that the A out off from an isosoeles A by a line 
drawn parallel to the base will be itself Isosoeles. 

13. In a A ABC, BK, which biseots A ABC, meets AC in K, 
Draw KM parallel to BC. to meet AB in M. Prove that MK a 
MB. ' 

14. in » A ABC the bisectors of A B and A C meet in I; 
tbioueh I a line is drawn parallel to the base BC, meeting AB in 
X and AC in Y. Prove that XY BX -h OY. 
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•t THEOREM 18. 

It tvo triangles have the three sides of the one eqnal to 
the three sides of the other, each to each, the triangles ace 
oougruent. 

Given two i^s asc, DEF in which 

AB e: DE, AC » DF, BC SF. 

Required to prove that tha As ABC, dep are wiufniefU. 



Proof. Let bc be a aide of A abc which is longer than 
the other udee (or at least as long as each of the other 
sides). 

Apply A ABC to DEF eo that the equal eides BO, ef 
ooinoide, and A falls at Q, on the aide of EP away from 
D u'oin DC, 

Ihen in the A EDO, V ED => EQ, {given) 

/. A EDO =» A EQD ; {opp.tUes) 

Also in the A fdq, v pd = fq, {gimt) 
A Foa sa A FQD; {opp. «> aides) 
by,adding, we get, the whole A D »the whole JL Q, 

whioh SB the A A. {oonslr.) 

Then in the As ABC, DEF, 

AB = OE, (g^) 

AO *» OF, ^vm) 

land A BAD =< A edf, (^oved) 

ilia As ABO, DEF oraoongrtmi. {two aides anditud. A) 

Q.B.D. 

N.Br-When this Oongnienoe la quoted In snbseqaent work, It 
will be lefened to ondei ^e hsa(UBg ” Three sldes.’*^ 
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THEOREIU 14. 

If In two right-angled triangles the hypotenuses are equal, 
and one side ol one triangle equals one side of the other, the 
tilangles are congruent. 

Given two right-angled As ABO, DEF in which b and e 
are right angles, also n^otenuses AC, DF are equal, 
and side AB ss aide DE. 

Required to prove that iU As ABC, def arc congrtmt. 




_ Proof. Apply A abo to A DEF so that the equal 
sides AQ, DE coincide, and o falls at Q, on the side of DE 
awOT from F. 

Then the anglw at E ore right angles, (pwnl 
GEF is a straight line. {adg. JLs supp.) 
Hence Dqf is a A in which DQ = DF, 


A F = A Q, {opp. equal sides) 
which = AO. {conslr.) 

Then in the As abo, def, 


A 0 = A F, 

■ A ABC= A DEF, 
land AB = DE, 

ilie As ABC, DEF ore congruent, {two 


(prooei) 
{right As) 
{jgiven) 
As and a side) 

Q.E.D, 


N.B.—When this Congrnenoe is used In subsequent work, it will 
be referred to under the heading « Right angle, hypotenuse, one 
Side,” or, more briefly, “ Rt. A, hyp., 1 side.' 
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further exercises on congruent triangles. 

ExAi[pt.S8 28. 

Tbeobbu 13. (“TttmB Sides.") 

1 , ABC Is 4 n isosoelea A in whioh AB » AC; on the other side 
of the base BC an equilateral A BOX is drawn. Join AX and 
prove that AX bisoets A BAC. 

2 . PQ is a chord of a oirolo whose ocntro is O, and A la the 
middle point of PQ. Join OA and prove that i 

7i) AOAP-AOAQ; 
am} (Li) OA is perpendicular to PQ. 

8 , AB and CD ore eoual chorda of a ciroto whoso centre is 0. 
Prove that L AOB >■ A COD. 

I 

i. The line from the vortex of an IsosoeloB A which blseota the 
baso is porpendlouiaz to the base. 

6 . If the opposite aides of a quadrilatoral are equah prove that 
the opposite angles are also equu. (Draw a diagonal.) 


ThSOBBU U. (“RiaHT AKOnK. IIvrOtXMOBE, OME SiDIt.") 

6 . AB Is a chord of a oirolo whose oentro is 0, and OX is drawn 
perpendloidar to AB. Prove that X bisoots AB. 

7. Provo that the pcrpondioular from the vortex of an Isoseelos 
triangle on to the base bisoots the base. 

8 . It a point P Is such that the pcrpendioulars PM, PN drawn 
to two linos Intorseoting at 0 are equal, prove that PO biseots the 
angle between the Unee. 

0. If the porpendionlan drawn to the two sides of a triangle from 
the middle fiomt of the base are equal, ehow that the triangle Is 
isosoeles. 

10 . If the perpendloulara from the ends of the base of a triangle 
to the opposite sides are equal, tho triangle is isosceles. 
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MISCELLANEOUS EXERCISES ON THE CONGRUENCES. 

ExAUcriBS 29. 

1, ABC is a A In whioh AB » AC and AD J. BQ. Fcova that 
A ABD = A ACD by two different oongruenoes. 

2, ABC is an isosoeles A in which AB AC and D biseota AB 
and E bieeots AC. Prove that BE » CD by taking 

(i) As ADC, AEBi (U) As BDC, BEG. 

3. AB and CD are equal and parallel straight lines; Join AC and 
BD so that they do not intersoot. Prove that AO and BD ore 

* (i) eqnal; (ii) parallel. 

4. In No. 3 AD and BC ore joined and they ont in 0. Prove 
that AD and BC ore biseoted at O. 

6. ABC is a A in which AB AC. At B and C lines BX and 
CY are drawn X BC, and BX meets CA produood in X, and CY 
meefts BA prodnoed in Y. Prove that BX » CY and AX >« AY. 

* 6. ABC is an equilateral A, and equilateral As XAB, YAC ore 
drawn on AB and AC as bases outside the original A. If XC and 
Y B ore joined and ( oi' in Z, prove that XC » Y B and that B Z C Z. 

7. In Ex. 0 prove that XC ~ YB whatever be the shape of the 
triangle ABC. 

8. AB and CD are two ohords of a oirolo outtlng eaoh other at 
O and they make equal angles with the line joining 0 to K, the 
oentre of the oirole. Prove that: 

(i) the perp" KP, KQ from K to AB, CD are equalf 
(ii AP = DQi 

(lii) the parts of the line AB »the ports of the line CD. 

9. ABODEF is a regular hexagon; join AC and BF, meeting at 
O. Prove that (i) AC BF, and then that (ii) OC » OF. 

10. ABC Is an isoBaeles A in which AB » AC. Produoo AB to 
X and AC to Y: making BX » OY; join CX and BY. Prove that; 

(i) As ABY, ACX5, and then, without using Theorem 11, that 

((i) AbBCX,CBYs. 

Show now that A ABC « A ACB. [Euclid’s proof of. Theorem 

11.] This was the Proposition in Euclid that was always referred 
to os pona atinorum, or donksj^a bridge i pupils often found its 
difficulties hard to get over. Notice how muon simpler the proof 
of Theorem 11 becomes when the hypothetical oonstruotion of 
page 74 is used. 
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PROBLEM 1. 

To blseot a gtren angle. 

Given an angle BAC. 

Reqnlfed 0 Haect L BAC. 

Construction. With oentre A 
end any radius draw an aio 
cutting AB in D and AC in E. 

WiUi oentres D and E and with 
any suitable radius draw arcs 
cutting at P, 

Join AF. 

Then ahaXL AP biseot Z BAC. 
ProoL Join dp, ef. 

In the As DAF, EAF, 

AO = AE, 

AF is common, 
and DP =» EF, 
the As are congruent, 
eo that Z DAP z EAP, 
that is, AP bisecta Z BAD. 


ieTiin»T.<tii go (MosUy Prctaical)* 

Fbobux 1. 

1. Drae, with a protraetor, acglet of (i) 7a^ (li) 01*, (W) 116*, 
wid bioeot eaoh angle, nslng four oompMiiHW. IdeaauM the two 
parts of eaoh angle with jour protractor. 

9. How would foa use fova oompaatoa to find out whether a 
partlonlar line OP drawn nn paper does biseot a.g{ven Z XOY T 

8, Draw a A ABC {^von that 80 S", ZB — 70*, Z C w 00*, 

and biseot the throe anglM. [In an aoourato figure the three 
blseotors go throngh one point.] 

4. Kove that the oonstrooUon in Problem 1 will etUl hold if the 
iunc at P axe drawn on the other side of OE. There are two oeeee: 

(1) Wten F Is In the area between DE and A; 

(li) T^en F Is beyond A. In this oaee show that when PA ie 
promioed beyond A it will biseot Z A. 

a 


{domtr,) 

(conslr.) 
{3 aides) 

Q.E.F. 



(SHostnu) 
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PROBLEM 2. 

To bisect a given straight Une. 

Given a stiaighfc line AB. 

Required to med ab. 

Construction. With centre A 
and any radius greater than half 
AB describe an arc. 

With centre B and the same 
radios describe an arc cutting 
the former arc in c and D. 

Join CD, cutting AB in O, 

Then shaU o Stsea AB. 

Proof. Join AC, CB, AO, db. 

In the As acd, BCD, 

AC = BC, {conatr,) 

AD = BD, (consir,) 

CD is common, 

the As axe congruent, 3 aides) 
BO that A ACD = A BCD. 

Again, in the As aco, bco, 

AC BC, {conatr.) 

CO is common, 

A AGO = A BCO, (proved) 

the As are congruent, (2 aides <& ind. A) 
so that AO =: BO, 

that is, 0 biaeota ab. Q.E.E. 

In the above figure CD is a line biseoting AB at right angles, 
This problem oould therefore he enunoiated tiius; 

To draw the perpendicular bisector of a given finite 
straight line. 

N.B.—^The pnctf given above oan he used to prove the following 
important truth; 

The diagonals of a kite cui at right angha, md the diagonal 
which joma the ^nta where the equal ddes meet (i.e. C and 
D) Useots the outer diagonal. (See definition on page 97.) 

Exeroises on Problem 2 will be found on page SB. 
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PROBLEM 8A. 

To oonstruct a perpendicular to a given straight line from 
a given point In the line. 

Given a straight line AB and a point c in AB. 

Required to draw from c a perpendicular to AB. 

Method I. With centre c and 
an^ radius draw arcs cutting 
CA in □ and CB in E. 

‘ With D and E as centres, and 
any length greater than DC as 
ra^us, draw two arcs meeting 
in o. 

Join 00 . 

Then shall co be perpendicular to AB, 

Outline of Proof, Por, joining OD and OE, 
the As OCD, OCE can be proved congruent, {3 sides) 
the adjacent angles OCD, OCE are equal, 

they are tight angles, («= adj. As) 
and CO is perjf to AB. 

Q.E.F, 

Method II. With centre C and any radius draw an arc 
DEP cutting AB in D ; with o as centre and the same 
radius draw an arc cutting arc def in E; with E as 
centre and the some radius draw an arc cutting aro OEF 
in F. 

Join CE and of. 

Bisect L ECF by the line co. 

Then shall co be perp’‘ to AB. 

Outline of Proof, Tor, joining de 
and EF, 

A DCE &= 60°. {ejuilaieral A) 

Similarly A ECF = 60“. 

A ECO = half of A ECF = 30". (consfr.) 

Hence A OCD = 60" + 30" = 90®. 

Qilli.F, 
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PROBLBM 8B. 


To oonstrnot a perpendloular to a given straight line from 
a given point outside the line. 

Given a straight line AB and a point c oataido AB. 
Required to draw from c a perp^icular to ab. 



Construetlon. With c as centre and any anffiniAp^ ; 
radius, draw an arc cutting ab in D and E. 

Bisect DE in 0 and join 00. 

Then shall oc be perp' to AB. 


Proof. 


Join CD, CE. 

In the As OCD, ocE, 

( CD = CE, 

OD = OE, 
and oc is common, 
the As are congruent, 
BO that Z, COD = L COE, 
these As axe right As, 
and OC is perjf to AB. 


(conrfr.) 

(constr.) 

(3 sides) 

{equal adj. As) 

Q.E.P. 


PaionoAL Method toe Fbobdbm 3B. 

In using the above oonstmotion piao> 
tioally it is usual to biseot □ E by drawing 
two small aros with oentres D and E am 
with radius DC, to out at P on the side of 
AB away from C, and then to join CP. 
[CP is proved to be perpendicular to AB by 
the same proof as in Problem 2.] 



Pin, ill. 
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PROBLEM 4. 

To construct an angle equal to a given angle at a given 
point In a given straight line. 

Given an angle bag and a point D in tho str. line DB. 
Required to construct m angle at D equal to L bag. 



ConstrucUon, With centre A and any radius draw an 
arc, cutting AB in F and AC in Q ; 

With cent|:e D and the same radius draw an arc hk, 
cutting DE in H ; 

With centre H and radius equal to QF draw an arc 
outtiQg arc KH in K. . 

Join DK. 

Then sJwiX Z. D = Z. A. 

Outline ol Proof. Join fq, hk. 

Then we can prove As hdk, faq congruent, (3 sides) 

A D = A A. 

Q.E.F. 


ExAMFUiS SO (conlimed), 

pBOBLm 2 . 

6. Draw a line 0*7 om. long and hiseot it with ruler and oomposaoa 
Cheek the ooouraoy of your biseotion by meaenrement. 

6. Draw a difieient figure for Problem 2 in whloh AC ■■ BC and 
AD = BD, but AC ia not equal to AD. Provo that AO ■■ OB in 
this new figure. 

7. Ib there any advantage in making AC, BC, AD, BD all eqnal 
(os in tho Proposition) instead of equu in pairs (os in Bx. 0) t 

8. Buolld blseoted a straight line AB by desoribing an equilateral 
A ABC on it, and then biseeting the vertiosi angle ACB. l^ve 
that this method is a oorreot one. 
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PRACTICAL DRAWING EXERCISES. 

EZAMFtBB 31. 

Pnonnus 3A, 3B, 4. 

1. ’Drav a sitaighi) line AB 5'7 om. long and take a point P In 
it '6 am. from A. Erect a porpendioular to AB at P b; the second 
method of problem 3A. 

2. Draw a straight line AB 3" long and take a point P in it 1*2" 
from A. Using the first method of Problem 3A erect a pcrpendioular 
to AB at P. 

3. Draw any A ABC having all its angles acute. Draw a por¬ 
pendioular from A to BC. 

4. Draw a triangle whose sides are 2", 2*4", 2*8". Draw the 
three lines whioh biseot these sides at right angles. (In a well- 
drawn figure these lines go through the same point.) 

3. Draw a triangle whose sides, are 4 om., 6 om., 6 om. Draw 
the perpendioular from the largest angle to the opposite side and 
measure it. 

6. Draw an angle of 77* with your protraotorj owy it with the 
aid of inlet and oompassea only; test the new angle by means oi 
your piotrootor. 

7. Draw with your protrootor an angle of 36®, and by using your 
ruler and oompasses moke use of the angle of 36* to draw angles of 

(1) 72*: (il) 18° i (ill) 54*. Cheek with your protrootor. 

CONSTRUCTIONS BY MEANS OF RULER AND COMPASSES. 

(These exerolses should be done without any use of protraotoi 
and set-square, In order to obtain aoouraoy In the use of 
oompasses.] 

Ezamflxs 32. 

1. Draw a A ABC In whieh ABa3 om., BC<<" 4 om., OA a 
6 om. Draw (in a separate figure) a horizontal line XY; make an 
L YXZ (above XY) equal to Z A of A, and an L YXW (below 
XY) equal to Z C. Measure Z ZXW with a protractor. 

2, Draw a lino AB 2*6" long. Divide it into four equal parts, 
Measure the four ports ooneot to *01", 

8. Draw a A ABC in whioh ABai2", BC<=S", AC=a3‘9". 
Draw a line BX from B perpendioular to AC and measure BX. 

4. Draw a A ABC in whioh BC b<2’6", Z B » 30* and Z C » 
90° Measure A B and AC, 

6. Draw two parallel linos AX and BY, AB being perpendioular 
to the lines and 2*8 om. long. Mark off BY on the second line 2 om. 
long and find a point X on AX snoh that BX » 4*6 om. Join XY 
and measure it,, 
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0. Copy the figure adjoin¬ 
ing and see whether the 
baee of the triangle ia in a 
straight line with the piece 
to the right. (Why should 
it be 1) 

7. Draw a A whose sides 

ore 8 am., 6 om., 7 am. long. I’m. 112. 

Biseot the throe angles. Do 

the three biseotora go through a point T 

8. Draw a A ABC in whioh AB =• 2", A A - 90", BO — 2-8". 
Make outside the triangle an angle BAX at A equal to A B, and 
an angle ABX equal to 00". Measure AX and BX. 

' 9. Draw a triangle ABC whose sides ore 7 om., 4 om., 9 om. 
Draw the throe perpondioiilars from the vertioos to the opposite 
sides. Measure uem. Do they all go through one point I 



CONSTRUCTIONS (WITHOUT THE AID OF PROTRACTOR 
OR SET-SQUARE) OF ANGLES OF 60", SO", 46". 

1. To make an angle o/60" loith a given line AB. (Note that 00" 
is the angle of an equilateral A.) An are CD is drawn with A as 
centre, and a small arc cutting are CD at C is drawn with the earn 
radius and with D os centre (see Fig. 113). 

If AC is Joined, A A wiU bo OO". (Why ?) 




2. To make an angle qf 30" mih a given line AB. Make an angle 
60" OB above and biseot it by the method of Problem 1 (Fig. 114). 

3. To make an angle of 46" with a given line AB, Make an angle 
of 00" and biseot it. (The figure shows the method which depends 
on Problem 3B.) 

EZAUPtEa 33. 


By means of ruler and compasses oonstruot angles oft 
(i) 30", (U) 46", (iii) 22i". (iv) 136", 

(v) 16", (vi) 76", (Tii) 112i". 

Measure your angles with a protractor a/ier eonetrvetion. 


I 
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INEQUALITIES. 

We know that: 

A straight line Is the shoit^t dlstanoe between two pointed 

(See page 2.) 

It follows at once from this fact that: 

I. Any two sides of a triangle are together 
greater than the third side. 

Thus in a A ABC, BA AC > BC, slnoe 
BC is a straight line, and BAG a bent line, 
oonneeting B and 0. 



Pta. ILO. 


Exahtus 84(a}. 

1. Prove that any side of a triangle is greater than the difierenoe ■ 
between the other two sides. 

2. Find whether it is possible to make As whose sides ore: 

(i) 3 om., i om,, 6 om. { (il) 1", 2", 3"; 

(lil) 18", IS", 4"; (iv) 8*8", 8*1" 2*1". 

3. If two sides of a triangle are 3" and 4" and the third side is 
an exact number of inohes, state all possible lengths it oon have. 

4. Prove that the perimeter of a quadrilateral > twioe either of 
the diagonals. 

5. In a quadrilateral ABCD, AB -f BC + CD > AD. 

6. Prove that the eum of the four sides of a quadrilateral is lese 
then twioe the sum of the diagonals. 

7. o is A point Inside A ABO. Prove that 

BO + be < BA + AC. 

[Prodnoo BO to meet AC In D. Prove that: 

BO + DC < BD + DC and BD + DC < BA + AC.] 

8. ABO wd PQR ore two Ae of whioh the veriJoeB of the latter 
lie on the sides of the former: prove that the perimeter of PQR < 
that of ABC. 

9. ABCD ia a quadrilateral and 0 is a point inside It. Prove 
that OA + OB + OC + OD is generally > AC + BD. What is 
the one posliion of O for whioh 

OA + OB + OC-|-OD=AO + BDt 

10. In the figure to Ex. 7, prove that; 

2 (OA + OB + OC) > BC + CA + A8. 
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We have also leamt the truth of two other inequalities: 

II. II one side ol a triangle be produced, the exterior angle 
is greater than either ol the interior opposite angles, 

Eor if the side BC of A ABC is produced to D, 

Z ACD > Z A and Z ACD > Z B, since 
Z ACD ea Z A + Z B by Thoorom 7. 

III. Any two angles ol a triangle are together less than 
two right angles. 


THEOREM 15. 

If two sides of a triangle are unequal, the greater side has 
the greater angle opposite to It. 

Given a A ABC in which AC > AB; 

Required to prove that Z b > z c. 



Construetlon. Erom AC cut o5 ad equal to AB; 

Join BD. 

Proof. In A ABD, VAB = AD, (cOMtt.) 

.'. Z ADB ~ z ABD ; (opp, sss dm) 
but Z ABO > z ABD, {iMa > parC\ 
Z ABC > Z ADB. 

Also ext' Z ADB of A BCD > int' opp. Z C, 

Z ABC is much greaier than Z C. 


QiEJD. 
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THEOREM 16. 

II two angles of a triangle are unequal, the greater angle 
has the greater side opposite to It. 

Given a A ABC, in whioh Z B > Z. C. 

Required to prove that AO ab. 

Proof. 

AC cannot = AB, 
for then. Z B would = Z 0, 
and this is untrue, [given) 

Again AC cannot be less 
than AB, 

for then Z B would be 

less than Z c, _ 

and this also is untrue, [given) 

.*. AC is neither e^ual to, nor less than, AB, 
that IS, AC > AB. 

Q.B.D. 

EXERCISES ON INEQUALITIES. 

ExAuruM 84(e)* 

1. ABC 1b a A in whioh a = 1'6", b ■■ 1'8", c =• 3". Whioli ie 
th« largest angle and whlob the amalleat I Why T Chock by a 
drawing to soale. 

2. Prove that the hypotennse is the greatesl side of a right- 
angled triangle. 

3. If, in-the figure to Theorem 17, R is a point between Q and B, 
prove that OB > OQ. 

4. If a A ABC, AB > AC. The blseotors of the angles B and 
C meet in I; prove that Bl > Cl. 

5. If ABC be an equilateral triangle and D any point in AB, 
prove that CD < AC and CD < BC. 

6. ABCD ia a quadrilateral, AD is the shortest side and BC the 
longest. Join BD and prove that Z ABC < Z ADO. 

7. ABC is a triangle and Z A is biseoted by the line meeting 
BC in D. Prove that AB > BD and AC > CD. 

8. D is any pobt in the base BC of a A ABC ; prove that AD 
< half the perimeter of the triangle. 
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THEOREM 17. 

01 all straight lines which can he drawn to a given straight 
line Irom a given point outside It, the porpendloular is the 
shortest. 

Given a straight line ab and a point o outside AB; 

also OP the perp' to AB, and OQ any other line from o 
to OB. 

Required to prove that op is shorter than oq. 


Proof. 



2rt, Ls) 


OQ > OP; • (greater side opp, greater JL) 
that is, OP is shorter titan OQ. 

Similarly it may be shown that OP is shorter than any 
other Une from O to AB, 

Q.E.D. 


Examplbs 34 {eontimtei^, 

9. o Is a point Inside the A ABC; prove that A boc > A B AC. 

10. In any triangle prove that the perimeter > the sum of the 
perpendiouloie drawn from the vertioos to the opposite sides. 

11. Prove Theorem 16 directly by making an A OBD A C so 
that D is on AC. 

19. In A ABC, AB n AG; the base BC is pcoduocd to D and 
X is any point in AB, If DX out AC in Y. prove that AX < AY. 

13. D bisects side bc ol A ABC; prove that AD < 1 (AB + AC), 
[Pioduoe AD to E, making DEwAO; join EC and prove 

two A B 

14. Use No, 13 to prove that the earn of the medians of a A ’< 
the perimeter. 
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PABALLELOGRAMS. 

Definition.— A. Parallelogiam is a plane four-sided figure 
whose opposite sides are parallel {see Figure bdow). 

THEOREM 18. 

The opposite angles ot a parallelogram are equal. 

Given a par*" ABCD. 

Required to prove that Z A = Z c and Z B = Z D. 



Prool. *.* AB and do are par* and AD meets them, 

Z A H- Z D = 2 right Zs; [inf' Zs) 
sunilarly Z C -f- Z D = 2 tight Zb ; 

ZA-|-ZD = ZC-fZD, 

A A= LO. 

Similarly Z B = Z D. 

Q.E.D. 

*G(mver8dy.—11 the opposite angles of a quadrilateral are 
equal, the figure Is a parallelopam. 

Given a quad* abcd, in which Z A = Z c and Z B =; 
Z D. 

Required to prove that abcd is a par”. 

Proof. Zs A, B, C, D together>s=4 it. Zs i (Zs of a guadf) 
but Z A = Z c and Z b = Z d, {given) 
twice Z c -|- twice Z D => 4 right Zs, 

Z c 4- Z D = 2 right Zs,^ 

AD and BC are par*, {intr As supp*.) 
Similarly it may be shown that 

AB and CD are par*; 

ABCD is a par”, (defmiiion) 

Q.E.D. 

* For the meaning of the OonTerse of a Theorem, gee page 107. 
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THEOREM 19. 

The opposite sides of a parallelogram are equal, and each 
diagonal bisects the area of the parallelogram. 

Given a par” abcd of which the diagonal AO is drown. 
Required to prove that (i) AD = bc ; (ii) CD = ab, 
and (iii) A adc= A ABC in area. 
Proof. In As dac, bca, 

'ADAC=ZBCA, (*aU.) 

■ L DCA == L BAC, (*ok) 
and AC is common, 

/, Ab are congruent, 

()3 Ls and a aide) 
so that AD s BC, CD =AB, 
and A DAC = A BCA m area. 

Q.B.D. 



Conmady (to first part of above).—^If the opposite sides 
of a quadrilateral are equal, the figure Is a parallelogram. 


Given a quad* ABCD in which AB =s DC and ad bc. 
Required to prove that abcd ia a par”*, 

Construotion, Join AC. 

Proof, In Ab dac, bca, 


AD = bc, (^vcn) 

CD = AB, (^W) 

. and AC is common. 

As are congruent, {3 aides) 

so that L DAC = L BCA, 

AD and BC are par* *, {aU. JLa ~ ) 

similarly it may be shown that AB and CD are par*, 

.*. ABCD is o mf”, {denniiion) 

Q.E.D. 


Note.—The diet part of Tlioorem 18 can be, end otton is, proved 
by the method of Theoiem 10. Write out this way of proving It. 

* The word " allemaU “ is used here to include the fact that lines 
are ||; otherwise alternate angles would not be equal, and so through* 
out ^ book. Similarbr wiw the word " torrttponding,*' 



94 


KBW BOHOOli OBOMBTBT 


THEOREM 20. 

Tbe diagonals ol a parallelo^m bisect one another. 

Given a pai°> ABCD, itc diagonals meeting in e. 
Required to prove that ae = EC, and OE » EB. 


D 

Proof. In As DAE, bCE, 

A DAE =: L BCE, (oUmate) 

L AED = A CEB, (vert, opp) 

and AD = BC, (ojm, sidct of pan^) 
As are congruent; (2 Ae and a side) 
BO that AE ss EC, 
and DE EB. 

Q.B.D. 

Corwersety.—ll the diagonals of a quadrilateral blseot each 
other, the flgure Is a parallelogram. 

Given a quad' ABCD, its diagonals meeting in E, so that 
AE =; EC and OE ~ EB. 

Required to prove that ABCD ts a par". 

Proof. In As DAE, BCE, 

AE = EC, (given) 

DE = EB, ^ven) 

and A AED = A CEB, (vert, opp,) 

As aie congruent, (Z sides and ind. A) 
so that A DAE ^ A BCE, 

AD and BC are par'; (edt. Ae =) 
similatly it may be shown that ab and DC are pa^, 

ABCD is a par", IdMiion) 

Q.E.D. 
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THEOREM 21. 

II one pair of opposite sides of a quadrUateral are equal 
and parallel, the figure is a parallelogram. 

Given a quad' ABCD, in which AB = CD and AB is par* 
to CD. 

Required to prove that abcd is a par^. 



Construction. Join ac. 

Proof. In As ABC, CDA, 

AB — CD, {given) 

AC is common, 

.and Z BAC =s Z DCA, {alternate) 

As are congruent, (2 aides and ind, Z) 
BO that Z BCA =S Z DAC, 

AD and BC are par*. {alt. Zs =) 
But AB and CD are also pat', {given) 

ABCD is a par’”. {d^milim) 

Q.B.D. 

Noth on Theortsms 1&-21. 

We now have five ways of testing whether a quadrilateral 
is a parallelogram, viz: 

(i) if the opposite sides are parallel; {by the definition) 
vit (ii) If the opposite angles are equal; ifiy Theorem 18) 
or (iii) If the opposite sides are equal; (by Theorem 19) 
or (iv) If the diagonals biseot one another; (by Theorem 20) 
or (v) if one pitir of opposite sides are equal and parallel, 

{by Theorem 21) 
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Fubthbb Dbpinixiows. 

A rectangle is a parallelogram. wMoh Iiaa one of its angles 
a right angle. 

[It follows that all the angles ore right angles. See Ex. 1 on 
page 08.] 

A square is a rectangle which has two adjacent sides 
equal. 

[It follows that all the angles of a square ora right angles and all 
its sides ore equal. See Exx. 1 and 2 on page 08.] 

A rhombus is a parallelogram, with two adjacent sides 
equal. 

[It follows that all the sides of a rhombus axe equal. Bee Ex. 2 
on page 08.] 

A trapeBlum is a quadrilateral which has one pair oi 
opposite sides parallel. 




Eio. 117, 



Important Facts, 

1. The diagonals ot a rectangle are equal. [See Ex. 12 
on page 98.] 

2. The diagonals ot a rhombus bisect each other at tight 
angles. 


[They blseot each other beoaoso a 
rhombus is a parallelogram; they out 
at right angles beoauao the As ABO, 
CBO ore congruent (lAres sides). Bee 
clearly why the sides of the As are 
equal.] 



3. The diagonals ol a square Fm. ii8. 

are equal and bisect each other 
at right angles. [This follows from 1 and 2 above.] 


4. The only type of paridlelogram in which a diagonal 
bisects the angles which it connects is the rhombus (includ¬ 
ing, of oouise, the square), [See Ex. 6 on page 98,] 


With, right Z.B = Sqnaie 
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Types of Quadrilaterals. 



(dUOHlIBU.) 


(a) ConTex. 
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EXERCISES ON PABALLELOaRAMS. 

EXAUPtsa S6. 

1. Prove tliftt, it one angle of a paraUelogram te a rlgM angle, all 
its angles must bo right angles. 

[Henoe all the angles of a reotangle ate right angles; oompaie deflnl. 
tion on page 00.] 

2. Prove that If two adjaoent sides of a parallelogram are equal,i 
all Its sides are equal. 

S noe all the sides of a rhombus (or a square) are equal t oompare 
ttons on page 08.] 

8. It one angle of a pareJlelogram Is 85*, find the sizes of the 
other three an^es. 

1, AEOD is a parallelogtam; E biseots AB and F blseota DC. 
Prove that A EOF is also a porslielog^am. 

6. If the die^onal AC of a parallelonam biseots the L A, prove 
that it also blseota L C and that the figure has its four sides equal. 

6. ABCD is a parallelogram and X Is a point on AB and Y a 
point on DC auoh thot AX ■■ YO. Prove that AY and XO, wW 
Joined, are equal and parallel. 

7. Prove that the biseotors of two opposite angles of a parallelo* 
gram are parallel unless they happen to ooinoide. 

8. Show that the biseotors of two adjaoent angles of a parallelo* 
gram form a right angle. 

0. Show that two oongment triangles osn be plaoed with one 
side common so as to form a parallelogtam. 

10. ABCD Is a parallelogram whose diagonals meet In O; a line 
ie drawn through 0 to meet AB in X and CD In Y. Show by 
means of oongruent triangles that XO »• OY. 

11. Prove in the filgore to Ex. 10 that XY biseots the paraIlelo> 
gram. 

12. Show that the diagonals of a reotangle are equal. 

13. Prove that the diagonals of a reotangle divide it Into four 
isoBoelea triangles. 

14. Prove that the diagonals of a rhombus (or of a square) bisect 
the angles throng which they pass. 

16. ABCD is a paraUelogram. Points P, Q, R, 8 are token In 
AB, BC, CD, DA, auoh that AP» CR; BQ m D8. Prove that 
PQR8 is a paraUelogram. 
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10. Show by Rawing ^es what dlSerent kinds dI quadrilaterals 
may be formed if one pair of straight railway linos orosses another 
pair. 

Consider the two oases (i) when the gauge (t.e. the porpendioular 
distance between the metals) is diSorent, and (11) when the gauge 
is the some for the two pairs. 

17. ABCD is a parallelogram and through 0. the interseotlon of 
its diagonals, a line is drawn meeting AB In p and CD in Q. 
Prove tnat APCQ is a parallelogram. 

18. State how you would tost (by means of its diagonals only) 
whether a quadrilateral is; 

(i) apoxellalogrami (iil) a square | 

(iij a rectangle j (iv) a rhombtis. 

19. ABGD is a parallelogram and points X, Y, W are taken 
on the sides AB, BC, CD, DA respectively so that AX » CZ and 
AW » CY. Provo that XZ and WY bisoot oaoh other. [For this ' 
to be true, what sort of figure must X YZW be 1 Set out to prove 
this first of all.] 

20. In an isosoeles trapezium (f.e. one in which the non-porollol 

sides ore equal) prove that; ^ 

(i) the angles ore equal in pairs; (li) the diagonals are equal. 

21. ABCD is a par". Through C is drawn a par' to the biseetor 
of Z B meeting AB, AD produced in X, Y. Provo that 4 AXY 
is isosoeles and that porimotei of par** is AX + AY. 

22. A square BCDE is described on the side BC of A ABO and 
through B, C are drawn lines BF, OF || to AE, AD, mootiiiir in F. 
Prove that FA I BO. 



100 


Ksw soEooii axoicmr 


TO DRAW A UUE THBO0QH A QIVEM POINT (A) 
PARALLEL TO A GIVEN STRAIGHT UNE (BC). 

A.>-WitE Rhub and Ooufassu. 

I. Praw a perpeadioolar AD from A to BO (Frob. 80)i and oroot 
at A a perpeAdiouIai AE to AD (Ftobi SA). (Roe Fig^ 110.) 

[Wby la AE parallel to BO t] 

n. Draw a stiaight line AD from A to meet BO anywhere In 0 ( 
produce DA to Et and make on o^o EAF equal to, and Oorree- 
ponding to, ADC (Frob. 4)< (See 120>) n 

(Why la AP parulel to BO 1] 

A variation q/'ihia mtihod it to nah aUematt anglet ejual. 



Fra. 119. 


Fra. 120. 


In Fig. 120 the aio with oeetre O ahould hero the email arc late^ 
aootlng it between D and C, not between D and A. 

HI. Bemembet that a quad* le a par°t tf ita 
oppoalte aidoa axe equid, and tV to make euob a 
quad* ABCD, KWen A and BO, no that D only 
noa to be found. Henoe i 

With centre A and radlua BC draw an aro, 
and with centre 0 and ladiue BA draw on 
aro i let the oroa out in D. 

[Why la ABCD a para)] 



Fra. 121 


B.— ^WtlH BaT-SQTJAE*8, 

I. Method AI. eon still be used, eet'Sqnares being used In order 
to draw the right angles. 

n. The Ordinary method of using a aot-squore to draw parallels 
is found on p. 17. 
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drawing exercises ok paralielograms, etc. 

EXAUPI.BB 36. 


1. Draw a sqnare on a lino 2" long, and ntinMuro its diitgnnals, 

2. On a lino 4 am. long draw a rcctangla 2*6 om. broad, and 
moosnie its diagonals. 

3. Desoiibe a rhombus haring Mioh sldo 4 om. lung, and oon- 
tniniTij r an angle of 46°. Measure its diagonals. 

4. Draw a rhombus haring each side CHiual to one of its tUogonals. 
How many degrees are there In oaoh angle 1 

6. On a line 1'8'' long as diagonal dosoribo a square. Measure 
one of the sides. 

6. On a line 6 om. long doaoribe a rhombus having one diagonal 
6*6 om. long. Moasoro wo other diagonal. 

7. Draw a parallelogram with sidos 4 om. and 6 om. long, eon- 
taining an angle of 62^ Measure the longer disgonal. 

8. On a base 2*6 om. long describe an isoscclus triangle ASC, 
haring each of tho base angles 72°. Gomplute tlin pnnd|i*liigranii 
of whioh the sides of triaiiglt: ASC give two sides nnu onn diagonal. 
In how many ways oan this bo d»iiio 1 

9. Draw a quadrilateral ABCD In which ABnwCDia? om., 
AD BC » 6 om., and diagonal AO »■ 10 oin. Monsiire its angles. 

10. Draw a parallelogram whoso diagonals are 2" and 2-8", the 
obtuse angle between thorn being 120°. MettHura lire siilrs. 

11. Draw a rootanglo whose diagonals are 7 crn. long, tho aoute 
angle between them being 70°. Monaure the sides. 

12. Draw a rhombus whoso diagonals ere 4 om. and 6-5 om. long, 
Meosmo tho angles. 

13. Construot a trapezium whose parallel sidca aro 6*4 ma, and 
9-6 cm., and whoso angles at tho end of the latter lido are 80^ luid 
64°. (See l<'ig. 122.} 

14. Construct a trapezium wh(«c parallel siilns 
ore 4", 2.4", and whose non-parallel si'IoH am 2'' 
and 2*8". (Make use of dotted linn in (Iguiw.) 

16. Construot a trapezium whoso parallel sides 
ore 2-2" and 3*6", and whose diagonals ore 3" Pm. ISl 
and 4". 



16. Without using the protractor, oonstroot a quadrilateral 
ABCD, in whioh AB -4 in., CD -■ 3 In., OC || AS, and sash of 
the angles DAB, CBA is 60®. Justify your ooustruotion. 
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Tbe straight Una drawn throtigh tha middle point od ons 
sldo o{ a triangle paraUel to another tide bleeets the 
side, ) 

Given a A abo k wMoh o !b the ouddle point of ab, 
and DE is drawn par^ to QG to moot AO in fi. 

Retpilred to prove that as « so. 



Oonstmotton. Draw CF from c pai> to BA, to meet ge 
ptoduoed in F. 


Proof. 


BF is a par“, {opp. tides par') 
BD aa OF J {opp, Hdce of JXW**) 
but BD SB OA, (pwen) 

DA — CF, 


Then in As ADB, ofic, 

A A a« 4 FCE, (oltemote) 

■ A AED BB A CEF, (wsrt. opp) 

• and DA tea OP. (prwed) 

»•» As are oongment, (itoo jLa and a tide) 
so that AS aea EO. 

Q.EJD. 


Thie theowia fa e ateoW oaae of Theorem S4, but it It a good 
thing to ptote eooh tatlopeadentiy of the other. 
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THEOREM 28. 

The straight llae Joining the middle points ol two sides ol 
a triangle Is parallel to the third side, and equal to one hall 
ollt. 

Given a A abc in which d and E, the middle points of 
AB and AC, are joined. 

Required to prove that (i) de ispar‘ to bc, 
and (ii) de =M/ oJ bc. 



Oonstruotlon. Draw CF from c par* to BA, to meet DE 
produced in F. 

Proof, (i) In As ade, ofe, 

Z A = A FCE, (alternate) 

■ A AED = Z CEF, {vert. 

and AE — EC, {given) 

.*. As are congruent, {two La and a aide) 
so that AD =3 CF; 

but BD s= DA, {gwen) 

BD = CF, 

Now BD and OF are also par*, {oonatr,) 
BDFC is a par”, 
that is, DE te par* to BC. 

(ii) DE — EF, {oongrueni Ae) 

andDF = BC, {opp. aides of par^) 
.*. DE = iDF*iB0. 


Q.E.D. 



lOi 
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THEOBBH 24. 

K tlim or more 9 &raltel straight llnot make equal luter- 
eepte on any ttansvemi. they make equal Intereepte on a&y 
o^er tmsveml. 

Given tihree par' lines as. OD, EP, which are eat by the 
tranavorBala ACE, EOF, so AC » CE. 

BeqtGred to jwove that bo ■» of. 



CcijistruoUon. Draw xo Y through D par' to AE, to meet 
AB produced in X and EF m Y. 

Prool, Then the figutee cx and CY are pax**, 


AC »= XD and CB «= OY; 

{opp, stdss) 


but AC»CG, 

(given) 


A XD « DY. 


Nowin As BXD, FYD, 



A DBX=« A DFY, 

(aUemate) 

- 

A BOX =» A FDY, 

(vert, opp.) 


and XD &a dy, 

(jprove^ 

As axe oonj^ent, (tteo As ond a stde) 


so that BD »> DP, 


Q.B,D. 



>nEOiOKmoi& sm>mraa 




UlSCBLLAKEOCS SXER0I8S8 OR PARAUSLB AR0 
iKTsaosm 

Eximtuh 87. 

1. The straight lines wfaioh Join lha middia pointi flf the ridtts 
a triangle dime It into four oongment triangtoi. 

2. AB, AC, AO are three atnight Utuw drawn from A,iuul their 
middle points are X, Y, Z. Prove Utai 4 XYZ ■■ 4 8CD. 

3. The line Joining the middle points of two tiilee of a triengie 
will htseot the line drawn from ar^ point on the third side to w 
opposite vertex. 

4. ABO le a triangle and O » point on BC. If the adddfo 

g olnta of AQ, AC. BD, DO ere P, Q, 8, prove that PQ8B 
; a parallelogram. 

6. ABC Is a A havliu the side AB trisected at D and S. Prove 
that the straight linos dufawn through O and E pnraUet to BO will 
triseot AC and that the shorter of them (terminated b; AB iuhI 
AC) la BO In length. 

6, If the middle points of adjacent atdee ol a quadrilateral be 
Joined, the resulting dgure is a porahetagnua. 

7. Prove that the two straight Unes whioh Join the middle mints 
of opposite aides of an; quadrilateral biseot eaoh other. (8ss fix. 6.) 

8. ABCD is a field with four straight sidiu, and Its dlagonaJs 
AC and BD are 66 yds. and 43 long. If P, Q, R, 8 a» stakes 
placed at the oontro ol the ionr sides of the fimd, find the total 
length round PQR8. 

6. tf the middle points of the Qon-pnrallel sides of a farapedum 
are Joined, the Joining line is pandlel to oaoh of the jpuallel ddas 
of the figure. [Converse to Theorem 84.] 

10. ABC Is a line blssoted at B, and AX, BY, OZ are drawn 
perpendloular to a line XYZ. Prove that, If A and G are on the 
seme side of XYZ, 

(1) BY — AX M QZ — BY, If AX is the shortest of the petpen> 
dioulare: 

(fi) BY-.4{AX + CZ). 

11. In the figure to Theorem 24, prove that OO » 4 ( 

12. ABCD is a parallelogram and through B a straight Uno XY 
is drawn outside the figure. The perpendioulats from A and from 
the mid.point of BD on XY are 14 in. and 84 reepeotively. 
Caloulate the perpendloulan from D and C on KY> 
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PROBLEM 

To dlrtdo a stra^ht Une Into aay namber ot oqnal puts. 
Given a straiglit line AB. 

Required to dmk it into my number qf oqual porta (eay 
five), 

MeibodL 



Oonatniollon. Piom a draw AX maldng uxy angle vitb 
AB; mark od along AX five equal lenguia, viz., AC, CD, 
DE, EF, FQ; join QB, 

Draw lines || to QB througb c, D, E, F, to meet AB in 
P, Q, R, 8. Then eliall ap » PQ =* QR « R8 •* sb. 
ProoL This followa at once from Theorem 24. 

QJEitF. 

Method a 



Oonstnietlon, Prom a and b draw two parallel lines 
AX, BY, on opposite ddes of AB; 

mark on equal lengths along each as shown. 

Join OC', DD', EB', FF', mseti:^ AB in P, Q, R, 8. 

, Then ahall ap pq &= etc. 

Proof. This follows from Theorems 21 and 24, Gc', od' 
etc. being easily shown to be parallel. 

Q.E.E. 
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SXAHFtM aS—PBAOnOU. 

L Draw a lino 8 Inohoa long and dixlde it Into oevon oqbal p^rttk 
2. Drav } of a line which U 6'4 inohea long. Mooauie ita length 
And check yonr rosnlt b; arithmetic. 


THEOREMS AKD THEIR CONVERSES. 

Theorems like those nnuberod 11 and 12 (see pages 74 and 76} 
are said to bo oonveiss to each other, and Tlieorem 12 can be 
called the oosverse of Theorem 11. In suoh a pair of Theorems 
what le moved in one is OHumed at true t» the other, and rice vem. 
!^nB in Theorem 11, tho angles B and C aro proved eqnal, but in 
Theorem 12 these angles are asstuned equal. So also the irides AB 
and AC ore ossnmM sqtzal in Theorem 11 and 'prorod eqnal bn 
Theorem 12. 

Theorems 16 and 10 aro also a of ConToorse Theormns, Rind 
other pairs of Converse Theorems in this book. 

It must not bo assumed that the eonverse to evet^propoidtlon 
or rider is true. 

Thus it is true that" if tun triangles hm the tides of one egutd to 
the lidti of the other, each to eaeh, the eoituponding angles qf the 
triangles an equal." 

The eonverse statement is that" (f too triangles hans the angles tf 
one equal to the angles (hs other, each to each, (he wrftspmUng 
sides of the triangles are squall* 

Is this true I 

The oonvene of a proposition or rider must never be assumed te 
be true until it has been proved to be oorroot. 

State the eonverse statements to the following. Can jou see at 
a glance that any of tho converses are untme f 
(a) If a frianpis ie emilaleral, it ie also isoscdss, 

(&) If a guadrilalenu is a paraUslegrom, a diagonal Usects its 
am, 

(o) If aline is dfom thnmh (he point of intersect cf (he 
diagonals cf a paramogram,nv)ill Useet (he ana of the 
flgvn, 

(d) If too As ABC, DEP ore congnusU {taMng corresponding 
angles in As order given) and X, Y are the widdH pomte 
of BO, EP,then AXoiDY. 

On the other hand the oonverses of many Theorems are true, 

^ See for instanoes Theorems 18,19,20 and their oonverses. 
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SECTION n. 

AREA. 

TKe area of a figure is expressed in terms of a untf of 
area, Tke units most often used in Geometry are the 
sgudre inoh (1 sq. in. or 1 in^.) and tke square cmtmetre 
(I'sq, om. or 1 cm®.), 

An approximate method of finding the area of any figure ie by 
ruling nhes ^ inoh apart ooross it in two perpendioular diieotlona. 
This diyidee tne figure up into whole aquaroa and parts of squares. 
The area of eooh square will' be sq, inoh. The number of 
oompleto squares Inside the fi^o is then counted up, and then 
also each squoio Is bounted wuieh has more than half its area 
inside the fi^o which is being dealt with. All squares are ignored 
which have less than half theu area inside the figure. 

Instead of dividing up the area into small squares by ruling lines 
aoroBB it, a very laborious method, the area may bo trooed out on 
squared paper, or a piece of transparent squorea paper may be put 
over the area. In each ease the squares to be counted and the 
given figure ore seen together at a glanoe, 

The above is the usual method o1 finding the area of any figure 
wMoh is irregular in shape. In the ease of a regular figure some 
formula can nnorally be found, suoh as the formula given below 
for the area of a reot^gle. 



motttnoAii aBoiorntr 


ioo 


AREAS Of mnst FtQRRSa, 


It Is a well'lfliavn fast iti Aritiuaatlo Uwtt 
iQie area of a reotanglo a feat long and h feet vide ie 
o&sq. ft, 

• ITMaisiUiutratod faythsfigarabeloirirlwraaaaSandftiwSiutd 
each eqnaia tepxmntM 1 sq. ft. 



Tia. ISt, 


ABaSft. 

AD « 3 It. 

Atea of rootangis ■■ 3 X 0 •• 15 sq. ft. 

In general, taldng the ease in wbloh a and b a» vhole nxunben, 
the reotanglo oan ha divided into fi tom of aquorag, eaoh tow oon« 
tabling a sqnotos. 

the area of the roetanglo «■ a x t eq. ft. 

w at aq. It. 

The same foot is trao whmi a and i an fraotiena. 

To take a aimplo case t 
IfaB2ift„&-ljtft. 

Divide up a into tenths of a foot, 25 In all; also divide op i into 
tenths of a foot, 12 in all. 

Then, dividing np the ana aa b^oie into sqnoces (eaoh side 
foot}, we see that the nnmhei; of aquana 
in the area is 2S X 12. 

Bat the size of eaoh sqaore is ^ aq. ft., 
for a square foot ooold be divided np into 
10 X 10 squares eaoh measuring A, ft. X 
ft. (seeSguie 136), 
the area of the reotai^sle 

«s 20 X 12 hundj^ths of a sg. ft. 

** iff ^ W ®*i* f^' 

■» 2^ X 1J sq. ft. 8 so. ft. 

We thus learn the truth of Tueoiew 25 
(see next page). 
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NSW BOROOI. OBOUBTR? 


THEOREM 26. 


The area ot a reotangle !s measored 1)y tbe produot ol 
measures of Its sides. 


This in geberally stated mon Mofly asi 

Area of a reotangle = length X hreaM. 

It follows that: j 


The area of a sgmre <= side x side : 

ana ot a notaagle oontsl&od by AD aad DO oaa bo written 
AD. DO. 

The area of a square on the side AB oan be written AB*. 

Two flaoroB whose areas are equal are desoribod as equivalent 
Trian^os whioh ore equivalent need not be oongruenL 
So too with figures. For example, a reotangle measuring 9" x 
4t" and a square whose side is fi" are equivalent (why t)i they are 
however not oongruont. 


The altitude (or height) of a parallelogram on a given 
base ie the perpendicular distance between the base and 
the opposite side. (See Eig. 136.) 

Sinoe any side may be taken as base, a parallelogram has two 
altitudes, (Why not/our f) 



The altitude (or height) of a triangle is the peipondioolai 
drawn from the vertex to the base. (See fig. 137.) 

Sinoe any side may be token os base, a triangle has three 
altitudes. 

When one angle of a triangle is dbhui, notloe that two of the three 
sltltndeB are outside the triangle, 

(One snoh altitude is shown in lig. 187 a.) , 



THJEOJUfnOAl aSOMBIsr 
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FRAOnOAIi AND NtlMERICAl SXERCISES ON 
REOTANGIiES. 

ExAHstas 40. 

1. Draw oa Mnared papor (e&olt BC[uare side) a oirole whoso 
rodlns is 2". Find its area by eounling squares. 

2. Draw on squared paper a rectangle whoso length la 1'8" and 
whose breadth is l‘4'^ Mnd its area (i) by counting squares; 

(ii) by oaloulation. 

8. Find In two ways the area ol a reotangle whloh meosores 2-3" 
by 1-0". 

4. Caloulate the area of a motanglo 8‘1 om. long and 4*6 om. 
wide. 

5. Find the breadth of a rectangle if its area » 42 sq. om. and 
its length is 10'6 om. Draw it on squared paper. Cheok its area 
by counting squares. 

6. The plan of a rectangular garden measures 11*6" X 8*6" when 
drawn on a BOalo of 1" to 20 feet. Oalculate its area. 

7. Draw a diagram to show that 1 sq. yard « 9 sq, feet. 

8. The length of a reotangle is twice its breadth and when drawn 
on a sealo of 1 om. to 10 motres its area is 60 sq. om. Find the 
aotual ^mensioDB and area of the reotangle. 

Find the areas of the shaded parts in the following diagrams; 


9 . 10 . 11 . 



Width through. WMthof border*-81 feet, 
out 3". 

Fto. 138. Fto. 139. Fn>. 140. 


12. Beoto by the method of l^eoiem 26 that the area of a 
reotangle—length X breadth in the following eases: 

(1) length 6*2", breadth =* 4*7" { 

(h) length 8*4 om., breadth » 2*8 om. 
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THEOREM 26. 

The areas ot parallelograms on the same base and 
between the stune parallels are equal, 

Given two pat™ abcd and ebcf on the same base bc, 
and between the same He AF and bc. 

To prove that pat" ABCD pat" £BCF in area. 

D_F A___. 0 E. 



t 


ProoL In As Abe, DCF, 

A = Gorrosp. L FDC, (AB and, DC par)) 

, jL AEB ea oorreap. Z. F, (eb ond FC pori) 

I and AB = DO, (o^. sides of pair) 

As B, {iwo Zs and, a side) 

that is, A ABE a A DCF in area. 

If these As are taken in tom from the whole figure 
ABOF, the lemaindeis ate equal, 

and POT* ABCD ~ par” EBCF in area. 

Q.E.D. 

Oor, 1. Th area of a parallehgram is equal to the area 
of a rectangle on the same base and bdween die same 
paraMs. 

TUb ooq be deduood from Thooreta 26 ot proved direotly, uBing 
the &Bt figure above, bub making EBCF a leotanglo. 

Oor. 2. The area cf a paroMogram is measured, by the 
prodmt of the measures of its (a«e and its aUitude. 

This la generally stated mote briefly thus i 

Area of a Par” as b^e x altitude, 

Tw to pove the As ABE, DOF oongruont, beginelog 
wltb AB «s DC and EB = FC. (opp, sides o/ par") 

Con you complete this (1) by the three sides oongntenoe ? 

(ii) by the two sides and met, Z oongruenoe 1 

Is eithet method as eo^ as the oue given In the above proof 1] 



oAsomimAj:. saousrsY 
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EXBROISES ON ABNA8 OV )»ABAUKLOQttAlilS. 


ff.rAirtT.iw 43. 

NtntiBi(U£ AHD TatovrmiSi. 

1. Oalonlate the area of each of the foUowiag pacaUelogratas, attd 
diav a rough ifcet(^ of each: 

(i) Bate 13 om., altitude 4*7 Offl.; 

(u) Side 1'7'^ {lerpendloular hetween lb aad op]^te aide i*', 

2. Prove thalb ef ^ parallolograma on the aame naee and between 
the BOtta parallela, the reotangle hae the leaat perimeter. [Ctoasideir 
the reotangle and one parallelogram.] 

8. ABCD la a paranelogran:. X biaeota AB and V bloeota 00. 
If XY be joined, wove that: 

(I) XY ^dee the figure into two parallelograma, 
and (li) theee poralldagraina are equal in area. 

4, ABCD and EFQH are panllelomiaa 
between the aatne parallela and atanding on 
equal baaea BC and FQ, If EB end HC are 
jmed, prove that: • 

(i) EBCH la a parallelogram, 

and (d) EBOH ia equal to either AC or 
EQ in area. 

6. In PHg. 142 the lines QH and EP axe 
puallol to the sidoa of the par* AC, and 
thw meet on the diagonal BD. 

]nove that (1) A ABD ■■ A BDC in area; 

(ii) par»EH ««par“QFiBarea. 

P&AOltO&L. 

e. Draw a parallelogram whose adjacent 
sides ore 6 om. and b om., the angle between 
theta being 80*. Draw and measure an 
altitude, and use it to oakolote the area of 
the figure. 

7. Find by drawing (and measuring the height) the area of a 
parahelograta whose ndta axe 2" and 1*8", with one diagonal 2*6'% 

8. On a line C om. long desorlbe a purallelogiain whose area is 
12 sq. om., one erf Its angus being 72°. {I'irst caleulaH lAt dUUude.) 

0. Draw a parallelogram ABCD in whloh AB b, J om.> Eo «« 6 
om., and whose area is 0 sq. om. Ueasure L ADO. 

10. Conatruot a paxallelogram ABCD in whloh AB n 4 om., BO 
B3 3<5 om., and A B » 60* f make a rhombus with sides 8'6 om. 
equal in area to ABCD and measure the altitude of the rhombus. 

(Buomuo I 
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THEOBSU m. 

Tho ttTM ol ft trlaagle la eqaal to one-liall ol l^e area ot 
a laotangle on the aame base and between the same partdlels, 

Given a A ABC and a teotangle dbce on the same base 
BO and between the some pai^Uals BC and AS. 

To ptove that A abo is half leotangle dbce in area. 


ms 


Oonstr, Draw CF || BA, oompleting the pai^ ABCF. 

Ttool. AG is a diag. of the par'* bf, 

A ABO “ half of the par® bf in area, {diag, bisects par™.) 
But pot® BF = reot. be, {same base BO and same ||ji) 
area gf A abc j* hcdf of ijie area of the red. be. 

QJSJ). 

Cor. TTie area cf a triangle is measured by^ onedwAf of 
the produat qf the measures of its base amd its aUUude, 

That is; Area^ X altitude. 

Fox Area of A ABO ; of area of root. BE, 

i BC X BD 
=. } BC X AY 
=3 base X altitude. 

. Cor, 2, Triangles on the same or equal bases and of (he 
same abtUude are egwA, 

For eaoh tdangle hM the product} lots X alHtude the anue. 

Cor. 8, (i) If triangles of ^ same area have the same or 
squcA ^es, their aUmdes are equal; in paiiicular, (ii) if 
two tsiangles: of the same area stand on> the same side of the 
sam4^^(S {^ of equal bases in the same straight Une), they 
Ore bkmeen jihq same parallels. 
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TOXOftKnxix. osommY 

dor, $. 0)s Isi b«ae X lii ibd bu» 

X 2nd sit.} 

Init tho IjaoM am eqiMtIt 
/. lat Alt.-'SndMl. 

Oat,8.(a): AX-DY, ijudpnveii 
but AX II OY. {eomcp. Za atmoQ 
.AXYD fa apA**, (oHtpairq^tidu^ocmfl) 

Mjd.*. ADl|XY(«BO^ 

Defiaitiott. A mediM of a triage is a attai^ Hue 
draws from a vertex to the izud-pomt of the opposite aide. 



EXERCtfiBS ON ABBAS OR TRlANaidSB. 
ExAicnas 48. 

Aarmaniau. avs Tssomnsoo* 

1. Find the ATM cd a trfaugk Elrai that > 

S I Bmo- 6-4", Ealnht-2-a"{ 

) Base tm 7*2 om.. Height w 11 am. 

2. Find the olUtude of a trfaogle ^voa ihatt 

S Areaw8*8stj. om., basewl*? om.} 

. Bose m area m 2*84 sq. In. 

3. ABC fa a A in which AO and BE are two alUtudee. If BO 
a 2-6", CA am I'O" AD w 2*4". onloulete the area of the A and 
the length of BE. 

4. If a, h, c are the longtha of the aides of a tcianglo and s, p, a 
the lengths of the petpendioolan drawn to the mdw from we 
oppoaite angles, prove (hat oar ■■ bp es. 

ff. Prove that the area of a A ABO fa i AB. AO If Z A«> 80”. 

e. Prove that a median of a triangle bfaeots Its area. 

7. Prove that a parallelogram is divided into four equal triongdes 
by its two dfagonsls. 

8. B two straight lines AB and CD oross In E, and A AEOae 
A B ED in ana, prove that AD fa parallel to BC. 

81 Abo fa any A; ‘«Aow how to desoribe several triangles on AB 
as base whose areas are all twice that of ABO. Where do Ihofa 
verMoea lie ? 

10,' If a quadrilateral fa biaeotod hy each of its diagonals, it fa a 
paxallelogrem. .. 
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11. AB01a& A»attdDblB«aiaASftadEbis6otBA0i }oliiDE, 

BE »nd CD; piore thftt: 

(i) A BDE aad A CEO eaolin A ADE in am. 

a DEispuralldtoBC. 

e, by meaoa ot anas, that Uie perpendiaolan from A 
aad-0 on the du^otud BD of a parallelogram ABCD are equal. 

18. AX is a medism of A ABC and 0 la uiy 
point in AX; prove that A ABO ■■ A ACO. 

(This can be proved eilhsr with or without Use 
althodes shown on the dgore.) 

14. If ABDaudACD oreoqnal Asonoppoeite 
aides of the same base AD, prove that BC, the 
lino joinitm the rertioea, is bisected by the base 
AD(orthecaaeprodnoed). (Dropparpendloulaia Vie. 144. 
from B and 0 to AD.) 

16. ABCD is a qnadiilateral whose area is bisooted by the 
dlagotial AO; prove that the diagonal AC hlseots the diagonal BD. 

pjuonaiik 

10. Draw a A in which a>*10 om., 6«8 om., o«b 6 om. 
Measure one of the altitados and oaloulate the area of the A. 

17. Draw a A whose sidoe are 2’6", 1’9", 8". Had three values 
lot the ana of the A (takinc; eaoh aide In turn as base) and find 
the average of the three reaults (oorreot to '01 aq. inohoa). 

18. On a base of S" oonatruot an isosceles A whose area la S‘4 
sq. ins. (Calculate the height first of all.) 

18. On a given straight line AB, 1’2" long, oonstrnot (i) a rfght- 
angled A; (U) an isosoolcs A, eaoh having an area of -9 ins. 

20. Constniat a A, given that the area»2-1 sq. ins. and two 
sides ate 2'8" end 3". Meaanre the third aide. 

21, On a boee of S'B cm. oonatruot a A of aroa O'O sq. am., one , 
of its angles being 66**. Hoaaura the vertioal angle. 

22f Draw a A ABO on a base 1*7" long, having an ana ot 
1*278 sq. ins. and the median biaeoting the ooso being I'O" long. 
Mhaanie the other aldoa. 

28. Oonstraot a ^allelogram whose diagonals ore 3‘6" and 8" 
and whose area la w2 sq. ins. Measure the aonte A between the 
diagonalB. 

24. A level oiosaing Is mode by a road 20 ft. wide oroasing a 
railway 26 ft. wide at an angle of 42°. Draw a figure to scale and 
so find the aroa of the orosslng. 

25. ABCD is a quadrilateral the azea of which is biseoted by the 
diagonal AC. Draw the figure, given that A B 9*6 cm., BC = 4‘2 j 
om., AC » 8'8 om., A BOD «128''. Measure CD. 




TRiosanoiL ssdMimtT li? 

THSOEEH S8. 

n a patall«t(^pram and a staad m tbs sants bass 
aod betwssn tiie same psransla, tbs ana of lbs |^ursfiM4^pm 
Is donUs that «t tbs trian^s. 

GlTsa a pax" abco and a A ebc on tbs same base so 
and between tbo same |s 80 and ab. 

To prove ibat par* abod Is twioe the 4 SBC in Mea. 



Constr« Draw CF 8 be, completing the pat* BBCF. 
Proof, EC is a diag. of the pat* bf, 

pat® BF = twioo A EBO in area; {dioff. bUectt par") 
but pat® BF = par® AO, («a«jis base BO and same ||s) 
arm o£ pax® AO >» twice area of A ebc. 

Q.E.D, 


BXEROISBS ON PARAId.BLOaRAHS AND TRIAMEUBS. 

BXAXKdS M- 

m ' 

TBXOBSVIOA&. 

1. Prove that, If a paraUelogram and & triangle are between the' 
dome porallolB, and the base ox the triangle la twloe the base of the 
other, the figures are equal in aces. 

2; If a par" and a A are on the same base and the par* is inidoe 
(he A In area, what is known about thdc fllthnideOf : 

3. B a par" and a A ate equal tu area and are on (he same base, 
what oanbe tald about their altitudes T 

4. P is any point inside a pat" ABQp; Prove that 

A PAD + A PBO half pa*" ABOP. 
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5. ABCD la a pmllelcMnfun uid PQRS la & qaedritator&I tthoae 
Tertiooa we on tSa aidea w ABCD end auch Utab PR ia pemllal to a 
aide of ABCD. Prove that ABCD -■ twioe PQRS In area. 

6. ABCD la a trapotlnm in vrhieh AB || CD. If X biaeota BC| 
piore that A XAD ■> half the trapeaium in aiaa. 

Pbaotioau 

7. Draw aaquare on a baae of 1*6"; mike an laosoelaa A on a 
boaa of 1'5" equal to the aqunre. Heaaure ita anglea. 

8. Oonatruot a par* ABCD In which AD * AB 1*8", 
and L A >■60*': on AD deaoribe a righVangled A equal In area 
to ABCD. Ueaaoie the hypotenuao. 


ABBAS OF OTHER RECTILINEAR FIGURES. 

I. THE TEAPEZlXna. 

In the trapeaium ABCD. the diagonal y A 
BD ia joined. The figure la now divided *“ 

into two An BCD, ABD whioh have 
equalheighta BX, DV uahown. (WhyT) 

LetBX-OY-h. 

AieaoftiapozlamnA 8CD +A ABD 

-iD0.% + iABA D 
•■ i (DO + AB) h, 
the area of a trapeidum 

=a hall the Bom ol the parallel sides x the perp* dlstanoe 
between them. 



Fm-ldS. 


n. THE qUADRILATERAl., 

The area of a quodrilateiral can be found in several ways. In 
addition to the mwhod ol counting aquatee: 

(a) It can be rednoed to an equivment triangle by Problem 0 
and the area of that triangle oan then be found. 

(b) It oan be divided into two triangles by drawing a diagonal 
ana the area of eaoh triangle ealoulated from any base and the 
oorreaponding height. In portlonlar, the 
dipnoi oan ne tumn ae a oommon base. 

We thns get the figure drawn, abowing 
the pen" AX. CY drawn from A and 0 
to the diag, BC. 

TTheae perp" are oalled the ofiseta.] 

Quad* ABCD »> A BCD + A ABD 
r, -i BD.OY +i BD.AX 

BD (OY + AX) 

A tlhe area ol a quadrilateral 

= hail a dl««onal x the Bum of its oflbets, 
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m. THE POLTGONT. 


The area, of a polygon oon bo found In BOTexol ways, in addition 
to the method of oounting s^uoreet 

(a) It can be reduced to on equivalent triangle by repeated 
use of the method of Problem 0, and the area m that triangle 
can then be oaloulated} 

(t) The polygon oan be divided into trionglea by joining comer 
to comer, and its area found by adding np the areas of the 
aeparate triongloa; 

(o) The polygon oan be divided into rigM-angltd triangha and 
trap»fiwiu by the Field-Book method. Thia ia the prinoiple 
vbioh aurveyora use in finding the area of a field bounded by 
stre^ht Unea. An lUuatratiott trill ahotr the method.* The field- 
book enW is read uptrarda and the meaaurementa are all taken 
from the bottom (D) of the lonjfllne (AD). Thus D8 82 yda., 
and DR - iO yda.; R8 — 8 yds. 

The lengths of the ofiaeis are jpnt to the right or left of the 
numbers in tbe oontral oolnmn. The numbers mve been put In 
the figure dlreot from the field-book. 


Varda. 


Ho BBS 
To C40 


Fio. U7. 



Thust 

.Area of A APF « 
Area of trap. PE ^ 
Area of A DRE a 
Aioa.of A DSC m 
A rea of trap. BS » 
Area of A ABQ a 


aq. yda. 

APXPF»=>iX 12X16 =• 90 

(PF-l-RE)X PR = iX4fiX38« 760 


DR X RE six 40X26 » 600 

D8 X8Csix 82X10 s 040 

(BQ -f 08) X QS si X 76 X 28 = 1060 
AQ X BQsiX 80 X 86 =626 


Total area 


ve« 




3666 
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BXEBOISES ON AREAS OF QUADRILATERALS AND 
POLTaONS. 


Ezavpuu 4B. 


Authkhtioaii ahs TaaosvnoAii. 

!• The pataIIoI aides of & trapeslum are 6-2" and 2‘2" and the 
p«r{>' distenoe liebweeii iham U 6*8". Ooloalata Its atea. 

2. The aiea of a trapezium Is 6 sq. ins. and tiie parallel aides ore 
4'' and 2‘4" long. Find the perpondioular distonoo bebireen these 
sides. 

8. ABCD id a quadrilateral, having the diagonal AC 10*8 om,, 
and the offs^ BE and DF from AO being 6*8 om, and 6*6 om, 
long respeoUvely. Oalonlate the area of ABCD. 

4. Shov hy means of dguros that many quadrlkterals can be 
draum vlth a dven diagonal and with givoh 
ofisets from ft. Why are all their areas ~ 
equal) ^ 

6. Show that two oongruont trapeziums can 
he so nlaoed os to form a pataRologram. 

Ejenoe aeduoe the area <XC a trapezium. 

6. Prove that the area of a quadrilateral, 
whose diagonals out at right angles, is half 
the product of the diagonals. 

7. ABCD is a quadrilateral, and P moves 
BO that the areas of the quadrilaterals ABCD, 

ABCF ace equal. Find the loons of P. 

8. Draw plans of the polygons referred to In these tleld-book 
entries. Oaloulate their areas. 




0. Oaloulate the area of a kite whose diagonals are 3" and 4", 
10. AB, CD, EF are parallel lines, met by two transversals 
ACE and BDF. Proye that the quadrilatetels BCED, AQFP are 
equivalent. 
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BoAonoiit. 

12. Drew a quadrilateral ABCO Buch that AB » 2", BG » 2‘4" 
CO I'S'^ DA 2‘6'^ and diagonal AC i". By dramDg and 
meaauiing offsets from AC. oalomato the area. 

18i Draw a kite whcse aides are 6 om., 6 om.i 8 om.* 8 om.| the 
angle between the two last aides being 40°. Find its area. 

14. As IsosoeleB trapcsinm has one of its parallel stdes 3" longj 
the obliqne sides *8" eaoh, and the angle they make with the 
3 Inoh side Is 60°* Measure the distanoe between the parallel 
sides «sd dad the area d the trapoidum. 

Iff, aI^CO is a four-sided field in wUoh Z D >■ W*, Z C ■■ 120®, 
Z BxOO®, CD M 400 yds., BC>b 240 yds. Draw the field to 
Boale and use the figure to find the urea of the field itself. 


PROBLEM 6. 

To oonstruot & triangle eqnal In area to a gieen quadii- 
lateral. 

Qlven a quad‘ABCD. 

Required to oonstruot a A equal in area to ABCD. 



Oonstr. Join AC; 

draw DX II AC to meet bc produced in X ; join ax. - 
Then A ABX shall be egual in area to qmdf abcd. 

Prool. A Acx = A ACD. {same base AO and same ||e) 

To each add'A ABC, 

/. A ABX s= guadf ABCD in area, 

Q.B.F. 



m 


nBW 80H00L mifxm 


€or. t To mtim a Uiangk eqvd in area to a gim 
feniagm [or polygon), 


Lst ABCD E be thfl given ponta* 
gon. 

Join AD and dnv EX Q AD. ta 
meetCDprodDoedinX. 

Join AC and diav BY || A0» U 
meet DC pioduoedin Y. 

Join AX, AY. 

Then A AYX UfkL rtguird, ^ 

It oan nov be euily ehoviii by ^ 
the method oji proof need in Problem 
a, that pento^ ABCDE ^od' ABCX 



V1Q.14D. « 

AXY ift arm. Q,E,P, 


6o too vtth a pdygon ot more than five ddea, onttlng ofi one oomer 
at a time. 


Cor. 2. To (mtrwst on a gim Jmo a irmgh egml in 
wmtoagimi/rmgle, 


Let BCD be the (d^en triangle, 
and BA the given baee (laid dong 
the ride BD}< 

Thii le oiriy a pariioular caia ol 
Problem 6, the ^tuid' BADO being 
flattened dovn at A to fonn the A 
B{A]DC. Henoet 

Jcdo AC, and draw DX || AC to 
meet BO pioduoed in X. 

Join AX. 

Then A ABX is UTis A rspirsd. 

The proof ia as in Problem 0, 
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HJSDUCJUrG TO AN EQUIVALENT TEIANGLE. 

Exahfus 46. Pbaoxioal. 

1. ABCD la a quadriktorel is. vliioh AB « 1-6", BC => I'S", 
CD a '8'^ DA es 2'4"i Z D n 60°. Draw the figiiTe and rednoe 
It to as equal triangle. Hesoe ooloulate the area of the quadrilateral. 

2. Draw a hJte whose sides are 6 om., 0 om., 10 cm., 10 om., the 
angles between the unequal aides being 130°. By oonstruoting an 
eqmvalent triangle, oaloulato the area of the kite. 

3. Draw a quadrilateral whose sides are I'S", 2‘5", 8" in 

order, the diagonal joining the interseetions of the first p^r and 
the second p^ of sides helng 2*4". Draw a triangle equal to 
it in area and having a side 2'6" long, henoe find the area of the 
figure. 

4. Inside a oirole of radius 2" draw a regular pentagon. (Note 
what will be the size of the angle subtended at the oentre of the 
eheleby each side of the pentagon.) Beduoe the pentagon to on 
equivalent triangle, and henoe ^eulate the area of the pentagon. 

6. Eind the area of the quadrilateral ABCD, if BC >=> 6 om., 
AD - 13 om., A » 00% B - 136°, 0 = 00% 

6. Desoribo on equilateral triangle (side 1'^) and outside it a 
square (side 1"), the two figures having one side oommon. Con. 
B^ot a triangle equal ha area to the oomploto figure. 

TO HAKE A FABALLELOQRAH EQUAL TO A TRIANGLE. 

EXOUPIiBS 4 ^, 

1. Trove that a reotsngle is equal in area to a triangle if its 
altitude is half the altitude of the triangle, and the figures stand 
on equal bases (seuEig. 162). 

2. Use Ex. 1 to explain how to draw a reotangle equal in ofea 
to a triangle, the two figures standing on the same base. 




3. Prove that a reotangle and a triangle axe equal in area if 
they have equal altitudes and the base of the trioi^e is twice the 
base of the reotangle (see Pig. 153). 
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4. Bxplain hov to draw a reotatigle emial In urea to a triaaglo 
and on a bnae half the hue of the trian^e. 

[Xn Bg, 163 A ABD A ADC (egttaf hatft and Mm aft.) 

/. A ABC-2 A ADO; 

But loot. CDEP a 2 A ADC (<a»u hate and tarn alt,) 

A ABC-reot.ODEF.] 

5. Explain hov to altel the oonetmotloiu in Eos. 2 and 4, 'bo ob 
to enable a parallelogtam to be drawn equivalent to a given 
triangle and having an angle eqnal to a given angle. 

Piucrnoxii ExAMvrjss. 

6. Draw a A ABC snoh that AB »■ 4 om.i BC w 6 om., 
CA hB’! om. Draw a leotangle on a baso of O'l om. equal to the 
Mangle in aiea. (See Ex. 2.) 

7. Draw a A whoso sides aw 2"» 2*3" 1‘8", Draw a rectangle 
equal in area to the A, but on a base of Meaeure its height. 

8. Draw a A ABO Buoh that BCn7 om., A B»47*, 
A 0»80°, Draw an equivalent parallelogram on a base of 
3<6 om, with one angle of Heasure the adjaoent sides. 

9. Draw a A ABC whoso sides ore 5*4 om., 9 om., 8*2 om. 
Constrnot an equal rhombus whose sides are 8'2 om. Measure one 
of its acute an^es. 

The above oonstruotlons oontain two methods by which a 
^alldogram or reotangle oan bo drawn equal to a given triangle. 
^ methods depend on drnMng-*' 

(i) tkpstmikimttdkeemdwithM^ 
ik or 

(ii) ihhoiscidvMt^ 

htrimtiiB, 
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THEOREM OF FTTHACIORAS, 

We have already seen (sea page 48) that, In oertain right-angled 
tnongles, the square on the hypotenuse is equsJ to the sum of the 
squares on the other two sldos- 

Let us examine other oases to see whether this foot is always true. 
In Fig. 166 A ABO is right-angled at B and the figure is 
Qompleted to show the square on AC on-' 
olosra inside another square. If BC ««4" 
and AB a 5 '\ and the three other triangles 
are congruent with ABC, osculate the area 
of each triangle and the oiqa of the smaller 
square. Is the square on AC equal to the 
sum of the squares on AB and BC t 
Examine ]jjg. 166 again. Find whether 

AC«« AB*-HBC* 

(i) if AB = 9", BO = S"( 

(u) if AB end BC have any lengths 
you please; 

(ill) if AB » 0, BC »> h. 

We can see the truth of the same foot by means of our eyes in 
several ways. 

I. FQR8 and XR'AC ore two squares 
placed side by side as in figure, so that 
QRA is a str^ght Une. 

Mark of a point B between Q and R, 

BOf that QB a’OA. 

Join PB and BO. Out out A PQB 
and place it above P8 in the position 
PSD. Cut out A ABC and show that 
it exactly fills up the space DXC. Con¬ 
vince yourself that PBCD is a square. » 

As it is a square made up of the two 
original squares and PQR8 is the square Fra. 16Ti 
on QR, or BA, it follows that 

BC*« AB*+AC>. 





iaxtmeetLt 



Tto. 18 S. 


n. ASODMdrQHKInng. iSSMosq^aqnana. 

Ta ASOO four equal leogtlta era mturked ojQf, BP, AQ, DR, CR, 
MMM iraHK two ncne ol tiie wuna Mogti), pW, PX. 
it Ibe flcmt PQRS li Jottud tm, H tw be A square. 

“ ■ ■■ ■" " I Una* WOV, 


„ _ , , ,. wu be A eqnaw. 

If hi tbe otiisr Una* WOY. XOZ ace dta\ra paxall^ to 
UnblABat WX^ ZY wfllbaaquaree. , 

Alao tiw fear triaaglaB in iiba fleet figure oan be refitted into 
tba HMfliadad laotangtea in tbe eeoond floua 

.% flbe ihaded parte In the tm> figuroe are equal. 

AJio QD - ZH and RD - FW, 
<iR»-qOHRD*latJiarlt^j.t.angled A QRD. 
HravosoLU. Koxa 


13ia Thaonn of fiythagoras obtains ita name from the famous 
Qtad: mathamatioian vbo died in 600 b.o. It is not oeitain boa 
ha ptooed tiia thaarem, but It is probable either that ids proof is 
baaad cm msthod n shown above, or that It la the one ^ven os 
OofeBaiy 8 to Thootom 61. 

The proof on page 127 is due to Enolld, of Alexandria, who 
Uved from about 830 b.o. to about 276 B.a. Thou^ it Is long, 
eaoh pact of it is quite shnole, and the pupil should try to ma£e 
fe ti^ nw hferself from the fellowfeg hoaduigs, 

K b try to prove that teat. AQ « so. AD, and rimflorly that reot 
• oq. OK. Would thtiiiiprove what is required t 
Btttzsiit. AQ **twloe A pAQtv^T) 
endsq. AD•“.twtoo A BAO (flPwAfestodghtj bitt); 

We A have to prove that As BAD, sAp wo -li ctss. , ; 

But ihsgr arei^ if only Z E AO * A BAQ. Is tbb so t] 
HenOBweptovethati-i- 

S D BC is a straight ilnei 
AEAO«ABAGl; 

(ill) A EACbA BAQ; 

(iv) sq. AD and root. AQ are double the above As; 

(v) Bq. AD B*teofc. AQ; 

(vi) sq. OK = teot, CQ siniiloaiy ; 

(vil) sqq. AD and CK =sq. Af- 


■ TMtMtaw aoiJb a«)ion*» 


nr 


moBEM ^ 

The eiittMe on ^tt»® 

13 eiiaalto ilw w“ »* ^ 

Given ft ^ 4 0 • 

en^e, 

Topipvetliai 

<j[,0rtA0««J.Ofl AB + ftfl. oo *»*• 

Oonefe. MaJtelihftftqr <«*<>»*?• 

$i^,ViavAOFa, AB08, tOHK; 

^g end-B^i. , _ 

Dwwlihigngli b «> lin« bpq I AO. 

^.f iheol. Since ^fl DBA and ABO 

is ft ft afaed^t 

' ■ ,Attain rt. ^ EAB =■ rfc. L OAB; 

' Z BAO i» each, "we 

■ L. EAO <=> Z BAG. 

; 4 ';y,i:,', ■ Hence in Ae lAO, BAG 



► 

\l 


(»dee<jfaft<ri 


EAO* BA, 
ao«aq, 

V, A. BAO«* Z BAD» 7 

;,Aes, end weft. |ftw 8 <<i« ^ *> 

AD ie iswioe A EAO. (eome B«i» EA ^ M 
A. AQ iB ifWipft A BAG, AO and ea»n« i&O 

eg. AD «reob.AQ. 

Siimkrly it can be ebcvn, by joining AH and BP, timt 
aq. c»c*reot. CQ. 

.*. eq. AD + CK = wot. AQ + I60t. OQ 
s= Bq. AF, 

6^% 111. ,,«»« 0» AO =«» <»< 
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THEOREM 80 (Converse of Pythagoras). 

If the square on one side of a triangle Is equal to the 
sum of the squares on the other tvro sides, the angle 
oontained by these two sides Is a right Migle. 



Given a A abo, in whioh ac* =* ab* -f- ao*. 
To prove that A b u a ligU mgle. 


Gonetr. Draw a A DEF in which de = AB and ef => 
BC, and the A DEF is a it. A. 


Proof, In A ABO, AB* 4- bc* = AO*, (given) 

and in A DEF, DE* + EF* = df*, (A e a rigM A) 
but AB = DE and bc = ef, (conilr.) 
/. AC»=:DF> 

/, AO =aDF, 


Now in As ABC, DEF, 
AB = DE, 

BC = EF, 

I and AC = DF, 

.% Ass; 

eo that A B = A E. 


(constr.) 
(constr,) 
(proved) 
[three sides) 


A E was made a right A, 

A B is a rig?U A. 

Q.E.D. 
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EXEBOISES ON PYTHAGORAS AND ITS CONVERSE. 

Exauplbs 48. 

Amtemstioai.. 

1. ABC is a tilangle in n'bioh A is n tight angle, 

(i) If AB = 6", BC = 13", onJoulate AC. 

(ii) If AB IS g om., AC a 12 om., find BC. 

(iii) If AB ta 2-6", AC « 6", find BC. 

2. Oaloulate the hypotenuae of a right-angled triangle If the 
other aidea are (1) 16 ft. and 36 ft.; (ii) 48 ft. and 14 ft. 

8. Calculate the third aide of a right-angled triangle 

(1) if the hypotenuae is 75 om. and another aide ia 72 om.; 
(ii) if the longest aide ia 85 ft. and another side is 84 ft. 

4. A rectangle measures 20 ft. by 6 ft. 10 ins. Eind its diagonal. 

6. A ship sails 48 miles Eaat and then 64 miles North. How far 
ia it finally from Ita starting point T 

0. The diagonal of a reotangle is 12*2 om. and one aide ia 12 om. 
Find the adjacent aide. 

7. A ladder just roaohea a window-sill 03 ft. above the ground 
and'ito hose is 16 ft. from the foot of the wall below the window. 
Find the length of the ladder. 

8. Whioh of the triangle whose sidoa ore given below ere right- 
angled T 

(i) 6", 6", 7" I (ii) 12", 36", 37"; (iii) 2 om., 4*8 om., 6*2 om. 

9. A ladder 66 ft. long oan reach a height of 62 ft. up a wall on 
one aide of a atreot and when its to^ is turned right over it eon 
reach a height of 26 ft. on the other ride of the street. Coloulate 
the ;^^th of the street. 

^l*lhd the length of a wireless aerial whioh joins the tops of 
two masts 36 and 42 feet in height, their distance apart being 
20 ft. (Answer to nesreat tenth of a foot.) 

11. ABC ia a triangle and AD an altitude. If BD=a3", 
DC = 1 12", AD = 0", prove that Z BAC « 90°. 

12. The non-parallel sidea of a trapozium are 16" and 13", the 
X distonoe between the || aides being 12" and the shorter of them 8". 
Find the fourth side and the area. 

13. ABCD is a quadrilateral and Z C a 00”. If BC a 8 ft., 
CD a 4 ft., AD a II ins., AB a g ft. 1 in., prove that the an^e 
between AD and the diagonal BD is 60°. 

14. A room ia 22' 6" long, 18' wide, and 13' 0" high; find the 
lengths of the diagonals of (i) each waU; (ii) the floor. 

(SBDIIVM.) b; 



BXW SCHOOt OXOUETKY 


ISC' 

16. If a bo* moaaoreB 12" by 3" by 4", find the length of the 
^agonal joining one corner to the oppoeite corner. 

16. In e oono 

(I) alont side ■■ 16"; diameter of baaoBa2': Qnd the 

height; 

(II) heights! 6", diuit sideaa 4 i"j find the radius of the 

baee; 

(Ul) elant Bide 10 om., altitude ■■ cm.; find the 
diameter of the baae. 

17. A square pyramid is 12 ins. in height and the edge of Its base 
(a square)lb 18 ms. Find the area of eaoh of the triangular faces. 

18. A light pyramid (hei^t 30") stands on a reotangular base 
measuring 60'’ X 90". Cakulate the slant sides and the areas of 
the four uoat faoos. 

10. torn A ABC, Z A»i90®,6«»3",oo!4"; find the area and 
the altitude AX. 

20. As in Elx. 19 osloulate the perpendioulac to the hypotenuse 
from the right-angle of a right-angled triangle ^ven that the rides 
about that angle are 7 ins. and 24 ins. 

TEtBonxnoAL. 

21. Show that the square drawn on the diagonal of a square is 
twioe the area of the square on one of its sides. 

22. If two squares are given, show how to And a line the square 
on whioh ia equal to (i) the sum, (ii) thodiSerenoe of the areas of 
the given squares. 

28. ABO is on equilateral triangle and AD J.BC; prove that 
AD**8 BD*. 

24. If AX is an altitude of a A ABC, prove that BX* -1- AC >=! 
CX*-i*AB*. 

26. ABC is a A in whioh Z A a 90*; P le a point on AB and 
Q on AC. Show that CP* + BQ* *> PQ* + BO*. 

26. If CX and BY ore medians of the A ABC whioh has a 
light-sn^o at A, prove liat BY* -f CX* 6 XY*. 

27. If X is any point in the altitude AD of a A ABO, and 
AB > AC, show that AB* - AO* -■ XB* - XO». 

28. U ABCD he a rhombus, prove that AC* -f- BD* a 4 AB*. 

29. Prove that the eum ol the squares on the sidos of a rootangle 
is equal to the sum of the squares on Its diagonals. 

' SO. If P is any point inside a rectangle ABCD, prove that 
PA* + PC»»PB*-i-PD*. 

81. In the figure to Theorem 29, prove that 

(i) AOkBP»ABxBC; 

(ii) AB*=.APX AO. 
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32. ABC is an eq[iiilateral triangle and D is a point in BC such 
that BD = } BC; prove that AD* b= f BC*. (Let BC » 3a.) 

33. 0 is a point inside A ABC. and OX, OY, OZ are drawn 
pe^endienlar to BC, CA, AB. Prove that 

BX* + CY« + AZ* = XC* + YA» + ZB*. 

34. ABC is an equUaterai A and D Is a point in BC suoh that 
.BDsfBC. Showthat AD*=BD*-|-4DC*. 


PnaonoAL OonsmuonoHs basss ok Pythaqouas' TuaoBiitit. 



Ezauiuis 49. 

1. Caloulate x and y in Kg. 159 in the form , How onn 
lines ,JW' long be drawn with ruler and compasses 1 

2. Caleul^e s and is above in the form JT How can linos 
i^S'om,, tj21 om. long be drawn with ruler and oompasses f 

8. Using F^hagotas, and noting that 2* .f 1* :a 6, 3* — 2* =a 5, 
draw a line lon^ 

(i) making it the hypotenuse of a right-angled A; 

(ii) making the hypotenuse 3" long. 

4. Being given a line BC a/IO" long, explain how to use it to 
draw a line j/Tl" long. 

6. Draw a line ,JE" long and use it to draw a line long. 

6. Without eztraoting the square root, draw lines of lengths— 

(i) Jir-, (ii) (iii) ^lom.; (iv) ^25 om. 

Measure eaoh and check your oonstruotion by working out the 
square roots to 2 decimal plaoes. 

7. Draw a line AB I'l inohes long, Make linos X, Y whose 
squares are respeotively (i) twice, (ii) three times as large os the 
square on AB. 

8. Draw lines whose lengths are 

(i) V2-7» +1-1* inches; (ii) ,^2-3* - 1*4* inches. 

Measure eaoh in inohes correct to 2 decimal plaoes. 


SECTION III, 


LOCI. 

Elementary Ideas. 

Example i.—A boy hides an nrtiole in a garden bounded by a 
straight vail A BC and an irregular hedge, B is the doorway into 
the garden. The ortiole la hiddeil under 
the ground at P. Later on the boy wishes 
to find the point P at which ho must begin 
to dig. How can he do this ? 

Suppose he hod noticed that PB is 14 ft. 
aifd that PD, the perpendloular from P 
to AG, is 10 ft. When he oomes baok 
again he aslb himself— 



D 

Via. 101. 


(1) where are oU the points in the garden which ore 14 ft. away 
from B. l?he answer is of course— 

A part of a circle (XYZ) drawn with centre B and with a 
radius of 14 ft. (see Fig. 162). 



Fio. 102. 



(11) whore ore all the points in the garden which are 10 ft. awav 
from the wall AC. The answer is— ' 

A part of a line (EFQ) parallel to AC ond 10ft. away from it 
(see Fig. 103). 

The point P must be whore the circle 
PQR and the line EFG moot. 

EcuA of these lines, XYZ and EFQ, is 
an illustration of a locus. 

Definition. The locus of a point 
which fulfils a certain condition is 
the patk it traces out as it moves in 
accordance with that condition. 



Referring to the above Example, we sec that 
(i) when the condition P has to fulfil Is that BP = 14 ft., the 
loons of p (the path it traces out) is the oro XYZ of a 
oirole; 
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(ii) when the oondition P has to fulfil is that PD, the po;pen- 
dioular to BC, is 10 foot, the loous of P is the line EFQ 
parallel to ABC. 

Ex. ; 8 .— What is the loous of a point P which movos in a plane 
BO that it is always 1 in. away from a fixod point O! 

Ex. 5.—What is the Iooub of a donkoy tethered to a peg by a 
taut rope? 

Ex. Wliat is the loous of the centre of a boy’s hoop as he 
rolls the hoop straight along the ground? 

Ex. 6. —^What is the loous of my right foot if I "stond eiill" in 
a lift while the lift is ascending ? 

Ex. fi,—State the loous of a point whioh moves on a sheet of 
paper so os to be 

(i) 2" from the bottom of the page; 

(ii) equidistant from the top and bottom of the page; 

(iii) equidistant from the top and the right-hand edge of the 

page; 

(iv) one inoh from a line drawn right aoroBS the page. (Is there 

more than one part of the loous in this oose?) 

Ex. 7.—Where are all the points on the earth’s surface (eon- 
Bidered as a sphere) whioh are 100 miles north of the Kquator ? 

Ex, 8. —^What is the loous of all points on the earth’s surface 
whose Latitude is G6^° north ? 

Later on we shall need to discusB the loous of a point by 
reasoning, but at present the pupil should try to got \is(id to the 
idea of a loous, and to see for himself what sort of a path the 
moving point seems to trace out. A careful drawing, evuii a rough 
drawing at times, is useful. The figure is often a straight line or 
a oirole, but it may take other shapes also. Sometimes the loous 
may be only a portion of a ourve, such as an are of a oirole. 

EASY PRACTICAL EXERCISES ON LOCI. 

ExAurnss 60. 

Many of the harder questions following eon bo disoussod with 
advantage by teacher and mass together; those marked with on asterisk 
eon bo treated from the point of view of Solid Goomctiy, os well as 
in the ordinary way by the methods of Plane Qeomotiy. 

*1. Find the loous of all points whioh are 1" away from a given 
point O. 

*2. Find the loous of all points whioh are 1" away from a given 
straight line AB. 
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*3. Mark two points A and B on a sheet of papet, AB being 
2", Mark 6 points at least, each one of whioh is as far from A 
as it is from B. What do yon think is the loons of points whioh 
are equi^tant from A and B f 

How does the loons lie with loioienoe to A B in direotion, and 
how ^es it lie in relation to the middle point of AB ? 

4. A sheep is at one side of a field and it needs to go to the 
opposite side, hut two sheep dogs, fastened to stakes in the ground 
by short ropes, and equally distant from the sheep, are in the way. 
If the sheep naturally walks so as to be never nearer to one dog 
than it is to the other, what is the path that the sheep will take 
aorose the field! [Ignore the lengths of the ropes.] 

6. A pole BC 20 ft. long slides along the ground with its ends 
on two horisontal rods at right angles. Draw a figure to soole, 
showing that the loons of P, the middle 
point of the rod, is an are of a oirole. 

6, A set-square ABC moves so that 
the longest edge runs along a fixed 
straight line on your paper. Mark 

several positions of the vertex A. What " “ _ , ^ ' 

is the bona of At Pio. 166. 

7. A sot-square ABC moves so that one corner A (not the right 
angle) la fixed. What is the locus of B 7 of C 7 of any point 
between B and C 7 


8, A aeit-Bqnare ABC (Z. B =3 00'’) moves so that AB always 
passes throng a fixed point X and BC through a fixed poiiit Y. 
Taking XY 2", and moving your set-square about on paper, 
find the loous of B. [Put pint in your paper to fix the positions 
of X and Y.] (See Pig. 160.) 



Pis. 160. Fio. 107. 


9. Do Ex. 8 with a 46° set-square, taking B tobe 46° (Eig. 167), 

10. AB and AC are two straight lines representing a road and 
a railway perpendicular to the road. By plotting points find the 
loous of a man P who walks so as to be always as fax from the 
road as he is from the railway. 
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11. Aa aeroplaoe X is flying so that it is always just over Y, 
some point or other in a straight road AB, and it is found that 
the height XY of the aeroplane is always twioe the distanoe of Y 
from the town A. Plot the locus of the aeroplane. 

12. What is the loous of a speoh of paint on a door as the dooi 
turns on its hinges f What is the loous of the tip of the door 
knob? 

13. A grandfather’s olook is carefully tilted about the front line 
of the rectangle which forms the stand on the floor. What is the 
locus (i). of the centre of the dial; (ii) of a particular minute 
mark on the dial ; (iii) of any de^ite mark on the side of the 
olook-coso ? 

'''U. What is the loous of centre P of a oirole of radius 1^', the 
oiroumfeienoe of which always goes through a fixed point 0 T 

16. A child holds an iron hoop horizontally so that one point 
of the hoop is caught hy a nail on the ^ound. The nail is 2 ft. 
from each of two perpendicular edges of the floor of a room. If 
the hoop has a radius of 1 ft. 6 ins., what is the loous of the 
centre of the hoop as the child takes up all possible positions 
with it? 

10. A man wheels a water-tub to whioh is attached a hand- 
spray which can water the ground up to a distanoo of 10 ft. from 
im. If he walks along tho outer boundary of a rectangular lawn, 
find tho boundoiy of 

(1) the portion of tho lawn that oan bo watered; 

(ii) tho portion of the garden (surrounding tlie lawn) that oan 
be watered. 

17. Draw a triangle with sides all longer than 2". Trace the 
locus of a point P whioh moves so that it is one inch away from 
one side of the triangle and never less than one inch away from 
each of the other sides. 

18. ABC is an equilateral triangle of side Find tho loous 
of a point P which moves so as to bo 1" away from one of the 
ooruers A, B, C, and never less than 1" away from eaoh of the 
other oornors, 

19. A semi-oiroular protraobor bMos in its own plane with the 
ends of the base always on two fixed straight lines OA, OB at 
right angles to eaoh other. Find by drawing the loous of any 
mark on the rim (say the 40” mark). 
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tool CONSIDERED THEORETICALLY. 

Althougli it is a veiy good thing to be able to see, 
eithei in your mind's eye or actually on paper, what is 
the loouB of a point in a particular problem, you have 
not completed the investigation until a proof has been 
given; in fact, two proofs are generally necessary. 

Thus in finding the locus of a point p equidis^nt from 
two ^ed points A and b, we see that one position of p 
is evidently at the middle point of the straight line ab ; 
other positions of p are such as those marked on the 
figure. 

These suggest that the locus is a straight line, which: 

(i) ^oes through C the middle point of ab, 
and (ii) is perpendicular to AB. 



Fis. lOB. 


N 


We have now to prove two things:— 

(a) that, if P is equidistant from A and B, it lies on 
the perpendicular bisector of ab. To do this, 
join P to c (the middle point of ab) and prove 
by congruent triangles that L PCA and Z PCB 
are equal, and are right angles; 

(h) that, if P is on the perpendicular bisector of AB, 
then PA = PB. 

This also is a case of congruent triangles. 
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THEOREM 81. 

Tbe locns of a point equidistant from two given points 
Is the perpendicular bisector of the straight line Joining 
the two given points. 

I. Given two fixed pointe A and B, and P, 0117 point 
fluch that PA == PB. 

Required to prove that P lies on the peip' bisector 
of AB, 

Construction. Bisect ab at c and join pc. 

Proof. 

In As PCA, PCB, 

PA = PB, (given) 

AC = CB, (constr,) 

' [and PC is common, 

As =, (3 sides) 

so that L PCA = i. PCB, 

PCA and PCB arert. Zs, {=adj. Zs) 
and PC is perp' to AB; (definUion) 

that is, P lies on tfie perp’’ biseclor of AB, 

II. Given that P is any point on the perp» bisector 
of AB. 

Required to prove that PA = pb. 

Proof. 

In As PCA, PCB, 

AC = CB, (given) 

PC is common, 

and Z PCA = Z PCB, (rigU Zs) 

Aa», (2 sides and inch A.) 
so that PA = PB. 

Hence by I. every point P which is equidistant from 
A and B is on the perpendicular bisector of AB, 
and by II. every point P on the perpendicular bisector 
of A B is equidistant from A to B, 

the hens of points equidistant from A and B is the 
perpendieular biseclor of AB. 

Q.E.D. 
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THEOREM 82. 

The loous of a point equidistant from two given straight 
lines is the pair of lines wMeh bisect the angles between 
the two given lines. 

I. Given two straight lines AB and CD meeting at o, 
and P, any point (inside Z AOO) that is equidistant from 
AB and CD, so that perp" PM, PN drawn to AO, CO 
respeotively are equal. 

Required to prove that p lies on the bisector of L AOc. 

Construction. Join PO. 

Proof. In As opm, opn, 

' Zs M and N are rt. Zs, (constr.) 

■ OP is oommon, 

. and PM = PN, {given) 

As s, {ft. Z, hyp,, 1 side) 
so that Z POM = Z PON, 

that is, ^ lies on the bisector oj L AOC. 

II. Given PQ and R8, the bisectors of the angles 
between the given lines AB and CD, and take P, a point 
on one of the bisectors. 

Required to prove that the perpn PM, PN are equal. 

Construction. Join PO. 

proof. In As OPM, OPN, 

■ Z POM = Z PON, (given) 

Z M = Z N, {right Zs) 

and OP is oommon, 

.’. As s, (2 Zs and a side) 
j BO that PM = PN. 

Hence by I. every point p which is equidistant from 
AB and CD is on one of the bisectois of the angles 
between the given linos; 

and by if. every point p which is on one of the 
bisectors of the angles is equidistant from ab and CD. 

the loous of pomts equidistant from AB and CD is the 
pm of biseOors of the armies between the lines. 

i Q.E.D. 
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PBOBLEMS SOLVED BY “INTERSECTION OF LOCI.** 

When the idea of a loous is oleorly nnderatood, two loot may 
often be employed in the solution of a problem. An example of 
this is seen in Ex. 1 on page 132> To take another example. 

Ex. ABC is a triangle each that AB a 6 om., AC = 6 om., 
BC 7 om. Find all points that aro equidistant from AB and 
BCt and at tho same time ore 4 cm. away from A. 

n P is one of the required 
points— 

(i] P is a point equidistant from 

AB and BC; all suoh 
oints must lie on the 
iseotor of the angle B. 

Label this line “ loous 
I,"; P lies somewhere on 
loous I.'* 

(ii) P is also 4 om. away from Fig. 100. 

A; all suoh points must 

lie on a oirole drawn with centre A and with a radius of 
4 om. Label this oirole “ loous II.’* $ P lies somewhere on 
"loous II.** 

Henoo P oan only lie whore "locus 1," meets " loous II.,’’ that is, 
at the two points marked Pj and P| in the figure. 



PRACTICAL EXERCISES ON LOCI. 

EXAHFI.XB 61. 

1. ABC is a triangle in which BC » 2'6", CA =» 3“, AB n 1<8". 
Find points which are equidistant from A and C and which ate 1" 
from B. 

2. ABC Isatrlanglein which AB *a 8 om., Z. A •« 70‘,Z B « GO”. 
Find points which ore 6 om. from A and 0 cm. from B. 

3. Find the centre of a oirole which has a radius of 1" and 
whioh passes through two points A and B 1'2'' apart. Draw the 
oirole. 

4. In A ABC the angle A is a right angle, AB » 2" and 
AO s) l-S"; D is the middle point of BC. Find a point P whioh 
is (1) as for from A as It is from B, and also (2) os far from C as 
it is from D. Measure tho distance of P from A< 

6. The A ABC ie isosoeles and in it AB =3 AC « 2", BC <= 1’6". 
Find a point P whioh is (i) equidistant from the points A and B, 
and (il) equidistant from the lines AC and BC. Measure PA. 
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6. A toiangle hos aides of 7 om.. 8 om., 6 m, $> point 
indde it vhion la 2 cm. away from the ahorteat and longest sides 
ojE the Mangle. How far away ia it from the third aide ? 

7. The aides of a triangle are 1'7", l-S", 2*1". Find a point P 
which is equidistant from ita vertices. 

8 . A tree is equidistant from two straight patlis AB and AC, 
whioh meet at an angle of 30”: tho tree is 170 yards away from 
the straight path BC, which Qrosaes the others so that AB isti 600 
yards and AC a 260 yards. Find nil the possible positions of the 
tree by means of a figure drawn to scale, and find the poMble 
distanoes of the tree from A. 

9. Draw a triangle whose sides are 2", 2*1", 2*0", Find a pobt 
P inside it whioh is equidistant from tho throe sides. 


THBOHETiaAL EXERCISES ON LOCI. 

EXAHFtKS 62. 

1. A and B ore fixed points, and APB is a triangle of constant 

area; what is the looua of P 7 > 

2. CD. is a given straight line, and A and B are two points not 
in CD. Find a point P in CD such that AP=a BP. WW is this 
impossible 7 . 

3. A, B, C, D ore four points suoh that AC » aD and BC >= 
BD. Prove that any point on the straight line AB is equidistant 
from C and D. 

4. ABCD is an irregulai quadrilateral. Find a point 0 such 
that OA >3 OC and OB a OD. 

6 . ABC is a triangle. Find a point in CA equidistant from BA 
and BC. 

6 . AB and CD ore two parallel lines mot hy a transversal PQ. 
Show how to find all the positions of a point whioh is equidistant 
from all throe Unoe. 

7. A ABC is of constant area on a fixed hose BC; if 0 is the 
middle point of BC, find the loons of the middle point P of OA. 

8 . Find a point whioh ia equidistant from the angular points of 
a given trlan^e. 

9. AB and A'B' are two equal non-intersecting strmght lines. 
Find a point 0 suoh that OA «= OA' and OB « OB'. Prove that 
A AOB= A A'OB'. 


SECTION IV. 


THE CIRCLE. 


A circle is a plane figure bounded by a curved line, 
every point on wbicb is at the sam iistam &om a certain 
fixed point inside tho figure, Tliis point is called tbe centre 
of tbe circle, and every line fi:om tbe centre to any point 
on tbe boundary is called a radlns; Tbe curved boundary 
of tbe circle is called tbe ciroumlerenoc. Any portion of 
the oircumfeience is called an arc, 



A chord of a circle is a straight line joining any two 
points on tbe circumference, 

A diameter of a cirole is a chord which posses though 
the centre 

UI 
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THEOREM 88. 


The stialslit line drawn from the centre of a olrole to 
bisect a chord is at right angles to the chord; 
andt conversely, the straight line drawn from the centre of a 
olrole at right angles to a chord bisects the chord. 



Given a olrole ABC with centre o, and a chord BC, and 
a line OD bisecting BC. 

To prove that OD x bc. 

Construction. Join ob, oc. 

Proof. In the As bod, cod, 

f OB = oc, {radU) 

J BD = DC, (given) 

[and OD is common. 


.•.Ass, (Ssides) 

BO that AODB = AODC, 

.'. these are right As, (= adj. Ls) 
and OD X BC. 


Q.EiD. 

Conversely, ^von that OD x bo, 

To prove that bd = oc. 

Construction. Join ob, oc. 

ProoL In the As bod, cod. 

As bdo, cdo are right As, {gmti) 

ob = 00 , (mdii) 

.and OD is common, 

.*. Ass, (rt. A, 1 side) 
so that BD = DC. 


Ex. 


Q.E.D. 

Prove Part H of the above Theoiem by Pythagoras. 


k 
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Oor. 1. The per'pendicular biseOor of a chord of a circle 
‘paeses through the centre of the circle. 

This oan be deduced os the result of Theorem 33, 
or it can be proved diieotly as follows:— 

It BC is the chord of tbe olrole (centre O), and B 
DE tbe poip' bisector of BC, 
then DE is the locus of all points et^uldlstant from 
B and C; 

but the centre O is equidistant from B and C, 

{epial radii) 

.*, O must lie on D E. 

Cor. 2. To find (he cetHre of a given 
circle. 

Draw two chords AB, CD which are not ||; 
draw their perp' bisectors, meeting in O. (See 
Kg. 177,) 

Then, since the centre is on both perp’^ bi¬ 
sectors, by Cor, 1 it follows that O must be the Fio. 177. 
centre of the circle. 


Oor. 3, A circle is symmetrical cibout any diameter. 


IFio. 178. Pro. 170. 

Pot if AB be a diameter and XY be any chord j. AB and meeting 
it at G, XC « CY, 

if the figure be folded over about AB, X will fall on Y; so 
also for every pair of corresponding points on the chcle. 

Hence it follows that two oiroles intersecting at A and B are 
symmetrioal about the line of centres 00'; 

A will fold over to B about the line 00', 
i.e. the common chord (AB) is bisected at right angles by the line of 
centres (00'). (See also Ex, 12 on page 146.) 
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*tTHBOBEM 84. 

There Is one circle end only one circle wUch passes 
through three points not in the same straight line. 

Given three points A, B, C not in the same straight line, 

Required to prove that one, and only one, oiiolo can be 
drawn through A, B, c. 

Construction. Join ab, bc. 

Draw PQ and XY, the perp' bisectors 
of AB and bc; they must meet, since 
they are perp' to lines which are inclined 
to one another; let them meet at o. 

Draw a circle with centre o and radius 
OA. 

This circle will also go through B and C. 

Proof. Since o is on the perp' bisector of AB, OA = OB; 

and since o is on the perp' hiseotor of BC, OB = oc; 

OA OB « 00. 

Hence the circle drawn with o as centre and radius OA 
will go through A, B and c. 

And obviously no other drole is possible, for the perp' 
bisectors of AB and BC meet in one point only, viz. o. 

Q.E.F. 



EzAuruBS 63. 

Numobioal. 

1. The radius of a oirole ia 26 ins.; find by oaloulation the length 
of a chord whioh is 10 ins. away from the centre. 

2. Oaloulate the length of the perpendicular drawn from the 
centre of a oirole, radiue 2' 1", on a chord 1' 2" long. 

3. AB and AC are two chords of a oirole whose diameter is 6'^ 
and their lengths ore 2" and 3"; oaloulate the distances of AB 
and AC from &e centre of the oirole. (Answer oorreob to *01".) 

4. A Buspension bridge in the form of an aro of a oirole spans 


a river. The distance between the supports ' 

is 120 feet and the height of the top of the — so'ft. 

arch above the level of the tops of the sup- .*—--laon.——► 

ports Is 20 feet. Calculate the radius of the 

oiroular aro. Pm. 180. 
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To circumscribe a circle to a given triangle. 
Given a A ABC, 

Required to draw a circle tluough A, b, c. 



Construction. Draw the perp*^ bisector DO of AB, cutting 
AB in D; draw the perp*^ bisector EO of BC, cutting BC in 
B ; let DO and EO meet in o. 

Draw a circle with centre 0 and radius OB. 

This circle will go tbiougb A, B, c. 

Prool. Since 0 is on the perp^ bisector of AB, 

OA = ob; 

and since o is on the peipr bisector of BC, 

OB = oc; 

OA = OB = 00; 

hence the circle drawn with O 'as centre and radius OA 
will go though A, B, 0. 

Q.E,F. 


I 1 XAKFI. 11 S 63 (conlitmS). 

6. Two parallel chorda are drawn in a olrole of ladina 17", and 
their lengtha are 16" and 30". Sind their diatanoe apart if they 
are on (1) the aame aide of the centre; (li) opposite aides. 

0, Tyro chorda of a oirolo are pwallel and the centre of the oirola 
ia between them; they are 2' 11" apart and their lengths are 2' 0" 
and 8' 4", Calculate the radius of the olrole and the distance of 
each chord from the centre. (Let the distance of one chord from 
the centre of the circle be x",) 

(BHonm.) ^ 
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7. Xwo oirolu have the same centre and their radii are 3 in. and 
6 in. A line A BCD is drawn to meet the outer oirole in A and o 
and the inner one in B and C. If BC is 1*8 ins,, oaloulate the 
length of AD. 

8. £^d 

(i) the radius of a oirete in wliioha chord of length 2a is at a 
distanoe b from the centre of the circle; 

(11) the distance from the centre of a oirole (radius r") of a 
chord 2t" long. 


TIebokbxioai.. 

9. AB and AC are two equal chorda of a oirole drawn through a 
^int A on the ou-oumferenoe. Prove that they make equal angles 
with the radius drawn to A. 

10. Find the locus of the centres of circles which pass through 
two fixed points. 

11. Two oiroles interseot in A and B and the centre C of AB is 
joined to P and Q, the centres of the oiroles. Show that PCQ is a 
straight line. 

12. Prove that the oommon chord of two oiroles Is biseoted at 
right angles hy the line ot centres. [This oan be proved by the 
Kite Proof; other proofe are suggested by tho two previous 
Bxamples.] 

18. Two oonoentilo oirolM ore drawn and a straight line ABCD 
is drawn to out one oirole in A, D and the other in B. 0. Provo 
that AB BE CD. (What oonstruotlon is necessary ?) 

14. Two.oiroles meet in P and Q and a line ABCD is drawn 
parallel to PQ to meet one oirole in A, D, and the 
other in B. C. Prove that AB =< CD. (See Fig. 

181.) 

16. If two ohords of a circle are parallel, prove 
that the line joining the middle point of one oliord 
to the centre of the oirole will hiseot the other 
chord. 

Deduce the locus of the middle points of a 
series of parallel ohords of a oirole. 

, 16. Explain how to draw through a given point inside a oirole 
a ohord which shall be bisected at the given point. Add proof, ‘ 

17. Two oiroles intersect in A and B, their oentres being X and 
Y. Through A is drawn a line parallel to XY to meet one oirole 
again in M and the other in N. Prove that MN = 2 XY. 



Fio. 161, 
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18< AB is a diameter of a oirole and CD a ohord that does not 
out AB. U AE and BF are perpendioulars from A and B to CD 
(produced both ways), prove that EC = DF. 

10. With a given point as oentro, show how to draw a oiiole 
which shoil out a given circle at the ends of a diameter of the latter 
circle. 

20. If two circles intcraeot at A and B and two parallel lines 
PAQ, XBY are drawn through A and B mooting one oirclo in P 
and X and the.other in Q and Y, prove that PQ >= XY. 

21. Prove by means of Theorem 33 tliab the angle in a semicircle 
is a right angle. [Join the centre of the circle to the mid-point of 
one of the chords forming the right angle.) 


PnxernoAt,. 

All the numerical examples (1-8) can be treated os practical questions 
and the figures drawn to scale, either to obeok the oaloulated answers 
or as separate questions. 

22. Draw about two-thirds of a oirole by tracing round the 
oiroumferenoe of a penny. Pind the centre of the are and measure 
the radius in inohea. use oompasses to oompleto the oirole. 

23. A skater outs out an aro of a oirole on the ice; the straight 
line joining tho ends of the aro is 16 feet long and his furthest 
distance from this line is 6 feet. Find by drawing the radius of 
the oirole. 

24. Draw the oirolos which oiroumsoribe the following triangles, 
and measure their radii;— 

(i) 0<=3", &=2«8'', c=.l‘7"! 

(ii) a = 1-8", b = 2-4," 0 = lOfi". 

26. A, B and C are three points in order on a straight line; 
AB 6 om., BC =3 3 cm. Ckmatruot a oirole to pass tlirough A 
and B and to have its centre 6 om. from C. Measure the radius 
in mm, 

20. Two oirolos have a common chord 1'4" long and tho distanoe 
between their centres is 2‘6". If the radius of one circle is I'l", 
draw the circles and measure the radius of the other oirole. 

27. A window consists of a rectangle surmounted by an aro loss 
than a semioirolo; its width is 2' 6" and its total height up to tho 
top of the are is 4'. If the height of the rectangle jjs S', &nd by 
drawing the radius of tho aro. 
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THEOREM 85. 

Equal chords of a circle arc equidistant from the centre. 

Given two equal chords AB, co of a circle ABC whose 
' centre is o. 

To prove that the perp** ox, OV from the centre 0 to 
the chords are equal. 

Construction. Join OA, OO. 

Proof. *.• ox 1 AB, 

AX = iAB} 

Similarly OY = 4 CD; 

but AB = CD, (given) 
halving, AX = OY. 

Then in the As AOX, COY, 

Zs X and Y are tight angles, (^tvcn) 

AO = CO, (radU) 

.and AX = CY, (prouei) 

As s, (ft, L, hyp., 1 side) 

so that OX — OY. 

Q.E.D. 

EQUAL AND UNEQUAL CHORDS. 

Exauplbs 64. 

1, Equal ohordfl of a pair of equal olroles ara equidistant from 
the centres. 

2. Cotoulate the distance from the oentce of a oirole to a ohord 
of length 2a in a oirole whose radius is r. 

What is the loous of the centres of equal ohords of a oirole 1 

5. li two ohords of a oirole, crossing at a point X inside the oirole, 
Bs» equally inollned to the diameter through X, prove that the 
ohords Bxe equal. 

4. If two equal ohords of a oirole meet when produced at 0, 
prove that the distanoes from O of the corresponding ends of the 
chords are equal. 

6. If AB and CD ore two ohords of a oirole, opntie O, and 
AB>CD, prove that OX<OY, where OX, OY ore perp* to AB, 
CD from O. (Use Pythagoras.) 

6„ Prove that, of two ohords of a oirole, the one whiob is nearer 
the centre is greater than one more remote. 
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THEOREM 86. 

If two chords of a drde are equidistant from the centre, 
they are equal. 

* Given two chorda AB, CD of a circle ABC whose 
centre ia o, such that the petp™ ox, OY drawn to them 
from the centre O are equal. 

To prove that AB = CD. 

. Construction. Join OA, oc 

Proof. In the As aox, coy, 

f Zs X and Y are right Ah, (givm) 
AO = CO, (radii) 

and ox = OY, {given) 

As s, (ri. A, hyp,, J side) 

so that AX = CY. 

But OX X AB, 

AB = twice AX. 

Similarly CD = twice OY; 

but AX a= CY, {proved ). 

doubling, we get AB = CD. 

Q.E.D. 

Ex. Prove Theorems 36 and 36 by means of Pythagoras. 
ExAHTLas 64 {contirmeA). 

7. Show that any chord of a oirole which does not pass through 
the centre is loss than the diameter. 

8. Explain how to draw (i) the longest, (ii) the shortest ohotd of 
a oirole through a given point inside the oirole. Give teoeone, 

9. A point O is taken 3 om. away from the oentro of a oirole 
(radius 4 om.). Draw the longest and shortest oliords possible 
through O. Measure their lengths and oheok by oaloulation. 

10. AB and CD are two equal ohords of a oiroie, and PQ are their 
middle points. Prove that PQ is equally inolined to AB, CD. . 

11. AB and PQ are equal chorda in two oiroles (centres at C and 
O), the former circle having the longer radius; prove that AB is 
further from C than PQ is from O. 

* Befer to Figure on page 148. 
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THEOREM 87. 

The angle whloh an are ol a oiiele subtends at the oentre 
Is double of that whiob It subtends at anjr point on the 
remaining part of the eiroumference. 

Given a oirole ABC, and an arc BC, BOC being the L 
M7hic1i the arc sabtends at the centre 0, and bac the L 
which it subtends at the point A on the remaining arc 
BAC.** 

To prove that Z bog is double L bag. 

Constr. Join ao. and produce it to D. 




Proof. In A oab, oa = OB, (rotfit) 

Z OAB = Z OBA; {opp, sqwH sides) 
but ext* Z BOD of A OABs=sum of the int' Zs OAB, oba, 
Z bod is double Z oab, 

, Similarly Z cod is double Z OAO. 

Adding results in Fig. i and subtracting them in Eig. ii, 

* L BOG is double Z BAG. 

Q.E.D. 


The above Theorem may be also enunoiated thus 

mgU at the cmire of a circle is double the angle at the 
owUmferenoe standing on ike same arc. 

* See definition on page 151. 

** In Fig, i the oentre O is inside Z BAC, and in Fig. ii tbe 
oentre is onteide Z BAC, 


thb oibolb 


161 


N.B.—Aa the are BC 
inoreaaeB, the angle BOG 
whioh it Bubtendfl at the 
centre nlao inoreases. 
When the are ia half the 
oiroumferenoe, the angle 
bog ia a straight angle 
(aee 3)1g. iii)i when the 
are is larger atilli the 
angle BOG ia reflex (aee 



Bin. iii. 


Fia, IT. 


angle BOG la renex (aee 

mg iv). But theproof for Fig. i still holds for Figa. iii and iv, so 
that the truth in Tboorem 37 always holds good. 

The angle subtended at a point C b 7 two points A and b 
(or by tbe line AB) is tbe angle AOB. ^ 

(See Mg. 182.) Suppose tbe eye is at c 
and loosx at A and B j Z. ACB is at tbe q 
eye C. 



n.. 1 AO 


Ex In the figures on page 160, state the angles aubtonded 
(i) at A by BO, 00, are BC, and (ii) at 0 by AB, AC, are BAG. 


A segment of a circle ip fcbe area 
bounded by a obord of tbe circle and an 
arc wbicb tbe chord cuts off. 

An angle In a segment is tbe angle 
vubtended by tbe chord of the segment at 
any point on the arc. 



Fio. iB3a. 
Segment and 
angle in a segment. 


A chord outs off two segments from a 
circle, and tbe larger of these is called a 
major segment, and tbe smaller a minor 
segment. So too their arcs are called 
major and minor arcs. (Compare the 
segments above and below bc in Fig. 
183a.) 



Seotor. 
FtO. IBSb. 


A sector of a circle is tbe area bounded by two radii of 
the circle and an arc which the radii out off. (Fig, 
183b.) 
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THEORBM 88. 

Angles In tbe same segment of a elrole are eqnal. 

Given a segment of BAG of a oiiclot in which bag and 
BDC axe two angles. 

To prove that Z bag Zbog. ‘ 




Conatr. Join B and G to the centre o. 

Proof. The aio BC subtends Z 0 at the centre o and 
Z bag at the point A on the ciioumferenoe. 

Z d = double Z BAG; 

Similar^ Z. 6 = double Z bdG. 

Hence Z bag = Z BDO. {halves of the same Z, 9) 

Q.EiD. 

CyoUo'flgures and ConoyoUo points. If a rectilineal figure 
is such that a circle can pass through its vertices,' the 
figure is said to be oyoUo ; the angular points are, however, 
said to be ooneyollo. Thus in the figure to Theorem 40, 
the quadrilateral ABCD is said to be cyclic ; the four points 
A, B, c, O are, however, said to be conoycUo, 
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EASY EXERCISES ON THEOREMS 87, 38. 
EzAUPiAS 66. 

1. Wbioh of the angles p, q, x, y In Hg. 184 are equal 7 
Olve leasona for youi statemenl^ 


Fio. 184. Rio. 186.- 

2. In Fig. 166 Snd the size of the angles a, h, o, 

5. ABC is a triangle insoribed in a oirole, centre 0. Join OA, 
OB, OC. If Z BOO sa 160°, Z CO A n 136°, oaloulate the three 
angles of A ABC. 

4. If in Fig. 1 to Theorem 38, Z OBC » 30°, oaloulate Zs BOO, 
BAO, BDC. 

6. What angle in Theorem 38, Elg. 1, is equal to Z ABD T If 
AD is joined, -what angle equals O AC 7 

0. The diagonals of a oyoUo quadrilateral ABCD moot in O; if 
Z BAO a 62°, Z BCO » 34°, Z BOC = 82°, find Z CAD and 
Z OCD. 

1. ABDC is a quad> and BA » BC » BD; li Z ACD » 132°, 
find Z ABD. 

8. In Fig. i of Theorem 38 prove that Z A is the complement 
of Z OBC. 

6. ABCO is a oyolio quadrilateral, AC and BD meet in 0, and 
AB and DC meet, irhen produced, in X. Prove that— 

(1) As AOD, BOC are equiangular, and (ii) so are As XAO, 
XBD. 

10. If O is the oentre of the oirole oiroumsorihing a A ABC, and 
OB, OC are found to bisect the angles B and C, prove that Z A 
must» 60°. 

'^11. ABC is a triangle, D is any point in BC, and X, Y ore the 
centres oi the oiroumoiroloa of the As ABD, ACD. If Z AXD 
- 78° and Z AYO ^ OfiS fisd Z BAG. 
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THGOBEM 89. 

The angle tn a semleirele Is a right ttngle. 

Given a circle ABD, centre 0, and an angle bac in the 
eemioirole BAC. * 

To prove that L BAC ie a right L, 



Froof. The are BDC aubtends the straight L BOC at 
the centre 0 and the L BAC at the point A of the ate 
BAC, 

L BAC s half the sti. L BOC 
BsarightZ. 

Q.B.D. 

(Bee also a proof by meauB of Book I. In Thooiem 11, Cor. 2, on 
page 74.) 

Oor, TAe angle in a segment greater than a semicircle is 
less a right angle, arid (he angle in a segment less than 
a semidroU is greater than a right angle. 


Bia. 186. Bta, 187. 

[For in fig, 186 A is half the Z. BOC at the centre | 
but Z BOC is < 2 tight Zs, 

Z A < 1 right Z. 

Also in Fig. 187 Z A is half the reflex Z BOC at the centre 
t bnt reflex Z BOC > 2 right Ze, 

Z A > 1 right Z.] 
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THEOREM 40. 


The opposite angles ot a eyoUo quadrilateral are supple¬ 
mentary. 


Glven.a quad^ abcd izfsccibed in a circle. 


To prove that the opposite Zs A and c are supple¬ 
mentary. 



Constr. Join B and 0 to O, the centre of the oiide. 

Proof. Z c at the ciioumf. is half Z bod at the centre 
{subtended hy the same are bad) 
and Z A at the oiicumf. is half ledez Z bod at the centre 

{subtended by the same are BCD) 
Z A -f Z C sahalf the sum of the two Zs bod 
= half of four right angles 
s= two right Zs. 

Q.E.D. 


Oor. If one side of a i ^ 
exterior mgle so formed'is ejuol to 
Ibe interior opposite angle of the 


[For, if BC be produoed to E, 

Z A is Bupplemeat of Z BCD. 

[cyclic mtad, ABOD) 
But Z DCE is Bupplement of Z BCDt 

{Or. Z) 

Z DCE = Z A.) 



Fm. 168 . 
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EAST EXERCISES ON THEOREMS 89 »nd 40. 
Ezauflbs so. 

1. Caloulato all ths angloa la Eig. 189, givea 
that— 

(1) o.= 80* i=i36",a:=<8B*; 

(ii) c =. 37', *1 + A « 70®,/+ 1 ?» 96® i 

(iii) 6 + o« 83®, Jfc + A =■ 83®, to « 60®. 

r^ Tlio oirole doaoribed on one of the equal 
lea of an iaoaoolea triangle aa diameter biaeota 
the base. 



Eie. 189. 


8. If ABDC ia a oyolio quadrilateral and AB, AC are prodaoed 
to E, F, ptoTe that the exterior anglea DBE, DCF are aupple- 
meutoiy. 

4. Two oirolea meet in A and B, and AR, A8 are diameten 
drawn through A< Prove that RB8 ia a atraight line. 

6. Prove that oirolea deaoribod on two aidea of a triangle aa 
diametera will interaeot on the third aide. 

6. ABCD ia a oyolio quadrilateral and AB, DC are produced to 
meet In O. Prove that A OAD and A OBC are equiangular. 

7. It a papa Is Insoilbed in a circle, It will be a rectangle. 

8. Two oirolea meet in B, E, and ABC, DEF are lines outting 
one oirole in A and D and the other in C, F. i^ove that 
AD IICF. 

9. O is a point outside a oirole and equal lines 0 A, OB are drawn 
to the oirole, meeting the oirole again in C and D; prove that 
OC B OD and AB || CD. 

10. If ABCD is a oyolio quadi and the bisootois of the angles 
BAD and BCD meet the oiroumferenoe at E and F, prove 

L EAF ia a right angle. 

^1. A ABC is equilateral and A DEF ia equilateral and is ao 
psoed that D ia on BC, E la on CA, and F ia on AB, bvt not at 
the middle points of these aides. A oirole ia drawn throna^ DEF 
and outa BC again in G. Prove that A EQC ia equUaterm, 

18. If in Rig. 189 A + o A + A, prove that z = 180® — 2A. 
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ANGLES IN A CIRCLE. 

Examples 67. 

Nuuerioal. 

1. A remilu pentagon is inscribed in a oirolo; how many (^roos 
aie there in an angle in any one of the five segments outside the 
figure? 

2. BA) CD are oliorda of a oirole meeting when produced at O; 
if L ADD — 30° and /. ACD = 42°, oaloulate L CDB. 

3. AB is a diameter of a oirole, and CD a ohord X AB; if 
/. ACD sa 27°, oaloulate the angles ABD, CDB, ADC. 

4. ABC is a triangle deaotibed in a oirole, and L B = 70° and 
A C =3 40°. If X is a point on the oirole on the opposite side of 
BC to A Buoh that XB s= XC, find the angles of A XBc. 

6. ABO is a straight line and AB = 2", BO si", also BAD 
^ 40°) and ABC (=> 00°) are angles on the same side of ABO. 
Explain how to find points D, C on AD, BC respeotiTely, making 
a oyolio quadrilateral A BCD snoh that DC prodnoed goes 
through 0. 

0. In the figure to Ex. 11 on page 163 L XDY s 08° ; oaloulate 
L BAG, 


Tbeobsxioaxi. 

7. ABC is a A, obtuse angled at B, having AB s BO. A oirole, 
passing through A and B, outs AC at D and CB produced at E. 
Prove that DC s D E, 

8. Two oiroles meet in P, Q. Two linos APB, CQD are drawn 
to meet one oirole in A, C, and the other in B, D. Prove that As 
PCD, QAB are equiangular. 

9. Show how to divide a oirole into two segments so that the 
an^e In one segment is four times the angle in the other segment. 

10. AB and CD are parallel ohords of a oirole, and BC, AD meet 
at 0 (Inside the oirole). Prove that OC = OD. 

11. A and D are points on a oirole on the same side of any ohord 
BC; prove that L ABO + L ACB A DBG + / DCB. 

12. AB and CD are chords of a oirole cutting at O, and the 
angle which AB subtends at C is equal to the angle which DO 
subtends at 6. Prove that OC b OB. 



88W BCHOOL 0B0MKTR7 


m 


1ft. A8GD iB % qu«dritBU>rftt ta whiott AS w AC n AD; mMa 
thfct Z BAD + 2 2 BCD « SflO". 

14. ABC {■ « A wid two «irolw arc drava through B and C, one 
of tfa«m oulting AB, AC Bl D, E and the olhar cutting AB, AC at 
P, Q. Prove that DE g FQ. 

10. APB. AOS are iiegnciita of cikiIm on the same Bide of the 
ohord AB end P in anj/ point on the outer arc APB. If AP outi 
the Inner arc In Q, prove that 2. PBQ ia oonatant in aiisa. 

16. ABCD fa a oyolio quAdrilatoral, the centre O of the oitele 
heing inaide the figure. If the diagonala meet in X. prate that 
2. AOB + A CODoft L AXB. 

17. If one drale be drawn on a radiua of another olrole aa 
diameter, any chord of the \atm oitole drawn through the point 
oomnon to the otrolee U hiaeot^ by the amaller oirole. 

15. Two oirolee intoneet in A and B. and XAY, PAQ are two 
iinea meetiim one oirole in X« P and the other in Y, Q. Prove 
that XP andYQ aublend equal attgleo at B. 

10. Two oirolea intenieot at A and B; BDE ia a ohord of one 
(dtole, meetinz the other In 0. and AFQ a chord of the aocond oitole, 
meetLog the llrat in F. Prove that EF and DO an parallel. 

SO. If a hexagon ABCDEF bo inawribed in a oirole, prove that 
2 :a + Z0 + 2.E - 380*. 

21. If ono diagonal AC of a oyoiio quadrilateral biaeota the angles 
A and C, prove that eaglea B and D a» right angloa. 

22. ABCD ia a oyoiio quadrilatorait in whioh AB »■ diog. AO; if 
AD, BO when produced meet in 0, ahow that Z ACD ■■ Z O, 

2ft, BC ia an aro of a airole, centre 0, and BAC an angle at the 
ofronittference, with O inaido it. If BO produced moota AC in D, 
and 00 produced meota AB in E, prove that Z BDC <f Z BEC 
m three ttmee Z A. 


24. The internal hiaeotors of the imgleB B, 0 of A ABO meet the 
oirole ABC in Q, R. U BR t CQ, prove that Z B AC - 60*. 


25, If on the some aide of a line AB aa boao two nroa ore drawn, 
oontaining anglea of si* end y** where n > y, ahow that AB anbtendii 
«t say pt&t P in the ecoa between the area an angle whioh Uee 
b41rtveen if and y^ 


2ft. The chorda OB, ED of a olrde, oentre O, are ptodnoed to 
rneiet ahow that z COE — Z X ■■ Z CYE, where Y la the 
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THEOSEM 41. 


If the sM^ht line Joining two points subtends equal angles 
at two other points on the same side of the line, the four 
points are oonoyclle. 

Given a straight line BC which subtends equal angles at 
the two points A and D on the same 
side of BC. -^ 

To prove that a, b, c, d are con- 
oydio. f \ 

Proof. Suppose that a circle is 
drawn througn bad, and that it b ^ e 

misses C. _ 

Then AC is a line inside the circle from the point A on 
the circle, and it will therefore meet the circle again, 
either before or after c. 

Let it meet the circle again in O' (before c). Join DO'. 

Then Z A = Z BDC', (Zs in same segment) 
but Z A = Z BDC; {given) 

Z BDC'=-Z BDC, which is absurd, 
the circle BAD cannot miss c, 
that is. A, B, c, D are concyclio. 

Q.E.D. 


Alternative Proof. Suppose that a circle is drawn 
through A, B, c, and that it misses D. 

Take a point x on BC, and join XD ; 
then since X is inside the circle, XD, or 
XD produced, will cut the oircle again, 
say at d' ; join d'b, d'c. 

Then Z BAC ^ Z bd'c ; {in same 

segment) 

but Z BAC = Z BDC, {given) 

Z bd'c = Z BDC, 

which is absurd, since the sum of the base Zs of A d'bc 
is not equal to the sum of the base Zs of A dbc, 
the circle ABC does not miss d, 
that is. A, B, C, D are concyclio. 
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THEOREM 42. 

The circle described on the hypotenuse ol a rlght-an^ed 
triangle as diameter passes through the opposite vertex. 

Given a A abc right-angled at A, and a circle dtavm. on 
the hjrpotenuae BC as diameter. 

To prove that the circle goes through A. 



Constc. Take any point P on the circle; join PB, PC, 
Proof. /. P is a right L, {jL in a amidrMe) . 

and A A is a right A, {given) 

L 

that is, BC subtends equal An at P and A; 
a circle will pass through P, A, B, c, 

A lies on the circle PBC, i,e. the ^le on BC as diameter. 

Q.E.D, 


Cor. 1. The middle point of the hypo¬ 
tenuse of a right-angled triangle is egui- 
distmt from the right angle and from the 
eairemilies of the hypotenuse. 

Thus il O ie the middle point ot the hypo¬ 
tenuse BC, OAaOBsOCi for O Is the 
centre of the circle described on BC as diameter, 
and this circle goes through A. 

Cor. 2. The locus qf the vertices of all 
righirongled triangles drawn on a given 
Km as hypoterme is the circle described 
on the given Km as diameter. 

For this oirole goes through Aj, A,, A^ 
.... by Theorem 42. 



Fio. leo. 
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THEOREM 48. 

U a pair o! opposite angles .of a quadrilateral are supple¬ 
mentary, Its vertices are oonoyelio. 

Given a quad' ABCD in which the opp. jLb a and C are 
supplementary. 

To prove that A, B, c, D are concyclio. 


Proof. Let a oirole hV drawn through A, B, c; join BD. 
Then, if the circle does not pass through D, the line 
BD, which lies inside the A ABC, or the line bd produced, 
must out the oircumierence. 

Let this point of intersection he X; join XA, XO. 
Then, since ABOX is a cyclic quad', 

Z XAB -J- Z XCB = two right Zb; 
but Z DAB 4- Z. DCB = two right Zs, [givm) 
L XAB + Z XCB = Z DAB + Z DCB, 
t. 0 . the part is equal to the whole, which is absurd. 

,*. the oirole ABC must pass through D, 
i,e. A, B, 0, D ace oonoyelio. 

Q.E.D. 

Alternative Proof. Let a oirole be drawn through B, a, D. 
Let P be any point on the circumfeicnce on the same 
side of the chord bd as c; join pb, 

PD. 

Then, since dabp is a cyclic quad*, 

Zs P and A are supplementary, 
but Zs o and A are supplementary, 

(given) 

.*. Z P = Z C, 

B, P, 0, D ate oonoyelio. 

i.e. c lies on the circle BPD, i.e. on the circle ABD; 

A, B, 0, D are oonoyelio. 

Q.E.D, 

M 




(aaoRiBn.) , 
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CQNGYCUO POINTS. 

Stem Theorems 38,39,42, and 43 we oonolude that four points 
P, Q, R, 8 lie on a okole 

(i) When the line Joining any two (say P, 6) subtends equal 
angles at the other two (Q, R), provided the latter two 
are on the same side of the line P8. (See Fig. 192.) 

or (U) When the line Joining any two (say P, 8) subtends supple¬ 
mentary angles at the other two (Q, R), provided the 
latter two are on opposite sides ot the line PS. (See 
193.) 



ZQ-ZR. Z.Q + /.R -180*. 

Fio. 102. Fiq. 103. 

If the angles Q and R are both 90*, it dooe nob matter on whioh 
side of PS they He, lor by Theorem 42, the oirole on PS as diamoter 
will go through both, and the oontre of the oirole will bo at 0, the 
middle point of P8. (See Fig. 101.) 

The above tests (i) and ^ii) are oloeely related to eooh other, for 
if PS be any ohord of a oirole and Q be a point moving round the 



Fiq. 194. 


oirole, then the angle whioh P8 snhtonds at Q is constant (eay a) ea 
long as Q is on one side of P8 and ohangee to ISO^-o ana lemaine 
ooustant at that value when Q passes to the other side of PS, 
Note again that the value of the angle does nob ohange as Q 
ohangef aides when a a 90*. 
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CONCyOLIO POINTS. 

ExaupziBS 58. 

1. ABC is a triangle, and BD, CE are 
drawn porpondloular to AC, AB, meeting in 
O. Give reasons why— 

(i) the lout points B, E, D, C are ooncyolio; 

(li) the four points A, E, 0, □ are oonoyollo; 

(lU) L EBD = L EOD. 

2. Dlsonsa which of the following figures 

are oyolio;— 105, 

(i) square, (ii) parallelomm, (ili) rectangle, 

(iv) rhombus, (v)*kite. 

3. ABC is a triangle and P.Q is drawn to out AB in P and AC in 
Q so that Z APQ B Z C; prove that P, Q, C, B ore oonoyolio. 

4. Show that a line parallel to the base of an isosoeles triangle 
cuts off ftom the triangle a quadrilateral which is cyclic. 
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6. The oirolo BPO in Elg. 196 cuts AB in R, and the circle CPO 
outs AC in Q i show that A, Q, O, R are concyclio. 

6. A semicircular protractor slides In its own plane with the ends 
of its base always on two fixed perpendicular lines O A, OB. Provo 
that any mark M on the rim (say tho 20° mark) will move on a 
straight lino through O. What ore the angles between the loous of 
M and tho fixed linos f 

7. C and D are the points of interscotion of two olrolos whose 
oentres nit) A and B; BC is joined and produced to meet the first 
qhole in E. Prove tJiat A, E, B, D ore concyclio., 

8. Two oitcles out at A and B; two lines PAQ, XAY ore drawn 
through A to meet one circle in P. X and tho other in Q, Y. If 
XP.and YQ are produced to moot in 0, show that 0, X, B, Y are 
oonoyolio. 

9. ABCD is a oyolio quadrilateral and AB is produood to X; if 
0 is the point of intersection of tho biseotors of tho angles XBC 
and CD A, prove that O lies on the oirolo ABCD. 
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EQUAL ANGLES AND EQUAL ARCS. 

If In a oirole, oentro O, equal angioa AOB and COD are token at 
the eentte, it is evident fratn the uniform shape of a oirole that the 
oro AB XB the aro CD (Illg. 197). 

Bo also in two equal oiiolea (S^g. 198). 



Fio. 107. Fio. 108. 


Thus we see the truth of the theorem that follows. 
♦fTHEOREM 44. 

In equal oiroles, or in the same oliole> equal angles at the 
centre stand on equal ares, and, conversely, equal arcs 
subtend equal angles at the centre. 



Thus in the figure, where the oiiolcs are equal, 
if L AOB s= c CPD, aro ab b arc co, 
and if aro AB *= aro CD, L AOB =! JL CPD. 

Also if angles AQB, crd are taken on the eiicumfeienoe, 
AOB IS twice L AQB, L CPD is twice L CRD, 
if aro AB ei aro CD, L AQB =» Z CRD. 

Hence the Corollary:— 

Zn e^Z otroZcs, or in t)ie same ctrcZe, egttaZ mgles at the 
oijtom^erenoe stand on egml arcs, and, oonvers^, equal 
arcs attend eqyial anghs at the mornnferemoe. 
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♦THEOREM 45. 

In equal oireles, or In the same circle, equal chords out ofl 
equal arcs. Conversely In equal circles, or In the same circle, 
the chords ol equal arcs are equal. 

Given two equal circles abe, cdf, centres o and p, and 
two equal chords AB, CD. 

To prove that arc ab = arc CD, and the remaining arc 
AEB = the remaining arc cfd. 



Constr. Join OA, 08; PC, PD. 


Prool. In As OAB, pcd, 
oa ~ PC, 

■ OB = PD, 

.AB == CD, 
Ass, 

BO that A 0 a= A P, 

, arc AB ass arc CD. 


{equal radii) 
{^ual radii) 
igwen) 
{three sides) 


{auhtendei As) 


Conversely. If arc ab = aro cd, to prove that chord 
AB as dioid CO, 


Proof (im brief). Arc AB = aro CD, 

A o 5= A P, {standing on s=s arcs) 
As OAB, PCD s, {2 sides amd inel. A) 
so that chord AB as chord CD. 

Q.E.D. 
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N,B> In Theorem 4S, Part 
btoe minor (t'-e. lesa tlian 
a somi-oit^mufeTonoe) or 
boiili ams major (i.e, 
greater than a aemi-oir- 
onmfeveooe). 

Thus in Pig. 100 if chord 
AB B chord CD| 
it iolloiTB that arc AXBn 
aro CQD (both minor arcs) 
and aro AYB n ato CPD 
(both major aroa). 


I, it is neeatfary to take both 



EQUAL ARCS. 

EXAKrT.«l 60. 

1, jElnd the angle anbtended at the oentre of a oirolo by a chord 
PQ equal to the xadina; rrhat fraction is the aro PQ of the vbolo 
ohwnmetenoe 7 

2. Two cmal oirclos, PAR, QA8 meet in A and B, and two 
ines PAQ, RA8 are drawn through A i prove^that aro PR n aro 
QS and ohord PR chord Q8. 

8, If B is the middle point of any arc ABC of a oirolo, prove that 
ohord AB ohord BO. 

4. If AB is a ohord of a oirole outting oil two sogments ACB, 
AOB, prove that the bieeotor of any angle in the segment ACB 
goes through the middle point of the aro AOB. 

6. The bisectors of all the angles la a given segment of a circle 
all go through one point. Show that the point of oonoorronoy ie 
equidietant from the ends of the base of the eogment. 

6. AB and CD are two parallel chords of a oirole, A and C being 
corresponding eatromities; show that (1) oto AC » aro BD; (li) 
ohord AC <=) oliord BD. 

[The sooond of tho above results is often mot with; besides the 
phoof by means of equal angles, thero are other proofs, s.p. 

(a) join AD and BC and use oongnient Ae; 

(b) produce AC and BD to meet and use isosoeles As,] 

7; In the dgnre to Ex. 6 prove that aro ABD s aro BAG and 
ohord AD => chord BC, 

8. PQ and PR are a ohord and a diameter through a point f on 
a oirole; prove that the radius |) PQ will bisect the aro QR. 

9. If two chords of a oirole (or of equal oiroles) subtend sup¬ 
plementary As at any point on the oiroumforenoe, they are equal. - 

10. Through the points of inteiaeotion of two oiroles, two 
paraliel lines are drawn as far os the oiroumferenoes; prove that 
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the straight lines joining oorresponding extremities are equal and 
parallel. 

11. Two equal oiroles out in A, B; PAQ is any straight line 
through A meeting one oirolo in P end the otlier in Q; prove that 
BP=BQ, 

12. If two ares of a oirole subtend oomplementary angles at any 
point of the oiroumforenoe, their sum is a serni-oiroumfei'ence. 

13. If AB, BC, CD are three oonseoutive sides of an equilateral 
polygon insoribed in a oirolo, prove that A Ban Z. C, 

14. If AOB, COD are angles at the centre O of a oirele ABCD 
Buoh that L AOB = twice L COD, prove that (i) are AB = twice 
ore CD, (ii) chord AB is not twice chord CD, 

IB. X and Y arc the middle piJlnta of the unequal arcs AB, AO 
of a oirole; if XY outs AB in D and AC in E, prove 
AD = AE. 


10. ABODE is a pentagon inaorlbod in a circle; AB i= AE and 
A = 90°, also BC = CD = DE. Caloulate the ^s of the figure, 

17. ABC is a A, A being an ooute angle; CZ, BX are drawn at 
right angles to AB, AC and are produced to meet the oirole ABC 
in K, Y. Prove that AY = AK. 

18. Straight lines are drawn on the dial of a watoh joining the 
positions 1 and V, II aud X, IIII and VIII, VII and XI; prove 
that the figure enoiosed by these lines is a square. 

19. II equal angles at the centres of two oiroles stand on equal 
chords, prove that the oiroles are equal. 

20. In tho A ABC, AB » AC; if D is a point on BC produced, 
prove that the oirolee ABD, ACD aro equal. (N.B. CSroiee are 
equal if equal ohords subtend equal angles, either at tho centres, or 
at the olroumforoncos.) 


21. In the A ABC, AB AC; if D is my point in BC, prove 
that the radii of the oiroles ABD, ACD are equal. 

22. ABC is an equilateral triangle insoribed in a oirole; prove 
that the lino joining the middle poinls of tho minor arcs AB, AC is 
trisected by AB and AC. 


23, AC and BD are two i. chords of a oirole; prove thot 
are AB -|- aro<3D = aro AD + aro BC = half tho oironniferenoo. 


24. If two chords (AB, CD) intersect (at 0) inside a oirole. they 
form an angle (AOC) equal to that subtended at the centre by hidf 
the sum of the ares (AC, BD) they out oil. 

2fi. AC and BD are two fixed diamotors of a oirole, centre O; P 
is any point on tho olroumferenoe, and PM, PN are the perpen- 
dioulars drawn from P to AC, BD. ProVe that the line MN is of 
constant length for all positions of p. 
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TANGEKT TO A OIRCLB. 

(WlTROOT TBB USS 03t LIMITS.) 

A secant to a circle is a straiglit 
line cutting the circle in two points. 

A tangent to a circle is a straight 
line which meets the circle in one 
omt only, however far it is pro- 
uoed; the point of meeting is called 
the point of contact and the tangent 
is said to touch ths dtole. / 

JJb, By drawing a aeries of parallel Tio. 200. 
secants all mrpondlaular to tbe t»me 
diameter AS/it can be seen that at each end of' the diameter is a 
Uue meeting the olrole in one point only (A or 8). Suoh a line 
Is a tangent. What do you tlunk is its relation to the diameter 
ABI 



THEOREM 46. 

The strai^t line drawn perpendicular to a radius of a 
circle at Its extremity Is a tangent to the olrole. 

Given a circle, centre O, and a radius OA, and a lino 
BAG peip' to oA at A. 

To prove that bag is a tangent to the circle at A. 



Oonstr. Take o, any other point in bc besides A ; join OD, 
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Prool. In A OAD, Z A = 90“, {given) 

AODA<90“. {LsofaA) 

L k> A ODA, 

OD > OA, a radius, 

D must be outside the circle. 

So also every other point in bc besides a is outside the 
circle. 

BC meets the circle in one point only, 
t.e. BC is a tangent to the oirole at A. 

Q.B.D. 

Cor, 1. A tangent to a circle is perpendicular to the 
radius drawn to the point of contact. 

[Thus if BAC is a tangent at A to the 
oirole, oontre O, BAC will be perp^ to OA, 

For if not, draw OD perpr to bAC. 

Then Z D is a right Z Z A < Z D, 

/, OD < OA, a radiviB. 

D miiet be inside the oirole, 
ad produced, t,«. BAC, will moot 
the oircio again. 

But this le absurd, since BAC ie a 
tangent. 

BAG is perpf to OA.] 

Cor, 2. At every point on a circle one and only one 
tangent can bo drawn. 

To draw a tangent to a oirole at A, draw BAC pernr to 
radius OA. ^ 



Cor. 8. The perpendicular to a tangent at its point of 
contact passes through the centre. 

For the radius drawn to the point of oontaot is this perpen. 
dioular. 
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takgent to a CIHCLB 

(A“»m™ Mmon mm 



1^0.201. 


^ to Joto q‘'.;pSS'p‘S aP- Z'® <■ “™a 

togto to ttS Si ? rt tl ?• 'r i* “Id I, to. 
. Hg. SOltto tangent at P ie A. O..] ^ oontaoA (In 

alloffod to coincSe ^ “® 
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THEOREM 46. 

(Alternative Proof.) 

A tangent to a circle Is perpendicular to the radius draivn 
to the point ol contact. 

Given a circle coE, centre o, and a tapgentto the circle. 
To prove that the tangent is perp» to the radius to the 
point of contact. 


Pig. i. Pig. il. 

CoDstr, Take a secant AB catting the circle in c 
and o'; join oc and oc' (Fig. i). 

Proof. In A occ', oc =±: oc', {raiii) 

L occ' = L oc^o, 
their supplements arc equal, 
i.e. A OCA ~ A OC'B, 

Now move AB until c' coincides with c; 
then AB will be a tangent (Fig. ii), 
and Z OCA = Z OCB; 

.*. each of these Zs is a right Z, (~ adj. Zs.) 
and the tangent AB is perp^ to rad. oc. 

Q.E.D. 

Cor, 1. The slraighl line iravm perjaendiMlar to a 
radius of a circle at its eadremily is a tangent to the 
circle. 

5;}a, o» p.g. 180. 





172 


BBW fiOBOOI. OBOUmT 


PROBLEM 8. 

To draw a tangent to a oirole from a given external point, 

Given a oirole ABC, oentce o, and a point X outeide it. 
To draw iiom X a tangent to tbe circle ABC. 



Constr. Join OX and bisect it; on OX as diameter 
draw a oitole OAX cutting tbe ^ven oirole in a and 0. . 

Join XA. 

Then XA shall be a tangent to the oirole ABC. 

Ptool. li OA is joined, ZAieart^l; (tna amvmk.) 

XA is a tangent to the oirole. (igi. 1 rod.) 

Q.B.P, 

N.B. A eecond tangent, XQ, oon also be drawn from X to the 
oirole ABC, and no other tangent Is poBoible, Henoe— 

dor. Two, and ady iMO, tmyenis can be draum to a 
drdlefrom a given external yoint. 

THEOREM 47. 

Tbe two tangents drawn to a oirole from an external point 
are equal. 



CHven a oirole ABC, centre 0, and two tangents XA, XC 
drawn to it from the point x. 
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To prove that XA = xc. 

Constr, Join OA, oc, ox. 

Proof. In As XAO, xco, 

'As A and c are right As, 
- ox is oommon, 

.OA =00, 

Ass, 

BO that XA = xc. 


{tgl. 1 rad.) 
(radii) 

{ft. A, hyp. 1 side) 


Q.E.D. 


Cor, The two Utngenis drawn to a circle fiom an external 
point 

• (i) svbtend equal armies at the centre, 

(i.e. A Aox = A cox) 
(ii) are eqmlly inclined to the diameter through the 
Voint. (i.e. A AXO = A CXO) 

Ex. Provo Thoorom 47 by moans of Pythagoras. 


TANGENTS. 

ExauvIiBS 00. 

NnusBioaL, 

1. Find tho length of a tangent drawn to a oirole of radius 7" 
from a point 25" away from the centre of the oirole. 

2. The tangents to a oirole from a point X are 2 ft. long and tho 
radius of the oirole la 1' 0", Calculate tho distance of X from the 
centre of the oirole, 

3. Two oonoentrio oiroles are drawn whose radii are 2" and 1*0", 
Caloulate the length of any ohord of the outer which touohes the 
inner. 


4. Iiuide a oirole, radius a, ore drawn a series of equal ohords 
each of length 24. Caloulate the distance of each ohord from the 
oentre of the oirole. What is the loons of the middle of the 
o^ordsf Find the oouneotion between this locus and eaoh ohord, 
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6. A number of tangents are drAim to a eirolo (eontre 0 and radius 
2"), and a point P is taken oneoohat a distance of 
1" from the point of conuot. I'nloulato the length 
of OP. What is the locus of PT 
0. A rosd is bounded by two walls AEB. CFO 
in the shape of two oonoentrio quadrants of ciralea 
l^tTO of each 0)i the radius of the smollor being 
W yds. If it is just possible to see D from C, find 
BD, width of the rood. Kia. 202, 



PoAonoAL. 

(Ex. 1,2,3,6, 6 above ean also be solved graphioalljr.) 

7. Draw a series of equal ohoids in a oitole; wbat »em» to be 
the locus of their middle pointet 

8. Draw two tangents to a oirole (radius 1"), meeting at an angle 
of 70^ Meuiuie their lengths. 

0. Draw two tangents to a oitele (radius Iifi.") which meet at an 
angle of 60°. Meaavu« them. (Do not use protrootor.) 

10. AB is a lino 0 cm. long. Draw a oirole with A as centre so 
that the length of the tangent drawn to it from B is 3‘|!i cm. 
Measure the radius. 


It^ECHonaxiaAih 

11; The tangents, at the two extremities of a diameter of a 
oirole are parrmel. 

12. Jt two parallel tangents are drawn to a oirole, their points 
of oontaot are In a straight line with the centre of the oirole. 

18. If two tangents AB, AC ore drawn to a oirole, centre O, 
show that the chord of oontaot BC is biseoted at right angles 
by AO. 

14. Prove that all ohotds of a oirole which touch a smaller oon- 
oentdo oirole are equal. 

16. Pind the loous of the middle points of a series of equal 
chords of a oirole. Show that the chords are tangents to the 
loous. 

16. If AB and CD, two paraM tangents to a oirole whose centre 
is 0, are met by a third to^ent BED at B, D, prove that BD sub* 
tends a right angle at O, 

17. A diameter AB of a oirole bisects all oborde whioh ore poioUel 
to the tangent at A, 
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18. ABCD ]5 a quad! which etiouBuoribes 

a circle whose centre Is O. Prove that 
. AB + CD-AD+BC. 

19. State and provo the oonvutse to Ex, IS. 

20. In Fig. 203, prove that A AOB H- 
A COD = two right angles. 

21. H a parm olroumscribe a circle, It will 
be a ihombus. 

22. It AB ia a chord o( a oirolo and AC is a diameter, and if the 
tangents at A and B meet at O, prove that ^ ADB => 2 Z BAG. 

23. Find the loons of points from which the tangents to a given 
circle have a given length. 

24. AX and AY are tangents to a oirolo, and a third tongent, at 
D, meets AX and AY, not produood, in B and 0. Provofcat the 
perimeters of As ABD, ACD are equal. 

26. How can a oliord bo drawn in a given oirole, through a given 
point P, which shall bo equal to a given length AB? (Draw any 
chord equal to AB and use Kx. 15.) 

20. Find a point in a given lino (XY) from whioh the tangent to 
a given eirolo is equal to a given length (PQ). (Use £x. 23.) 

Fraotioal. 

(Examples 14, 16, and 23 aro sometimes useful in oonneotion 
with prootioal problems; oompare Examples 26 and 20.) 

27. A is a point 1*2" from the centre of a given oirole (radius 
1‘8"). Draw a chord through A -which is 3" long. Measure the 
peurts into whioh tho chord is divided at A. 

28. A oirole is drawn with a radius of 6 om. and aiw line XY is 
drawn outside tho oirole. Draw a chord 0 om. long m the oirole 
whioh is parallel to XY. 

20. Firaw a oirolo with radius 1'7'' and draw any diameter POQ, 
Find a point A in POQ produced from which tho tangents dr-awn 
to the (urole aro 1 inoh long. Moueuro QA, 

30. Draw two oiroles with radii 3 cm. and 6 om,, the distance 
between their centres being 10 om. Mnd a point P from whioh the 
tangents to the oiroles ore both 2*5 om. long, Draw the tangents 
from P and measure them. 
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PROBLBU 0. 

To ODDStraot (1) the Inseribod eirole, <ii} one of the 
esorlhoit olioles of a giren 

Given a A ABC. 

To oonstmot 

(i) tile inscribed oitcle; 

(ii) the osoribed oitcle fxtacb- 

ing BC and ab, ao 
pfoduoed. 

(i) Constr. Bisect As B and 
C by lines Bi and oi wbiob meet 
in I; diaw ID x BC. 

Then the dtcle diavm vrith i 
as oentEO and ID as radius is the 
req^ inscribed ciide. 

Proof. Fox, ii IB, IF be drawn 
X CA, AB, sinoe I lies on the 
bisector oi 4 ABC, 

ID = IF, 

Sini>^ ID = IE 

.MDsa IE = if; 

the circle drawn with t as centre and ID as radius 
passes through e and F, and it touches the sides of the 
A ABC. (4s at D, B, F rt. 4s) 

(ii) Conatr. PiCduco ab, ac to x, Y. Bisect 4& CBX, 
BOY by lines BI 2 , cij which meet in Ij; . 

draw Ij Dj X BC, 

l^en the ciiolo diawn with ii as centre and iiDj as 
radius is the leq'^ escribed oirde. 

Proof. For if iiEi, ijFi be drawn x AY, ax, we have 
iiDi equal to both liEi and liF^, 
the circle passes through E^ and F^, 
and as before it touches BC and AB, AC produced. 

Q.E.F. 

There are evidently three escribed oireles (or ex>oirole(i) in oon- 
neotlon With atrisngle, Their oeutoes ate oalled the ex-eentfes of 
the triangle. 



THU CIBOLB 


177 


THE CIRCLES ASSOCIATED WITH A TRIANGLE. 


Exauflbs 61. 


It is very ^ffloult to draw an inaeribed (or esoribed) oirole of a 
triMgle at dl aoouratoly. Use large oros in bisecting angles; this 
helps to laako the oentre of the oirole more aoourato in poeition, 

1. Draw triangles with the dimensions given below and oonstruot 

the onoles mentioned: then measure their radii:_ 

(1) Sides 1-8", 2", 2'4"; incirole. 

(ii) Sides l'S”i 1'7", 2*2"; ex-oirole touohuig 1*6" ex> 
ternally. ® 

(iil) Two sides 1'8" each, included angle a right angle; 
® oX'oirolos. 

fjj®* V®”* I*®”, oiroumolrole and inoirole. 

(v) Sides 8 oniij 10 onu^ 12 om*} oiroutnoiroles of given 
triangle and of the triangle formed by joininc the 
middle points of its sides. What oomieotioa is 
there between the two radii ? 

2, Caloulate the oiroum-radius of a A whose sides are all 2". 


3. Calculate the radius of incirole of a A whose sides bxb all 4om. 

4. H an eq^atoral triangle is inscribed in a oirole of radius 1". 
find the length of oaoh aide. 

6. H I is inoentra of A ABO, prove that Z BIC =. 90" + J Z A, 
0. In the figure of Problem 9, prove that IBIiC is oyolio. 

7. Prove that if the qiroumooatro of A ABC is on the biseotor 
of Z A, AB »< AC. 

8. If the inoentre and clroumoentre of a triangle are the same 
point, prove that the triangle is equilateral. 

In the figure to Problem 9, prove that— 

9. BO - DC » AB - AC. 

10. 2 BD - AB + BC - CA. 

11. BDiBi(aH-&-c). ' 

12. AFi-i(BO + OA + AB). 

13. The angles Of A DEF aie 90*—90"-.®, OO"-®. 


14. If the inoirole of a triangle touches one of its aitina at tho 
middle point, the other two sides are equal. 

16, If in the figure to Problem 9, D and Dj ooinolde, AB =. AC. 

10. CSrolea can be drawn with centres at tho oomore of any 
triangle to touch each other in pairs. 

(Bnoinm) „ 
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ms TOUCHINQ OF omciiES. 

2*^0 oifiiBt BXB Bud to toueili each, other at a point when 
they both touch the eame lioe at that poinit. /^ey will 
meet in that one place only (i.e. in two coincident points 
there) and the line will be a oommon tangent to the two 
(aides at the point of contact. 

If the circles are on oppoaitB sides of the line, they are 
said to touch ext^nally or to have extenial contaot 



Fio.l. Fia.ll. 

Fia. 204. 


(Fig. i), and if they are on the same side of the line, they 
are said to touch Internally or to have internal contact 
(Fig. ii). 

Hote that if Uoo omles towdt at A, ihey mU have a 
ocmrm tangeni at a. 

We oould have looked at 
the qneation oi two oiioles 
^uehing hy oonaidocing first 
oi all two olrolee cutting (say. 
at A, AOf as in Fig. 206. Now 
If one oirole is regarded os 
moving away from the other, 
the points A, A' nltimatoly 
oolnmde, the oirolse touch ex¬ 
ternally, and the commoa 
secant (or chord) AA' becomes the common tangent at A. 

If the moving circle hod moved the other way, the points A, A' 
would again have ooinoided, and we should have hod internal 
contact. 

When two oiioles meet but do not touch, they must of ooutae 
out each other. In this cose the toagents to the oiroles at each 
point of inteiseotion are diatinot lines. The angle between the 
tangents at elthei point is said to he the angle at Which the 
elroles intersect. 




TEli OISOLB 


179 


THEOREM 48. 


H two circlM touch one another, their centres and the 
point ol contact lie on a straight line. 


Given two diolea, centres o and P, touchine at A 
To prove that o, a, p lie on a straight line. 




at 


A, they have a 


Oonstr, Join OA, AP. 

Proof, Since the circles touch 
oonunon tangent BA at a. 

Then, since A B is a tangent to the circle with centre o 
OA IS perpendicular to AB. (tgt.xrad.) 

T> j. XL AP IS also perpendicular to ab 

But there is only one straight line through a perp' to AB 
0, A, p lie on this straight line. 

Q.E.D. ■ 


The above Theorem oould be stated thus 

If two ciVciss touch externally, the distance between the 
mires %8 equal to the sum of the radii; and if two moles 
touch'Memally, the distance between the centres is equal to 
the d%fference of the radii. * 


The oonverse statements are also true. How then oan we test 
whether two oiroles touch each other (i) externally, (ii) inietnaUv. 
if we know their radii and the dtatimoe between th^r omtres ? ^ 
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THE GOmOT OE GIBCLBS. 

ExAtmM 68. 

NtWl&IQil. 

1. Two olnlw we drawn with radii 1*7" and S*8" | if the diatoiiw 
between their centre! is 4*2", vhj do they touch end what sort ot 
oontant have they} If the same olcoles ate drawh with the distance 
between their centres as *8", why do they touch and what sort of 
oontaot have titey} 

2. Two ciroles (ocnttes O, P) an dnwn with radii 8 onu and 
6 ow., the distanoe between their oantrea being 10 om. Show that 
a oirole oan be drawn with Its centre 0*6 cm. from 0 and 0*8 cm. 
bom P to tonoh both oiiolos externally. What is its radins} 

5. In the A ABO a»7 cm., h mB om., c»10*6 cm. A oirole 
is drawn with centre A and radins 0 om. What is the radius of 
the oirole drawn with centre B to have (i) external oontaot; (U) 
internal oontaot with the first oirole T 

4. In the A ABO a « 7*7 cm., h » 7*1 om.> e •« 0 om.; show that 
oirales drawn with A. B, 0 as oantrea and with radii 2*7 Sm.. 
8*3 cm., 4*4 om. will touch each other extonmlly. 

Psaancutto 

Bx. 1-4 can all be done praotioally. 

TnonaziaAn. 

6. Two olnles touch internally at A, and T Is any point on the 
common tangent at A, Prove that the other tangents from T, one 
to eooh oirole, are equal, 

0. Two ciroles touch extonioUy at A and PAO is a line thioush 
A meeting one olrolo in P and tho other in Q. Prove that me 
radii through P and Q ore paialtol, 

7. Two ciroles touch a dven line AB at A and a line is drawn 
through A to meet the oirdes in X, Y. Prove that the tangents at 
X, Y are parohel. 

8. Two oiioles touoh externally at A end another line BC touohee 
one oixele at B and the other at C. Prove that 4 BAG Is a 
right 4. 

B; a variable oirde with oentre P touohee externally two fixed 
oiiclee with oentree at A and B. Prove that PA '■» PB is 
oonstant. 
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CONSTRUCTION OF CIRCLES. 

. many oases in whioh oiroles need to be oonstruoted to 

eatafy mvea oonditiona, and it will be nooessary for the student to 

oertain well-known looi in oonneotion with oiroles 
The Mowing are very important. uiroies. 

_ U the loQus oamurt be seen at a glnnoe by means of either a mAnt..i 
pioture or a freehand figure, help may be obtained by taWne the 

drawing 0 or 6 oU?n M S 


ne"* I? "the o” 

of these looi are 

sought for m ever^ay We, e.g, one oog.wheol rolling on the outside of 
r ^ wheelbSrrow movilS »loM 

“ It tests on X rim 


Mir~ ^ t i h»o m n toata on the rim 

lS iCst!ii £S^ “■ do 


state the locus ol the centres of circles which 

1. Pass ihrougJi two gwen points. 

2. Touch two intersecting lines. 

3. Touch two parallel lines. 

4. Touch a given straight line at a given point, 

6. Touch a given o/ircle at a given point, 

6. Pass through a given point and have a given radius, 
1. Touch a gwen straight Une and have a given radius. 
8. Touch a given circle and have a given radius. 


have to do with the 




hadg^en us the s»e number ofWditrons f 

and the number of foots given us to enable the oirds to be drawn is 
always the same—three, ujniwn u 

If we omit one of tho three facts we at once get an infinite mimber 

d“d out from the list of looi 
of 




'.■■i',-■;— *• -wvw-kw avwsaa j.vs vue ueuuro 01 TQO 

™»™. . jJAUBi thme looi wboii drawn aa Locus T and Loous II). The 
L«5 iI s Uo’2 n. ^ intersection of 
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Pboblbms oh TEX Dsawiho Of OcSOtVE 

Ex. 1< Draw a eirtk toluue raditu ii M" and find a foim a 
tpjjdtjli i$ the tenln O. Noio enutruef a eirth U> totuh lAe 

gitien oirdU, to piu lArau^J!^ A, and to A(h« op radim of '7". 

Wo ouinot omit the foot thnt tiio ndiua is *7 . as ve do noli 
Imow the loous of the oentra of & oirolo wliioh tonohes a oitole and 
passes through a point outside it. We proceed thus 


the loous of its 


The oirolo 

centre is 

Thisio 

(1) touches the glm 
circle expt' and 
has a radius of *7" 
(No. 8 ohooe), 

a ecnoentrio circle 
with A radius 
H"+-7"-l‘8", 

Locus 1; 

(U) posses Enough A 
and has a radius 
df *7" (No. 0 
afiovs). 

a drole, centre A, 
and radius ‘7'^ 

Locus IL 


Lo<mI meetaLomllmUmpmtsP exid(li if wotakeeitiiierof 
these points as oentro end draw a oiiole with radiuB *7" it will 
satisfy the required oonditioua. 


. / 
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_Ei. 2. Ime^gate Ihs prolhn of rnttmting a circk to towA a 
given eifek, centre 0, at a given poirU A and to 'pass throfugh another 
poiritB. isthecrmstrut^aimyspossihh? 

Omit one of the three oondhtions at a time, as before:— 


The oirole 

(i) touches the given 
oirole at A {No, S 
above), 

(11) passes through 
A and B {No, 1 
above). 


the loons of its 
centre is This is 

the diameter OA pro- Loous I, 
duced, 

the perpf bisector of Loous 11 
AB. 


The centre of the oirole retjulred is the point 0 of intersection of 
Loous I and Locus II. The radios required is CA (or OB). 

The oontre oan always be found and the circle drawn except 
when Loous I and Locus II are parallel; this is the case when 
L BAO is a right angle,».«. when B lies on tb tangent at A to 
the given oirole (see % ii). 



rio. 20L 
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TH£ DHAWIKG OF CIRCLBS. 

BxAKPLia 63. 

Piuoncut.. 

1, AB ia a straight liiu 2" losg. Draw a oirola of radius 1'4" to 
pass throi^ih A and B, 

2, ABO is aa. angle of 80”, AB and BO being both 2 Indhes long. 
Draw a oixole of laains *8" to touoh AB and BO. 

3. AB is a line 8 b. long. ABO Is an angle of 70” and DAB la 
an anj^e of 110”, D and 0 nelng on the same side of AB, so that 
AD and BO are parallel. Draw a tdrole to touoh the three lines 
DA, AB, and 60. 

4. A ABChas AB-aSom,, BO>«7oin., CA ■■ 0 om. Drava 
alnde to tonoh BO at 0 and to pass throngh A. (Note that the 
eJrole must go through C.) 

K, AB ia a line 4*2" long and AOB Is the are of a semioltde 
dravn on AB as diameter.' Draw a oiiole of radius *7" Inside 
semioirole to touoh AB and the aro of the eamioirole. 

6. ABO is a triangle in vhioh AC 2", AB 1*2", BC »1*1", 
and a olrdle Is dravn vith oentre A and radius AB. Nov drav a 
oltole to pass through 0 and to tonoh the oirole at B, Measure its 
radios. 

7. 4 straight line XY la dtavn and a point O taken vhioh is 
4om. avsy from XY. Drav a oirole of radius 2^ om. to pass 
throngh O and to touoh XY. Hov many suoh oirolos are there f 

8. Drav a oirole vhose radius is 2" and a line ‘9" avay from the 
centre. Drav a oirole to touoh the above oirole and the above 
line and to have a radius of *0". Hov many suoh olioles are 
theret 

0. Two oiteles ace drawn vith radii 8 om, and 6 om., the distonoe 
between tbeii oentres being 9*6 om. Drav a oirole of radius 1*6 om, 
to touoh both oleoles externally. 

10. Two dides of radii 1-8" and 1*6" are drawn, tlielr centres 
bdng 2" apart, Nov drav a circle of radius *6" to touoh the given 
oiioles internsUy. 

11. In A ABC, a SB 1*9", b«a2*6", 0=8*4", Draw the semi- 
^ oirole on AB as diameter on the same side of AB as C. Ooostruot 

a ahnde of radius *7" tq tonoh the arc of the semioirole internally 
and to pass through 0. 
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THEOREM 49. 

The angles which a tangent to a circle makes with a chord 
through the point ol contact are equal to the angles in the 
alternate segments ol the circle. 

Given a circle ABC and a tangent DBE touching it at B,. 
also a chord bp through B. 

A 


To prove that— 

(i) Z PBE ea Z. in the alt. segment bap; 
and (il) z PBD = Z izx the alt. Begment bcp. 

Oonstr. Draw BA, the diameter of the circle passiag 
through b; join pa. Take any point C in ^e minor 
arc bp ; join PC, CB. 

Proof. (i) BA is a diameter, {oonstr.) 

.*. Z APB is a right Z, (Z tn a semioirole) 

Zs ABP and A ate complementary, (Z« of a A) 
But Z ABE is a nght Z, {tgt, j. rad,) 
Zs ABP and PBE are complementa^, 

.*. Z PBE = Z A. {comps, of same Z) 

.*, ZPBE =:! any Z in the segment bap. 

(ii) A PC B is a cyclic quad*, 

.*. Zs A and c ate supplementary, {opp. As) 
Again, Zs PBE and PBD are supplement^, {sir, Z) 
But Z PBE = z A, (proved) 

their supplements are equal, 
i,e. Z PBD = Z C. 



Q.E.D. 
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The ooarene of Xhooma 40 is also importantt 
If the angle between a chord of a circle and any line 
through one end of the chord is equal to the angle in the 
alternate sMpnent, that Une will be a 
tangent to the circle. 

• Thus if L B AC ■■ the Z in the alternate 
leament BDA, AC will touch the oirole at A. 

proof of thia, by /Zeivetto ai Abiurdum, 
is left as en oxaroise for the studemt. 

Att^ATB SBOMENT, 

ExAUTLsa 60 . 

NxnisKCOAL. 

1, ABC is a hdangla with Z eAloulate the angle 

between llie tangante at B and C to the oirole ABC. 





Fiq. m. 


2. Oolonlate the size of the angles 1, 2, 3, 4, 5 in Jj^g. 220. 

3. Caloalate the aize of the anglee 1, 2, 3, ... 10 to Fig. 221. 

4. ABC, AOE are tangents to a oirole BDF at B and D; 
Z CBF-72®, Z EOF-01“; oalouinto Z BFD and Z BAD. 

6. Two of the angles of a oyolio quodtilatoral are W and 102*. 
Find tho angle between the ton^ts to the oirole at the first vertex 
and the opposite one. 

6. An obtuse angle ABC to a segment of a oirole Is a"; nrove 
that the angle between the tangents at A ond 0 is — IBO) . 

TnnoB»nOAL. 

7. Use Theorem 49 to prove that tangents to a oirole from on 
external point exo equal, 

6. If an equilateral triangle is tosoribed to a oirole, prove that 
the tangents at its vOrtioeB form a L whioh is also eqitoateial. 

6. AB touches a oirole at A, and AX is a ohord of the oirole; 
if xy is a ohord || AB, prove that chord AX chord AY. 
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10. Two oiroles meet in A, B, and AC, AD are the tangents at A 
CO the two oiroles, meeting the other oiroles in C, D; prove that 
ZABC=ZABD. 

11. AB and CD are parallel ohords of a 
oirolo; the tangent at A meets DC produced 

in X, and BD is produoed to E. Prove that ^ 
ZXAD=ZEDC. JMC dK 

12. In A ABC the tangront at C to the circle ITio. 222, ^ 
ABC meets AB produoed in D; the bisector 

of Z ACB meets AB in E, prove that DE = DC. 

18. ABCD is a oyolio quadrilateral, whoso diagonals moot in O. 
Prove that, if a oirolo bo drawn through A, B, O, the tangent to 
this oirolo at O is parallel to CD. 

14. ABCD is a oyolio quadrilateral; a oirolo is drawn to touch 
AB at A and to pass through D, ontting CD again in E; prove 
that AE II BC. 

16. ABCD is a oyolio quadrilateral, and the tangents at A and C 
to the oirolo ABCD meet in E. If the uto ABC is a minor oro, 
prove that Z E=ZABC—Z ADC. 

16. Two oiroles touch internally at A, and two lines oie drawn 
through A meeting one oirole in X and P and the other in Y and Q. 

Prove that XP || QY. 

17. Prove Ex, 10 when the oiroles have external oontaot. 

18. ABCD is a trapezium, and the non-parallel sides AD, BC 
meet when produoed at 0. Provo that the oiroles DAB, OCD 
touch at 0. 

19. Two oiroles touch internally at A; BC is a chord of the 
larger oirolo touching the smaller at D. Prove that AD biseots 
Z BAG. 

20. Two oiroles touch internally at A; BC is a chord of the* 
onW oirole cutting the inner at D and E. Prove that Z BAD = 
Z CAE. 

21. CAB, OCD are Straight lines meeting in O. Prove that the 
ooute angle between the tangents at 0 to the oiroles OAC, OBD is 
equal to the ooute angle between the lines AC, BD, 

22. D is a point in the base BC of A ABC: two oiroles are 
drawn to pass through D, one of them touohing AB at B, and the 
other toumiing AC at C. If the oiroles meet again in E, prove that 
A, B, E, C ore oonoyoUo points, 

23. Two oiroles ABC, ADE touoh externally and a straight line 
BCDE is drawn to out them both; prove that BE and CD subtend 
supplementary angles at A. 
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COMMON TANOEim. 
PROBLEM lOA. 

To draw an oxtemal common tangent to two (dioles. 



. Given two dicles with oontcea A, B, and radii a> b, where 
a>b. 

To draw an e^mal common tangent to the oirolee. 

Constr. Bisect AB at 0, and on AB as diameter construot 
a semioiicle; with centre A and radius 0 — 6 (the difiiexence 
, of the radii) draw a drole, cutting the semicdrole in o. 

Join AO and produce it to meet the large dtole in d 
join OB. 

* Draw BE II AD to meet the oixole of radius h in e ; join 
DE. 

Then DE is the required external common tangent. 

Proof. Since AD a and AC =< a — b,CD s h sa be ; 

also CD II BE, (oonslr.) 

* CDEB is apar". (cd and be and |) 

Also L acb is a right Z, (4 tn a stfnie^ole) 
DCB is a right Z, (str. Z at o) 

CE is a rectangle, 

and Zs at d and E are right Zs, 
so that DE tonohes both oiicles, x rod.) 

i.e. DE is an ezt, common tangent, 

Q.E.P. 

<K aan be dona vlth a aet aquore, but a almple method naing 
oomPaaaea, Ja to draw an aio with oentra D and radlna CB, ontttog the 
oiiole of TBdina t tn E. 
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PROBLEM lOB. 

To draw an Internal common tangent to two circles. 



Given two oiioles with oentrea A and B and radii a 
and b. 

To draw an internal common tangent to the given 
ciioles. 

Constr. Bisect AB at o and on ab as diameter construct 
a semicircle ; with centre A and radius a-{-h (the sum of 
the radii) draw a circle, cutting the semicircle in C. 

Join AC, cutting the circle with radius a in D ; join CB. 

*Draw BE pat* to CA to meet circle, radius 6, in E ; join 
DE. 

Then shall DE be a common internal tangent. 

Proof. DO s= AC — AD = (o + 6) — o = 6 = BE, 
also DO II BE, 

DCBE is a par°‘. (DC mi EB = and||) 
But C is a right Z, {/.in a smidroU) 
DB is a rectangle, 

and CDE and deb are right Zs, 
so that DE touches both circles, {tgt, j. rad.) 
i.e. DE is an internal common tangent. 

Q-E.!-. 

* Either by means of a set square, or by drawing an are with centre 
D and lodiua CB, outting tbe olrole of radius i in E. 
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COMMON TANGSm 

ExAUFCiBS 66. 

NVUSIUOAIi AKB POAOnOAXh 

1, Draw two cirotee with, radii 1*6" and •&", with their oenttee 
2'5" apart; draw an extertml oommon tangent, and measure its 
length, diieok by means of f ythagr)ra8. 

2. Draw two oinles os in Ex. 1 and draw on internal oommon 
tangent. !]^d its length (a) by measurement, (b) by oaloulatton. 

8. Draw an external oommon tangent to two oirolea, auoh that 

(i) a w 7 om., b an 4 om., 

D (diatonoo between oentrea) ■* 0 om. 

(ii) o=i2-8",b-.l'', D-.3-S". 

In each osse find the length of the oommon tangent in two ways. 
4. Draw on internal oommon tangent to two oirolea, auoh that 

S o — 3 om., b a 4 om., D » 0 om. 
o»l‘7",5--7" 0-3". 

Measure and oaloalato its length in each ease. 

6, l>o oirolea hare radii S om. and 8 om., their oentres being 
16 om. apart. Caloulato the length of on internal and of on 
external oommon tangent. Whioh is the greaterT 

6. If oirolea hare radii a and b and the dlstonoe between tholi 
oentrea ia 0, prore that, if T and T' are the lengths of their 
external and Internal oommon tmigenta, 

T» =■ D* - (a - b)* and T'* - D* ~ (o + b)* 

Which is the greater, T or T' f 

7. Prove in Ex, 0 that T* ~ T'* 4 ob. 

8. If T is the lent^h of on external oommon tangent to two 
olroles of radii a and b whioh touch externally, prore by Pythagoras 
that T* B 4 ob. 

0, Two oirolea touch externally at A. State a oonatruotlon for 
finding a point in the common tangent at A suob that the other 
tongenta from It to the two oitoles are in a straight line. 

10. If two oirolea of radii a and 2a touob externally at A, and the 
oommon tangent at A meets at B on external oommon tangent; 
prove that AB b a^/Si. 

11. The amailor of two oirol(» lies entirely within the larger. 
Show how to draw a chord of the larger to touch the smaller and 
to hare a given length. 
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PROBIJBM 11. 


On a given straight line as base, to oonstruot a segment of 
a circle which shall contain an angle equal to a given 
angle. 


Given a line AB and 
an L P. 

To construct on A B ns 
base a segment of a circle 
oontaining an Z = P. 

Consti, Make an angle 

bag = z p ; 

draw AD jL. AC. 

Draw perp* bisector of 
AB, meeting AD in o. 

With centre 0 and radius OA draw an are of a circle on 
the opposite side of AB to c. 

Since 0 is on the perp' bisector of AB, 

OA = OB, the circle goes through B. 

Then shall segment AEB be the segment required. 

Proof AC X radius OA, 

AC touches the circle, 



Z CAB = Z in alt. segment AEB. 
But Z CAB= Z P, 

Z in segment AEB = Z p. 

Q.E.F. 

Note 1. If in the above pioblem Z P is 
given in degrees (say 04'’)i the line AC need 
not be drawn; for Z AOB 128**(why ?), 
and Zs OAB and OB A can be found (what 
are they 7), and if these angles oro di-awn, 

O is obtained, and the oirolo oan bo drawn. 

(See fig. 223.) 

Note 2. If a segment has to bs drawn 
on a given base AB oontaining a given 
obtuse angle (say llfi"), the angle AOB at 
the centre 0 is reflex (fiSO”), Z AOB in 
A AOB is ISO” Za ABO and BAO are 
both 26**. Henee 0 oan be found and the 
ohole drawn. 



h'lO. 223. 



18 ^ 
Oaao” 
Fm. 224. 
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Note S. HiB moUiod of intmeotion of loot oan often be need In 
oonneotion vith this oonatraotion, 

Ex. Drmt « frianj^fs ABC, ffbitn BC 5'6 on),, Z A mfiir, 
aUitudt AD >■ 3 «m. 

DjWfftiiebBaeBC. 

(i) Then knowHi^ the mtioel 4 A, the loons of A is an 

oro of ft oinle thioogh B and 0, (I/ioua 1.) 

(ii) Knowing the alUtnde, the iooos of A Is a line || BC. 

(LoousIL) 

We oftn now And the poeition of A, vis. where these loot meet, 
iTwo eaaiy and important oooatruotioni follow. 


TO usrsoma n a. aiVBir oxbolu a sbuwqxb ABO wbobs 
AHQUU ABB anrm (sat 60*. 00*. 70”). 


Sinoe 4 A is to be 60*. the base BC will 
subtend an angle of 100* at the oentie 0. 
So also OA will subtend an angle of 120* 
atO. 

Henoe we draw a radius OC and make 
on oppotite sides of it 4 BOO «100* and 
4COA-120*. 

4 BAO will bo i BOO) it, 60*. and 
4 OBA will bo 00*. as req.ul]^ 

the third 4 ACB must be 70°. as 
reqtdred. 



To oxBOnusoBina aboot a qxtbm oeboub a xitiAwaui wbobb 
AHaiisa AKH orrair. 


AxutlyBUl. If ABC is the triangle 
when mwn, join 0. the oentte of 
the olrole, to D. E, F, the points of 
oontaot of the ^des. U it is known 
that 4 A-60», 4 B-OO*. 4 0 
70*. can the slise of the three anglas 
at 0 he found T [Oonslder quad' 
BDOF; how many angles in it are 
known 7 Find the also of the fourth 

Eyidently 4 FOD -180* - B ■ 
180", 4 DOE «180*-C-110*. 

M .-t . ■ 



Draw a radius OD, make 4 OOF xa 180* — B, and 4 DOE a 
180* — 0 i now draw tangents at D, E, F in oirder to form a 
triangle ABC. ProTe that 4 B = 60*. 4 0 - 70», 4 A «■ 60". 


Tsa aaxsua 
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Exaiduui 67. 

PAAOnOAIk 

1. Draw a lino BO representing a plooo of oaiiJit>Unn, two mlk* 
long, and running B. and W., and draw the eiunro allowing Urti 
Q^ions of all shins ton the north side of BC) at whtidi BC sub^ 
to an angle of (i) 70“ t (fi) 00“ { (ill) 105“ 

2. Draw a oirole of radius 1*6" and insoribe in it a iriat^to wbosa 
angles aro 66“, 60“, 06“. Measure the tungoat aids. 

8. A ladder AB H fMt long rests with ono end A on ths gjwniMl 
and the other end B against a vortloal wall If Iho lowor «nid atiiis 
and B remains on the wall, plot the loons of tho nlddlo pcdnl tbs 
ladder. 

4. Plot the loous of the middle points of a serirs of (Arnds of « 
oirole which all pass through a Hxed point O insids tbo oireln. 

Constniot triangles from ths data In qneatkins 6-8. 

6. Base « 2", vortioal L -*60“. altitude ■■ I *8". Memtuw the 
sldu. 

6. Base >3> 1*6"» Tortloal A m 40“i ono other side *- 1". Urastut 
the other side. 

7. Bose *- 6 om., vertioal Z ■■ 80% modiaa bfawothig base m 
8*6 om. 

8. Base => 3*1", Tortioal Z •-110*, altitude «• *6". 

0. A, B, C are three Ughthousoa in order on a altaighi ooast>Hae 
running B. and W., AB being 1^ mllee long and BO | uBe. A 
shipwrooked sailor on a rook R notioea that B is due soutb of him 
and that the angle ARC is 70“. Draw a &gm«siu»r)iighlspadMni 
and measure his dlatanoe from A. 

10. ABC is a triangle In whioh AO — 7 om., BO ■■ 10 om., AB 

6 om. Construot the position of a point P subh that Z BPA ■■ 
30“, Z CPA - 80“, Z BPO - 60“. Moaanre PA. 

11. Construot a parallelogram in whioh the dlegonals axe Z 
and 6*6 om, and the aonte angles of the Agare ate 64*. Meatitre 
the sides of the flgnre. 

12. Construot a parallelogram, giran tiiat one side -* 2*6*% the 
angle subtended by that side at the meet of the dlsgcmiJa is 118“, 
and one diagonal is 8*4". Meaance ths other side. 

(BBOllTlUt.} O 
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BEaDLAB FIGBBES INSIDE AND ODTSIDE OIBOLBS. 

iNSORIBaD BboULAK Poi.TaOH6. 

If we divlclo tho angle at the oontie of the oirole into equal 
angles AOB, BOC, COD».... at the contra of a oltole end join the 
points A, B, C,.... by ohoids AB, BC...we can prove that— 

g AB<»BC«CO 

Z ABC Ba Z BCD OB . <.. 

Henoe the Sgora ABCD .... has all 
its sides equal and all its angles equal, 
t.e. it is a regular polygon. 

Thus wo see that, In order to inscribe 
a regular polygon of » aides in a given 
oirole, we dnw at the centre n equal 

angles, eaoh being Then the ends 

of the adjaoent radii have to bo joined up. 

In most oaeea the angles have to be Fio. ihi?, 

made by means of a protraotori but in a 
few oasoa oompassee will serve. 



PBOBIiEM IB. 

To Insotlbe In a ^ven oltole a tegular ilgure of 8, 4, 0 or 

8 sides. 


(i) An KQuiiiATBftAn TBiABanx. 

we make anglce of 120’ at the centre 
of the oirole. 

This can bo done by making 60” at the 
oentre twlee, t.e. by tarang a radius equal 
to the radius of the oiialo twice over 
round the oironinferenoe. 

We thus get A ACE in Fig. 228. 

(ii) A squABK. 

We mahe angles of 90° at the oentre 
of the oirole. Thue we draw on Inscribed 
square by xnaking two diameters at right 
angles and joining their extremities. 



(iii) A BsamiAB HnxAaoH. 

We make angles of 00° at the oentre of the oirole. 
We thus get the hexagon ABODEF in I^g. 228. 
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(iv) A BnauLAs ootaqok. 

Wo now make angles of 46“ at the centre of the oirole. 

Thus we draw two i diameters and bisect the angles between 
thorn. ® 


OlBOUMSOBlBIlD RiaULAIl POLYGONS. 

H we make n e^ual angles AOB, BOC,.... at the centre of a 

oirole (each eq,ual to _—), and tangents ere drawn to the oirole 
n 

ft* A, B, C.a oiroumsoribed p, a 

polygon will be obtained, which oan - 

easily be proved to be equilateral 
and equlan^ar (i,e. regular). 

[Fig. 229 shows two regdar ponto- 
gons, one Insorlbed In a olide, the other 
oiroumsoribed about the some olrck] 



polygon of n sides about a given 
oirole, and in the oases when n=>3, 

4,0 or 8, it oan be done without a 
protractor, if need be, [SeoPi'oblem „ 

12 ahove.] j. ® 

Note that the oontre of the oirole 
is also the centre of any insoribed (or oiroumsoribed) polygon; 
for it oan bo proved to bo the point of oonourrenoe of thohiBootors 
of the angles and the perp* Disectora of the sides of any such 
polygon. This indicates the method of inscribing a circle in (or 
oiroumsoribing a oirole about) a regular polygon. 

The oontre of the oirole is obtained sftAsr by bisecting two 
adiooent angles or by drawing the peip^ bisectors of two omacont 
sides of the polygon, 
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NSW SOIBOOX. OBOMBVBr 


EZAlCKJtS 68. 

]?UOXIOAL. 

1. Draw a olrole of radius 1*8" aad insoribo a S'^uare La It. 
Moasure ona side. 

2. Draw a square ommsuKiribad about a givon otcole of radius 
2''; measure one side. 

8, Draw in separate figures, in oonnootion wifch a oirole of radius. 
1*1", on Insoribed and a oircumsoribed 

(1) equilatoral triangle; (ii) boxogon; (iil) octagon. 
Measure a side of eaoh of the six figures. 

4r. Draw a regular pentagon in^de a olrole of radius 4 cm. By 
moons of pein^dioular bisootors of sides (bote man^ sfdMf) Inscribe 
a oirole in the pentagon, verifying that the in-oentre and oiroum* 
oentre axe the same point. Measure the raditu of the second 
olrole. 

5. Giroumsoribe a hexagon synrmotrioally about a given hexagon 
of aide 1*8". How long are its sides 7 

6. A sqnaro la drawn with sides 2*8" long. 

Got ofl equal triangles from eaoh of ita 
oornera so that the figure loft is a regular 
octagon. Moasure a side of this figure. 

7. Inside on oquUntoral triangle (side 2") 
draw (os in Big. 290) throe oirues to touch 
eaoh other in pairs, each oirole also tonoh- 
ing.two eides of the triangle, Meaaure a 

’ diameter of one oirole. 



TnaonsnoAi,. 

8. AB and AO (on opposite sides of A) ore sides of regular 
polygons of 10 and 16 sidra insoribed in a given oitolo ABC. If 
BC is Joined, prove that BO is a side of a regular hexagon insoribed 
In the oir(de. 

9. If A is a point on a oirolo and AB and AC (on' the same side 
, of A) are aides of iosoribed’regnlar polygons of 10 and 12 bL^ 

show that BC, when joined, is a side of another insoribed regular 
polygon, How many sides hss it 7 

10. If ABODE is a regular pentagon, prove that CA and CE 
triseotthe angle C, 

11. If ABODE ia a^regular pentagon, and O its eLroum-oentre, 
and if AB, DC produoed meet in F, show that A, F, C, O are 
oyoUo. 
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oircumferenge''of a oibcle. 

The pupil may have already learnt of the relationship between 
the oiromnferenoe of a oirole and its diameteri The result is that 

O irmn^eretux ^ ^ circles. 

BvmtUr ' 

The ratio oonnot he expressed exactly, i.e. it is said to be an Inoom- 
mensuiable quantity. Its value to four deoimaJ plaoes is 3'1410. For 
elementaiy work Sj. or 3'14 oan be used. When the actual value of 
the ratio ie not wanted it is represented by the Greek letter n 
(pronounoed' pi'). 

Thus Cireumferenoe of a circle = nX Diameter, 

= Sitr, r being the ladius. 


SnuiuBT OT uiXHons or vanirsiNO FBAoxiaA.u,y thai 


Oiroumferemx 

Diameter 


= conatant. 


The average of the answers obtained by the olass should work out 
at 3*14 

Mkchod I, A mwrow strip of paper is wound round a oylindec 
once. A pin>hole is then pricked through the overlapping ends. 
Thus, when the paper is unwrapped, the distance between the 
pin-holes is the length of the olroun^erenoo. The diameter of llie 
oylindor ean be obtained either dirootly by means of a ruler or 
by laying it flat between two wooden blooks which are kept 
straight by the edges being kept flat against a ruloi. The ruler is 
then used to measure the gap between the wooden blotflrs, and this 
gives us the diameter of the oylindor. 

IdETHon Tl. A variation of the previous method consists in 
winding a thin picoo of string round the oylindor ton or more 
times, taking oaro that the various layers of string touch, and 
do not oroBB, ono another. After cutting ofi the slxlng so that the 
two ends are on a line parallel to the axis (a ruler is useful for this), 
the string oan be unrolled and measured, and so ten (or more) 
oiroumforeneos can he found. After finding the length of the 
oiroumferenoe by division, proceed as in Method I, 

Hetiiou III. Unequal oizoles are drawn on paper, and their 
oiroumferonoos found by moans of a pair of dividers stretohed 
apart a short distanoo so that tbo aro and chord for this diatanoo 
aro praotioally the same. The number of times this dlstanoe 
(whioh should be an exact number of millimetoes or tenths of on 
inch) goes into.the oiroumferenoe and the small length of are 
remaining are noted, and so the oiroumferenoe is found. The 
diameter is measured direotly. 
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MmaoD W. fMt th5t la the m.m iot »\l 

olrolei oan be verified mdlji witliout finding tie value of tie 
traotiou, by mocUfying Method Ut. I>fav two oirolos, the tadloa 
of one bring twloe the ladiua of the other, ^nd how, by means of 
the dirldera, many times a amll length at aro (or chord) goes into 
the oiromnfeienoe of oaoh oirole, and show that it goes into t^ 
larger one twioo as many times as into the other. 
r« Hwt Oironm ferenoe ^ 2 „ Mrst diameter 
SeoontTSInumfwMiio I Soouud diameter* 


THE AREA OF A CIRCI.E. 

To prove that the areh ot a oirole ol radios r •« nr*. 



Mbehos L Divide the ar^e at the oontro O Into an even 
number (2rt) of equal parts. Then the ares a, p,y,,.,. that are 
out off are all eqtial, and so are the seotors. Airasm the seotora 
oa in the eeoond figure, so that the central angles point alternately 
up and down. Then if a is largo the second figure looks almost like 
a parallriogram, and ultimately, if n is taken largo enough, It 
becomes a reotongle, whose bright Is r and whose hue is half the 
oiroumferenoe of the oirole, 

Thus, by taking n snffloiently large, we see that the area of the 
oirole beoomoB equal to nr X r (bate x A(.)« wr*, 

Mbthos n. Make a equal angles at the 
oentre, and by drawing tangenfs obtain a 
riroumsoribed regular polygon of a sides, via. 

ABOD . a, ■ 

Then area of polygon « n X area of A OAB 
— A X i AB X r 
— A X boee AB X ir 
es perimotei of polygon 
X4r. 

Now suppose A becomes indefinitely large; 
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then the area of polygon beoomes indlatingulshahle from the area 
of the oirole, and the perimeter of polygon is identical rnth the 
oiioumierenoe of the oirole; 

area of oirole oironmference of oirole X ir 
= 2irr X Jr= irr*. 


ARCS AND SECTORS. 

Lbhotb: or ah abo. Since equal angles AOB, BOG, COD,.... 



at the centre 0 of a oirole stand on equal aros AB, BC, CD,.,. 

it folioTTS that if Z AO B =3 1th of 860”> 
n 

aro AB is 1th of oiroumferenoe. 

» 


t • 


• Bto AB I 
oiroumferenoe 

if Z AOB = $, 


angle AOB 
800 ®^’ 
0 


.'.length of arc = 

Abba or sboiob. Sinoe the seotors in Rig. 233 ore all equal, it 
follows that 

area of sector AOB _ angle AOB 
area of oirole ““ 300® ' 


areaofaector = X r 

■=> I cn^ X 'TadlltM. 

This truth oan he reuemhered by noticing that a seotoi is a tort ol 
tfianffh on a ourved base, the height at every part being the radivis, and 
the base being the aro. 



ifsw tiatooL oioxsniT 


«Q0 

0Q8VSD StrSPAfSn OF SOLIDS. 


r».S34. 




iKirndi«arSM»tigr»HMMndlattoitaba^ opoa U outi 

Ittio n^wi||l^ w« im tool 

M> biM X height 
n Snr X A «> Bnriu 

In Ow MH ei • MM ol Meat I« Md ndhu of bMs r. Ik m, 



Fio, 88& 


h« oat eloBg the Meat height end opened out into e eeoha ol e 
oholOi liM ero hMng Sirt* end the ndiw betog <) 

Meneof oeotomi OM X rediue i Siir X« 

"•writ 

We then lUttame th»t~ 

/tiH»woaofth0»tirfao9Of9»ph«r0 
— ftw X i8r »» 



Ftp. $89. 
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. SZAMFLIIS 09. 

Take «r as 3f. 

^.i// olroumferenoea of oiroles whose radii are 4'9", 1*4" 

n «/ oirolea whose oiroumforenooB are 2'2" 0*8" 

2'6 (oorreot to *1 in,). - » » « , 

3. How far docs a bicycle wheel 28" in dlamoler roll in one 
revolution 7 

4. A mile race is run on a oiroular track of radius 42 yards 

How many times round must the scrofcA man run ? 

5. An arc of a oirolo of radius B ins. subtends an ongle of 30* at 

the centre; find its length (oorreot to *1 in,). “ 

0. A seotor of a oirole of rodiua 8-6 om. has a total perimeter of 
114 om. I^nd the angle between the two radii. 

southwards along a meridian from Lat. 66“ N. 

ji ** trayeS (to the nearest mile). (Take 

radius of earth as 3,000 miles.) ' ^ 

8. H a oart scvm feet wide is driven round a oiroulor track 
® oirouit with its outer wheel on the boundary, 
now far TOi tn^ inner wheel travel 7 . ^ 

and 15 yds, (to the nearest tenth of a sq, yd.), ^ 

of ciroles whose areas are 2,404 sq. ins., 
100 sq. ft., 64 sq. om. (Answers correct to 3 figures.) ^ 

11. The angle of a sector of a circle (radius 7 om.) is 72“. Find 
its area and tho length of its arc. 

anifa * field are straight fenoos meeting at 0 at an 

angle of 46 . If a oow be tothorod to a stake in toe ground at 
O by a rope 10 yards loim, find tho area of too field wlnoh it osn 
graze (oorreot to ■! sq. yd,). 

and^'4'^°^ hotwoen two oonoeatrio oiroles o| radii 7" 

14. A grass kwn in tho shape of a oirolo has a radius of 200 foet 

“i,"' surrounding it. Find too 

areo of the border (ignoring docimals of a square fo^) 

16. Prove that the area of the bend between two oonoentrio 

oirolea of oircnmferenocs C and C' is 5-+. x t, whore t is the 

thioknesB of tho hand. 

r!" “ "■ 
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11, Find tia nnsn of ibo muinid aurfuo % cone ivlion ladiqt , 

6'3" nad vhotn nliuit hdghi li 5". 

18. Find tbe ue* of itw cnrvrd aurfiuto nf n coco vhow mdina ta . 
i‘S om. Mid vhOM pprpendioular bpigfat i* !t'6 ora. 

16. A of tin in the form of k acmiRircIn (ndiuB 10 om.) Ii 
bent «o M to form » oanioat cap. Find iho diMurtiir of the oone, 

20. How many timot is the uv* of Iho surface of a sphere 
grentw than ti» area of a olroia baying the same nd.ius as ^e 
spbarof 

21. What ana of oanm will make a conloal tent 6 feet high and 
12 in diameter f 

2A Find the area ti a segment of a oirok, radius 6 ", ^e length 
of the chord of the segment being 0 ". (A segment is a seotor a 
teiangle.) 

22. ABC is a ri^tanglsd triaagls, C being the right angle, end 
ssmlolroles are drawn on tiie tlmoo sides as diameters. Prove that 
Bu arse of the samloirale dnwn on AB « the sum of the atesa of 
Ihs other two aemiotreles, 

24. Three bsUpenny ooinis are placed os a table so that eaoh 
ton<^ the other two. Find the length of a nieoe of string whioh Just 
sutroonds them and it taut, the ramus of a bsUpenny being ^ inch. 

26, Two ooine are placed in oostaot, Il 4 e radius of the smaller 
bsdng 2 om. Find the length of a taut pieoe of string which Just 
Bunennds them, if the str^ht pleoes of string are at right aa^es 
to each other. 


26 . If a xognlat hexagon bo insoribod —— 

in a oirolo rat radius 2 ", find the total 
area between the hexogon and the 
olroumferenoe. 

' 27 . In Fig. ZSTsemioiroIesaredrawn, ^ 

as shown, on the ridw of a right-angled W/ 
triangle aa cUamoteri. Show that the ’ — '— 

nun of Bte shaded areas is equal to tho 237 . ^ 

area of A ABO. 

28. Ilg, 228 shows asomlolrok on A 8 
and fOmr^other aendoirolea dnwn on X X 

AX,XY,Y2,ZBa8diamotor8, Show / \ 

that the total perimeter of the first \ 

sdfoielrele is equal to the sum of the J \x Y/^Z u 
j^meters of the other lour, whatever A' ■ V J 
tbaidites of the latter, wnTMa 

, M. H in Fig. 288 AX - YZ end 
XY t« ZBw show thht the srea of the original sentteHiote cannot bo 
nol to the Bum of the four cirelu on AX, XY, YZ, ZB as 
smeters exoept in the opoeial cue In whioh two of the four 
segments of'A S are Sero and the other tw(f ore half the hne. 


Fio. 28 A 


SECTION V. 

THE RECTANGLE. 


A reotangle is said to be oontalned 
by two lines when those lines are 
respectively equal to two adjacent 
sides of the reotangle. 

Thus the leotnogle ABCD is said to be 
oontained by the unos AB, AD or by the 
lines PQ, XY (sinoo PQ ■■ AB and XY => 

AD). It will often bo refened to as reot. 

PQ.XYorasPQ.XY, 

A line (AB) is said to be divided 
internally (at c) if the point of section 
(c) is on the line (AB) (see Fig. i). 

A line (AB) is said to be divided 
externally (at c) if the point of section 
(c) is on the line (Ab) produced (see 
Fig. ii). 

The segments (or parts) in each cose arc AC and CB. 

We hare already learnt that if a and b teproBonb the ntunber of 
units of length in two linosi then ab represents the number of units 
of area in the reotangle oontained by the linesj and a* (eptoaents 
the number of units of area in the square drawn on the )9nt line, 
Briefly we shall say that if a and b are the lengths of two linos, ob 
is the area oontained by them, and a* is the area of the square on 
the line whose length is a. 

We are now _ able to illustrate several well-known 
algebraical identities by means of geometrical figures. 

They are four in number:— 

I. k(a 4- b -1- q -j-...) = ka -|- kb -)- ko -h 

II. (a + b)* =a*-|~b“-l-2ab, 

III. (a-b)« =aHb>-2ab. 

IV. a*-b* = (a -I- b) (a - b). 
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X- Y 

fia. 247. 


FI*. I 


0 — 
■X—B 


BO 


FI*. II 
h'la. 243. 


• * * 




Wi 


Ktff ac^Hoot QBOHmy 


ntOBLSK IS t 

to oosifrtMt i I^N io Ulaitraii titt idtotii} 
k(« +1 + 0) «• k« + kb -i- ke. 



IthttD « ttm X of tmEtb *,mu 3 « tim AS of longfiia4-H«. 
dMdtd ot 0 MKt D m Uuit AO «■ a. OD 6,08 « e. 

to ibow aauw of»UuU 

Jfcte *4* fr Hh ^ ^ HK ^iv 

fknmfr. OnABc^worwUngkiBAEFfiuilitiiatASMbi . 
draw OQ ud OH n AC. 

PlHHd. Thon Aa> CH» OF an Ml reetaoglot. 

JJm flg. AP - dg. AQ + % OH + % > 

A lt(a + 6 + e)««fc» + W + i«’^ 

• fUX.AB-X.AOi-X.CD + X.DCO 

TblfeltttuatraabeftatttMUtod 

13m iMtaaito oontolned by two UnM, one of whlab 8 divided 
lAto Mvmnd MTfai. It oqtud to the turn of tito teotaiiglw contained 
by fbo nWBvIded Unc nod tbe pttlt of tbo dltddod Une Is tun. 

PBOBLBld 18 U 

To ouiitned A Ibpin to lllnitrata the Identity 
. <» + bp i* + b* + 8»b. 



Given a line AB of langtli a 4- b dirldod (lateriuillT) at X so that 

AX-aanaXB-b. ^ 

To iboyf W means of a figura that 

' ■ {b 4" br a* 4" b* + Sob 
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ConBtr. On AB and AX draw sqoarea ABCD, AXY2 ; 
produoe ZY to meet BC in E, 
and XY to meet DC in Fi 


Proof. Then AZ=a, AD -.0 + 6, A ZD>«(; ahoYfi 
YC is a square whose area >■ b*. 

Also flg. AG = fig, AY + fig. YC + fig. DY + fig. BY, 
(a + j)* D, a* + 5* -f 
[».e. AB* - AX* + XB* + 2AX. XB.] 

This fact oan bo enunciated thus!— 


b. 


If a straight line be divided Internally, the square an the line 
equals the sum of the squares on its segment, plus twlee the 
reotangle oontained by the segments. 


PROBLEM 18 III 

To oonstruot a figure to Illustrate the Identity 
(a-b)*-a» + b*-2Bb. 



Given a Ike AB of length a — 6 dlvldod cxtemaJly at X so that 
AX 1 = a and XB mtb. 

To show by means of a figure that 

(a —+ 2fli. 

Constr. On AB and AX draw squares ABCO, AXY2 { 
produce BO to moot ZY In E, 
and DO to moot XY in F, 

Proof. ThonAZ-o,AD-tf-; 6 , a D2»b{ alsoCF-b; 
CY is a square wnoso area is 6 *, 

Also fig. AC - flg. AY -H flg. CY — fig. DY - flg. BY, 

A (o-6)*-.a» + 6*-2oi. 

Thi r * P'*-AB*» AX*H.XB»-2AX.XB.J 

This fact oan be enunciated thus i— 

If a straight line be divided externally, the square on the Itne 
equals the sum of the squares on Its seicnents, minus twtoa the 
rectangle oontained by the segmento. ™ *** 
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P&OBLEK 18IV 

To oottitroot» figuro to Bltutnto tbs Idonttty 



Qlven Wo linos AB» AO of lengths «. h, ol whlob a > &• 

To show by means of a fignn ^t 

—P ■■ (o + 6) (rt—6), 

Coutri Plaoo AC BO that it lies along AB, CB ■■ a — it« 

On AB and AC dtaw squares ABDB, ACFQ; 
produce OF to meet BD in H; 
produce ED to K, making DK ■■ 6; 
complete the rootaaglo HDKM. 

PlOol. Then EKua + hand KM M EQ HO —6: 

also fig. CH M fig. H K. (oonsfn) 

!nieaa*--&*»aq. AD —sq. AF, 

- fig. CH +flg. QD, 

-fig, HK+%QO, ^ 

- fig. QK, * 

-rGot.EK.QE> 

- (a-I-6) (0 — 6), 

[U AB* - AC* - (AB + AO) (AB - AO).] 

This l)(Mt can be eaunoiated thus t— 

The dlltereaoes of the squares on two unequal lines is equal to 
the leotsngle oontalned hy their sum and their dllferenoe. 
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Exauplbs 70. 

idefltitioB ^ 7 *”*^ enunoiate) thoorema oorresponding to the 

1* d(a 6) ea d* -|- d6, 

2. (a + 6)® = a{a + 6) + J(a + 5). 

3. (o + 6) (a + y) = o* 4* i* + aj/ + hy, 

4. (a + 2) (*+6) =a!» + 7a+10. 

6, o(6 — e) = a6 — ofl, 

6. (2a)* B 4a*. 

7. (o + 5 + c)* = a» +J* + c* + 2oJ + 2ae+25fl. 

8. aJgebrakat notation, (ii) geomeirieal 
notetion, that, if A B be a line biaooted at C, and divided unequally 

AD* + DB* = 2AC* + 2CD*. 


•a —■»<—’o " 
C 6 D 
Fra. 240, 


-B 


[(1) Lot the lengths of AB, CD ho 2a, 6, so that AC = CB =. a, 

.'. AD=a + 5, DB=a-&, 

AD* + DB* = (a + 6)» + (« _ &)*, 

= a* + 6* + 2 o 6 + o» + 6* - 2o6, 

= 2a* 4-26* = 2AC‘+ 2CD*. 

Q.E.D. 

~ « '*■ Int. at C) 

° “np2 trn* ^ 

“AC* 4- CD* - 2AC. CD, (CB = AO. given 

by addition AD»4-DB* = 2AC*4-2CD*. ’ 

' Q.E.D. 

Thera w no real difference between those proofs, but most pupils find 
the algebraic^ notation a httle easier to use. Most of the riders 
following can be done m this way.] noers 

that XC ° 

• ° P“®* ^ Btraight line A B, and 0 is any point 

m AC ; prove that DC = J(OB — OA), ' ^ 

A n™ PO“itB hi a straight line, and if C, R bisect 

AB, PQ, prove that 2CR = AP -f- BQ. 
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IS. II A.I^CiDM^faur BQiabiai EsdiMw 
tluAAB.CO^^AO.SO-AO.aO. 

II U 0. F. Q W * alnlghb Urn Kod R biacota pCk 

A(nrUwtOF.^-OR*->PR>. ^ 

IS. If O to Um mM-noint of AS «ad X uy pofat i& OB, won 
UuAAX*-X8*«Si^.0X 

U. If A8 to & Ui» btoMtod ttt C ud nrad&eod to X, ttrova 
ttoto AX* + X8* « SAC* t sex*. 

IS. If ft iflniiil^ (too to (Bvkkd »l two potato, oqultyltt one 
•wl ttowtoalty a* tlw otfaor, pram ihM Ibn roetongle ooutoined by 
tbft onMoft) aMinmto to oqin] to Ibo dlffenmoe of tbo wituiiH bd 
(1) Inlf tl» pvftD Hu, wkI (ii) tlw Um botomn tin pdnto of 
•mBoii. 

19. If iiw ttM AS to biMOtad lA C and produood to O, won 
Ctti AO* « «3* -f 4A0 .CD. 

IS. If A, B, F. Q •» potototo ft otoaiji^i Um and If 0, R Uteok 
AB, PQ. Unto aOR. AB o AP. AQBP. BQ. 

IS, AB to ft fttoi^b line prodaced both mytto X aod Y so thoi 
AXmBY; plwwlhfttXV* + AB*»S(AX*+XB»i. 

SO. If M tod N ftio point* to AB eooh that 
AM*-MB*-AN*-KB*. 
ptOTotbftb M awl N moat tsotodde. 

n. Foot pdtote P, Q, R. 8 an taken in oitdar on a atralgbt Une, 
attd on P8 wodiioed mnte Q'» R' at* taken nioh that » 6Q' 

ftodRSaoBR*. ^mtoatUwmbuu^PQ.PQ'toleHtbantbe 
PR.PR'. 


VKononoM or pourrs Km miss oh a urb. 

H AB to a Rba fto<l X ^ 

I pobitto, and U XM, YN an 
toptodwidar to AB (or AB 



r to aald to bft toe frojtotfoil 
cd the polnb X on toe Use 
A8. 

(11) MNtoaaidtobetboprotootloa 
* of toe Uu XY on toe Ua» 

AB 

■iMtoe toftt one pdnt of toe line Fio.BKO. 

toay be on AB i torn toe piejeotom of MY on AB ie 
MRf !ftltolilw Une pcojeoted may oroea AB. 

■ rS60 vbftt an too projMttona on AB of P, Q. R. 
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Ex, 2. In SHg. 261 what is the projcotloa 
(i) of ABi on CD: (ii) 0 ^ CD OQ AB r 

Note that the projeetion on the ground of a 
Btioight tilted roof ia the part of the ground 
that ia dry when the rain la falling vertically 
(perpen^oular to the ground). 

Ex. S. In the figure to Theorem 60, what 
are the projeotiona of AB and AC on BC 1 

Ex. 4. In the first figure to Theorem 61, 
what are the projeotiona of AC and AD on 
BC; what la the projection of AB on AD f 

Ex. 5. Show that in an aouto-anglod A. the boM ia wjiial to ti» 
anm of the projeotiona on the base of the other two aidea. 

A very useful truth in oonneotion with Projeotlon iaf~ 

The projeotlon of a line on another line Inollned to It at an 
angle of 60” Is hall the original line. 

Let AN be the projeetion of AC on AB 
where L BAG => 00^ 

To prove that AN = JAC. 

Double the length of AN and so make AO 
cc 2AN f join CD. 

Now As ACN, DCN {why I) 

A ACD la iaoHOulea, 
and one of the lioao (A) ia 60”, I'm. 2S2. 

A ACD la equilateral, {whyf) 

:. AD «= AO AN - lAC. 

Ex, 6 . If the projootian of one lino on another in half the flivt 
• lino, prove that the acute angle betwwn the Hum ia wr*. 

Ex. 1. If the sides of a A are 1". 2", prove that its Mflkn 
ore 30”, 60”, 00”. 

[Pupils who Itave begun to loam Trigonomotiy will noUoe that tb« 
faots in the last three examploa ore tlie some oa 
einao”-l,ooiCtO"-i.] 




P 



iffiv ttOBOOi. awnaer&t 
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EmMlOK OF PYTHAQ 01 tAS-- 0 BT 0 SK ANGLE. 
THEOREM 50 . 


In an olttnse aai^ed irlan^^ Oia 
s^uara on flw sIAe anlitnadlng the 
obtwe ani^e ta a^nal to the aton ot 
i^aaroa on One othw two iddea 
to^ttw with tvrtea ttie rootan^a 
eontained Iqr tua of tiiow ildtt and 
tiu pn^aattra on It of tba otn«r. 

(Hvan a A. ABO vitb L C obbnse, and a perp. ad from X: 
to BOprodn^ 

To prove that ab* « bo» + OA» + 2bc . cd.* 



Proof. 

AB* sa AD* 4“ BD*i [PyUu^om) 

a= AD* + CD* + BC* + 2 bc . OD, (BD (Ko. tn«. at 0) 
«=» ao*-1-b(^4-2bo.cd 

{at AO* + CD* as AO* {Pjfth^oras) 


Altamative Proof. 

Let a, 5, 0 be the indea of 
A ABO; 

let AD w A, CD as p. 

AB* aa h* + (O + P)*i 

{Pythagoras) 

«*> A* + »• + 2<^ + ?*• 

But A* -j- jJ*» 6*. {P^hagoras) 

AB* SB 0* -j- ^ + 2^^* 

*=.bc» + ca*-1-2bo,cd. 

Q.B,D. 

Cor. If in a triangle the sguare on one side ts grealeir 
than the sum the squares on Uie other tm sides, the angle 
corUami hy t Wa Zodfer sides is obtuse. 

^ CD U hero the prolMtion ot AO on BC (see entmolAtiOn). 
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EXTENSION OF PYTHAaORAS-AOUTE ANGLE. 


THEOREM 61; 

In any triangle, the square on the side suhtendlng an 
acute angle is equal to the sum of the squares on the other 
, two sides diminished by twice the rectangle contained by 
one of those sides and the projection on it of the other. 



Given a A ABC with A c acute, and having AD i BC 
To prove that ab* = bc* + oa* — 2cB. cd. 

Proof. 


AB* = AD® + BD®, 

= AD® 4- CD* 4- BC® — 2BC . CD, (BD 
5= AC* -(- BC* — 2BC . CD. 


{^yihagoras) 
div. ext. at c) 
(Pytkagoras) 
Q.E.D. 


AlteraatlvC Proof, Let o, b, o be the sides of A abc ; 
let AD = A, CD = j). BD = a — p in Fig. i 

or p — o in Fig. ii. 


b , a-P D p o. D^af a ^ 


. Then AB® = A® + (a~p)a, {Pythagoras) 

= A* + a*-2»p + p® ’ 

. « Bu*A®-|-p® = 6*, {Pythagoras) 

AB® = o® + 6a-2ap, .. 

= BC® + CA® —2CB.CD. Q.E.D. 


Cor. If m a triangle the square on me side is less than, 
the sum of the squares on the other two sides, the angle 
oorUamed by theselatter sides is acute. 




m 


tmv acmooi. oiovsmv 


APOLLOHnm* TGtEORSBf. 

THEOREM 52. 

U’vay irlafisl^ tiu) mm of fho square on any two oUm 
ft to tvtee the sqoan on naif tlio third side, together 
eidth twice the aqaare on Rie median whloh Mseeta the 
ibitd aide. 



Given a A ABC in which AE is the median from a 
to BO, 

To prove that ab« + ao* » 3be» + 2ae». 

Constr. Draw AD x bc (or bo produced). 

Proof. Except in the special case of A ABC being 
* isosceles, the anglea at B axe not equal 
liet ABB be the obtuse Z. 

Then in A abe, Z aeb is obtuse, 

/. AB» *t BE* + AE» + 2BE . ED J (i) 

also in A ABc, z aeo is acute, 

AO* « EC* + AB* — 2CE . ED, 
which =« BE* -1- AE* — 2 b E, ED, (ii) 

once BO -= BB . {ffwm) 

Add AB* + AO* « 2BE* + 2Ae*. 

Q.E,D, 

Oor. The di^orence <\f th» sgyam on any im aides of a 
Vtuikfie ter emu to twiee tAe reoimgle contimeA hy iho hose 
and pr<tjeation on the base cf the meddm UaeeUt^ the 
heue. 

.Per suhtraoUag Una (U) from line (1) aboTo, we get 
AB*-AO>->4BB.ED <->2BC. ED. 

* \7het does this Tbeotem heoome in the oase of an isoeoelea A ? 
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EZAICPLBS 71. 

NuUBBiaAi.. 

1. Find whether a triangle ia obtuse-angled, right-angled, or 
aonte-angled i£ its sides are— 

(i) 6 , 6 , 8 ; (ii) 7 , 8 , 10 5 (iii) 10 , 11 , 16; (iv) 8,15,17; 

(v) 10,11, 14. 

2. Ina A ABO, AB = 3, AC = 2, BC = 4 andAX ABp; oalou- 
late BX and CX. 

8, In A ABC, AX is an altitude, and AB 7, AC = 6, BC =» 8; 
oaloulate BX and CX. 

4. In A ABC, AB = 13, BC = 16, CA = 14. If BD is an altitude, 
oaloulate AD, CD, BD. Henoe find the area of the A. 

5. Find the area of a A whos^ mdes are 7,10,13. 

0. In A ABC, AC «="l8, AB = 8, BC = 16; prove A B = 00*. 

7. In A ABC,AB=7,BOt=6.CA = 3; prove L C<=120*. 

8. In A ABC, AC = 7", BC = 3", Z C = 60“ j find AB. 

9. In A ABC, two sides are 8 om. and 7 cm. and the included L 
is 120* j find the third aide. 

10. Find the lengths of the medians of a A (oorreot to •!") if the 

eideeare(i)4",0",8"5(ii)6",9MO". 

11. Calouiate the length of the median to Uie longest side in the 
oase of a A whose sides are 8", 16", 17". What does the answer 
suggest about the A 7 

12. Two sides of a A are 6" and 7" and the median to the base 
is 2"'; find the length of the base (oorreot to -01"). 

13. A parallelogram has ita sides 6 om. and.7 om. long and one 
diagonal is 9 om. long j oaloulate the length of the other. 

14. The diB gnnn.i,> of a parallolonam are 22" and 4" and one 
side ia 10"} find the length of the aidjeoent side. 

16. A and B are two oonseoutive milestones on a straight le^ 
toad and C is a balloon which is overhead at D, some point in the 
road. If BC «= 1840 yds. and CA is 400 yds., find whether 0 lies 
between A and B or not. 

THBOIUSIICUIi. 

16. ABC is a A and AX, BY are altitudes; prove that 

bc.ox«ac.oy. 

17, ABC is a A in which AB = AO and BX X AO; prove that 

B0*=>2CA.0X. 



%u 


mtw Boem asDumY 


18. ABD1*» Atnifliidh Z60”; {»ov«bhtit 
AC* » AB*+ »«?»-AB. SO. 

18. If O bo M» potat in ths faMo BC of iia iaoBoelv A ABC. 
peon tbftb AB* AD* *> BD. DO. 

SOI BAOto* A in wbitA A A - BO*. *fid AD X BO; pnm 
U Bum AC* • BO.OD. 

SI. PwvotboAUf^Bwjp{KtobinthepUiwofatMUngleABCb, 

PA* + PO*-PB* + PD‘. 

tS. Prm Sx. SI wbra P fci onbritio tiio pluts of th« Tootangle. 
iK. SiiimtiHAtIwtiimoftboaqaMMooUioridMDfftpicttUtlo. 
gem B «ip»l to too mil of Ui« aqoMU* oa itt dingonxlii, 

SA Itadtibtt Imm III * pobtk P^»hi^ mowa w tiiat PA*+ PB* 
ia MoaiwiA A wiA fi befog biro Sud pd.ato 
SS. ABO fa ft A ftt^ the i)iedia& AD «■ too aids AB i prora toat 
AC*»AD* + 8BD*. 

S6> ABO fa ft A whoao bUM BC la triaeotod ftb X and Y j pti»e 
toftb AB» + AC*«AX* + AY*+4Xy». 

57. *1110 Sana of the a^uana on toe four sidea of a quadrilatatal 
]| aquad to toe som of toe aqnaree oo ita dlaconala + 4XV*. If X aaid 
Y l^b toe dlegoiiale. 

58. ABO la ft A fa vh!^ AB AC nod DE fa drawn ||B0 to 
ntaeb AB in D and AO in E: prove tost CO* ~0E*>BC.DB. 

59. XYZ ift ft A wtto XD X YZ and E the add-poInt of YZ. 
H B0 le iYZ, prove tost bfae oiSarRioe of the aqonroa on XY and 
XZ-JYZ*. 

80. It APB and AQB ton Aa on toe aame baae AB tod on 
oppodte aldea of it, and if AP* — PB*» AQ* — QB*, prove that 
PQ X AB. praw perpendfoolan PN, QM to AB and show frhat 
N tod M.odnolde.] 

81. A point P niovea ao that PA*+ PB*+ P0*+ PD* la oon* 
'StMxrt, A. B. 0, D bring fixed polnta. Prove ^ anooeerivn appUoac 
tfona of Apollotdna tfa»t the loona of P b a weed riiole, ewnining 
,.ri|ltoe<^po{bo(ta to ,lie in a plane. 

1 , 801 Use ApoQonlne to prove toot it two nwdbna of a A are 
^nfd,.t3u A uiaoBoeba. 

. $8, On toe aide BO of e A ABO a point D b taken suoh toot 
BD « SDC f prove that AB* + SAC* <-l8 AD* + ODC*. 

8i< DA. pB, QC lice toe three etcolght Unea mnto&lly at right 
ar^ea whecetto three welb of « room meet in 0 $ prove that the 
A ABO nnbthe eonte^to^ed. 

. fifii Itii, 8, e axe the aidu (d a A and e b toe median fabeotoig 
T, prove that »* » Jll* -f- Jo* — Jo* 
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«SEGMENTS OF CHORDS. 

THEOREM 53. 

If two oboids of a olrole Intersect at a point Inside the 
eiiole, the rectangle contained by the segments of the one Is 
equal to the rectangle contained by the segments of the 
other. 



Given two chords of a oirde, centre 0, which intersect 
at X within the dide. 

To prove that AX. XB = OX. XD. 

Constr. Draw op j. AB from the centre; join OA, OX. 

Proof. Since OP x ab, ap =s pb. 

Then ax . XB = (ap + PX) (pB - PX), 

= (AP + PX) (AP — PX), for ap — PB, 

= AP» — PX* 

(AO* — OP*) — (ox* — op»), {Pythagoras) 
= AO* — ox*, 

= r* — ox®, where r is the radius, 


Similarly ox. XD - r* - ox», 

/. AX. XB == ox. XD. 


Q.E.D. 


Cor. If, through a point X (nside a circle, cemire o oM 
radius r, o chord is drawn, the rectangle conlamed by the 
segments of the chord is i* — ox*. 

• For Alternative Pme* Theorem 63 see page 248. 



nw flcxo(»i oBOMomr 


«mim hum tiucasirr. 

•MtOnsAOmir u. 

TtUSvRBB fn» 

IS irw ft 90&A «GcWito a 4 nI» » MttMit 
i^|i^ ftfft drfttnii tlM nBtftagto by ths whola seoaitt 

mi fbft MfBMBtftf ttoatfito ^«li «iQftl to the 

Oft ^ ^n pwt . 



CSrat ft oitolft, oentre 0, and a poi&t X ouiaSde it, aod 
toi X ft aeoftot X8A and ft taageat XT to Idia (^e. 

To iptim tbftt AX. XB n XT*, 

'' Diftw 00 X AB itom tbo oeotce; joi& oa, ox, 

OT, 

Vrool, Siam oo x ab, ao ■« ob. 

Tfeen AX. XB »» (XO + oa) (XO — CB), 

«= (XO + OA) (XO — CA), for OA » OB 
mXO^—OA^ 

■■ (xo»—oo») — (OA*— 00 *), {Pyihagom) 
•«.XO»-OA* 

B»xo* —or*, (OA = OT, rodii) 

«“XT*, {PyAagom; tgi, xrai) 

if'-; -1 'Q.BiD. 

" i. If from a poUU X wtHie a oMU, centre 0 anA 
w SwWH to tAe oiroto, ihe fecimsU oow- 
omi the qf H outside ihe 
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Fia. 2S4 a. 


Cor. 2. If from a ■point outside a mole two seoatds are 
drawn to the circle, the rectcmgles contained by the whole 
secants and their segments o/mfde the cirele are equal. 

Por in Fig. 264a, not, AX.XBssnot. DX.XE, einoe eaob 
rectangle = OX* — f*. * 

The oonTeiBes of Thaorema 63 and 64 are true and oan be proved 
at once by the oidina^ Beduotio ad Abaurdum Method. There 
ia a modification of thia method which oan also be naad veiy con¬ 
veniently. It la shown below. * 

Converse of Theorem 68. If two lines AB, CD Intersect at x 
so that reot. AX.XB =:> reot. CX.XD, then the points A, B, c, D 
are oonoyollo. 



Fio. 265. 


For draw a olrole throagh A, B, C and auppoae that it meets CX 
produced in D'. 

Then V AB and CD' aio two obords of a olrole, 
AX.XBbCX.XD'. 

But AX. XB » CX. XD, [given) 

,*.CX.XD'>= CX.XD, 

XD'i^XD, 

D' coincides with D- But the oirole ABC goes through D', 
it goes through D, t'.s. A. B, C, D are oonoyolio. 


Q.Fj.Di 



tr«r toiocHi oBovnsT 


S!a 

Gmvkm ^ Tamm H. U from « point outsldo & otteu« 
WMitt W Mut tiro «ttM nro^Df th« eirole, ro that tht 
nstaotta oootiiMd Or tin «liok woaat aM iba Mgmant at tt 
«Miidaiyh« (daaqttaktbaaqaan oaiballnaiiiMlttiKUieetnlt, 
fltwlUilittocaiMbatfenitstroUtaetnde. ’ 



IbcU a aeoftiit XAB ia^imfcomX,ouUl<la»clMb, aadilao 
ft XT to uaat dnk In T, M ^ XA. XB M W8 liAvs 
to pttrr* ttokt XT b a toDStot to thft dnto. 

Lrt XT oMt the droift again la T'. 

Tlua V XBA ftod XTT' an two Moautn, 
AXA.XB-XT.XT', 
fitrtXA.XB-XT*, (piwa) 

XT. XT' - XT* A XT' -• XT A T' aad T ootnalds, 

A XT masia tlw alnie m two ocdnoldeat pointa, {,a. XT la a 
kawma to the obde at T. 


SBaHBim OF OHOBDS AKD SECANTS. 

BxAXHJn 1%, 

^mamaa, 

1: AB and CD Nca too oboida of n oitole ocoasing at Xt it AX 
M S QBLt XB H 6*6 om.) OX -■ 3*8 o&u, ealoulate XD. 

2. Front on roctetnol point P too aaoaata PAB and PMN an 
to ft drolei- If PA -»1*8", AB »1*7", ftad PM «1*4", 
odoiilato MN, 

. 8. AB la 4 ohoid of * dnle of rodtua 12 om. poadag throng a 
indda a droleaad AOmSou,, oBaxie om. Hovwla 
..'.ppfet'baoonteot 

. 4«: i^wcx Ex, 2 U D b ouialde ike diole (ooneot to *1 om,). 

: of ike tongenta drown to a oirole from a point 

Q lto.fam4<^^oitu«lf ft to toe oirole enok ikai 

OA n d om,, AB >B 7 om. 
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e Througli a fixed point P inside a oirole of mdius 2' a olioid 
CPD ia diaOT such that CP is twice PD; find tbo lengtti of CD if 
p ia 1" fwoi tfie oantw of the oirole. (Ana. to '1".) 

7 O ia a point outside a oirole at a distonoe of 9 om. from tho 
oentto, and feom D a fine OAB la drawn to mwt the oirole in A and 
B Bo that OA » AB ■= 4 om. Find (i) tho nuliue of the oirole t and 
fii) tho length of the tangent from O to the oirole. 

8. The chord of an aro la 18" and tho height of the aro ia 6"« 
link the ladlua of tho oirole. 

9 A oait-whool juat graaea a yortloal step four Inohea toh 
which ia distant 14" away from the point where tho wheel touohea 
the ground. Find the diameter of tho wheel. 

10 ABC ia a A in which AB ™ 7 om., BC n 6 cm., OA 0 om, 
B D’ia a point in AO snob that AD — S om., prove that tho oirole 
ABD touohea BC at B. 

11 ABC is a A right-angled at 0 and tho ^role on AO aa 
diameter cuts AB in D} if BO « 3 om. and BD -« 2 om., find AD 


and AC. 

12. Two chorda of a olrdo out at right angles mtemally} the 
gegmenta of one chord are 6" and 3" and one aegment of the other 
ohW is 0": find the radius of the oirole. 


TBBOBjmOAU 

18. Two olroIoB moot In A end B, and C ia 
any point in the chord AB. Through C are 
drawn ohorda PQ, R8, one in each oirole ; show 
that PC. CQ ™ PC. C8. 

14. In the oommon chord AB of two oiroloa 
when produced a point X la taken, and XT, 

XV aro tangents irom X, one to each drole) 
pioye that XT “ XV, 

16. AD, BE are two altltudoa of A ABC meoUngin 0: ptoye 
that AO.OD»BO.OE. 

16. Prove in the figure to Ex. 16 that CA. CE » CD. CB. 

17. AOE Is a diameter of a oirole and from a point P on the 
olroumferenoe a perpendicular FD to AE is drawn; prove that 
FD*»AD.DB. , 

18. Prove that a oommon tangent to two Intersooting oirolea is 
bisected by the oommon chord piodnoed. 

19. Prove that, if AB, CD are two lines whloh meet when pro¬ 
duced at X so that AX.XB«-CX.XD, a oltde can bo drawn 
thiou^ A, B, C, D. 




m 


mnr toioot oaoMtTKr 


SO, XfaiApafBiWB Uw «offl««a dM»d indiMiBdol twodnlee, 
uutkhemXm dMim VwoHeeutta XAS.XCO,one in «m1i oit^; 
im* thni Ai 8,0, D w« oonoy^ 

tl, Twodiotdi A8,CD nra dtnvn in ft olnlft and ft laargn oon< 
oMa MdM the etmda, when nroduoed. inX, Y tetpeoUT^i 
ftmthftlAX.XS-KOY^YD. 

IS. A8<X>)ft*e4ttfti«ftad B is any point nn BCproduoed; if p 
b tahm on AB w that AP. AB » AB*, find the loons of P as E 
njpm along SO pntdnaed. 

BS. ABOiaft Atow^Mi A8MAO)Badftotrdloisdzft«ntopsis 
lhi»Q& B fti^ to tftuob AO ftfe its ndwe pcdaft; if tho oitole onti 
AS ia X» ppm thrt BX «> SAX. 

5M. AB> AO ftM two ebonia of ft olnds} a Une parallel to tie 
tic^enft lit A ants AB in X and AO in Y. ^wtoatAB.AXm 
AO. AY. 

'18, Mad the lom» of the points of oontaot of tangents dmitn 
bom the sctiemlty A of a glTeo Una ABC to drolesdiftwn thtough 
Q and 0. 

Kt. B1* be a point from whiob the tangents to two inteneotiiw 
cboles BIO Mttal, prove that P must lie on the ootnmon ohord AB 
ptodnoed. (Shoiw that PA pnduoed must meet Un two oiroles in 
the same point.) 

37, BAO is a A rls^t an^ed at A» and AD 1 BO j if BA >■ 8^0, 

< provethatBDa-ftOO. 

its. A (dmlo towthes the anas AB, AO of an angle B AC at X and 
Y. OisanypcdntonXYbetweonXandY and any line throng 
O meets AB in X' and AO in Y', Prove that XO. OY < X'O. OY'. 

88. AtaugeatOAtoadreleatOieblseotedatBandtbtOD^B 
a aooant BDB Is drawn to the ohrolei prove that thooentre of the 
(dude tbxongh A, D, E is on the perj^dioular to AO through A. 

^tS^drides am drawn so that eaohintnioots the other two ; 
prove that their ooumon ohords ate oonoorrent. (B two oommon 
dlhOmbtifietHh Ot that <he line {oinlim O to one end of the 
ohord most meet the two comes oonoented tn the 
t|«5tei(lfei.);.. ,, ,,i 

. ' flv B P is SAY point on the drele droninsoribtag a reotonglfl 
PW are perpendleular to AB, BO, CD, 
DA, p»ve that PX. Pz - py<. pw. 

'’^3KA*^BiiCii;iDj*S'f«0f pti^^ Show 

line? between B om G sooh that 

OA.'OO.i=.^|?i;iDDv- : 
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PROBLEM 14 

To oonstruot & squaro equal in am to a gitmn raetaoi^. 
Given a teotangle ABCD. 

To draw a square equal in area to ABOO. 



Conatr. Produce AD to E, making de » oo. 

Bisect AE at 0 and draw a semicircle on AE *• 

diameter. . 

Pr^uce CD to meet circle m F, and draw a aq. on OF. 
Then shall this square be the sq. toquirod, 

Proot If r be the radius of the circle, 
root. ABCD rect. AD«OE, 

==(rH- OD)(r-OD), 
sEs r* “• OD*, 

BE DF>. {P^ihagomt) 

the sq. OB OF »the aq. required. 

[An altematlvo proof Is found in E*. 17 on p«» 319* 

A third proof followa at onoo from Theorem ol.] 

N.B.—^It is now posable to oonstxuet a sqnan eqnal in- 
area to a given polygon, for— 

(i) the polygon can be tamed into a trianj^e; 

{ouUing off one comer at a lim: tee p. 122) 

(ii) the triani^e into a rectantde l 

{taking Mf the base at baff the height; eeep. 123) 

(iii) the reebmglo into a square. (®* aboee) 
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4 AB0 - W*. 4 000 ■ nr, 4 DOB • 75*. 


10. On lb omirtnote glno in hobim U to win tb Nti"' 



SECTION VI, 


RATIO. 


The meaning of the word ratio ie familiar in Arithmetic. If two 
straight lines ate taken, whose lengths are 6 Ins. and 9 ins., the 
first Is I of the second, and we may say that the ratio of their 

find the ratio of inches to Inohes, but not of inches to sq. yds. or 
lbs. The units must be of tk same Mnd. The ratio of t.liitigff 
of the same kind is merely a comparison of their magnitudes. 
Note that the ratio of 6«. to M. is 90:5 or 12! 1, since they may 
both be expressed in pence. 

If we take four quantities a, 6, e, d such that the ratio of a to 5 
equals the ratio of o to d, l,e. | ™ g. the quantities are said to be 


to a, b, 0 , 


If we take three quantities o, I, c such that a, b, 6, ,c o« in 
proportion A,e. the three quantities are said to be in 


continued proportion, and c is said to be the third proportional 

to a and 6. Also h is said to be the mean proportional to o 
ondc. 


The word «contimed " is sometimes omitted since three quantities 
cannot form a proportion unless one is repeated. Why is the 
second one the one that la repeated ? 
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nv iKsooL osoKtrar 


IS4 


BxiimM it. 


t. Flaii lim TihiM of ifea (I) lo. *» tAt (tt) 8 hn. to 
1 d»v; (Ui) S wa. Il> to I <n|. ytk i ii*) 7^ to £1; (v) t in. to 
4 oau it 1 la. «> Si ms. I t«i) 79* to S rt. /.a; (vii) )9Qa,toSa. 


ft If *«^pnmtlMlr- U) (U)«Mt«te{ 

‘ M . • . 1*14 • + **-.* + «t 

»+% “ ira* ^ ^ 

ft JwBwIaltowtivqaaittltiMtofmport^ 

mr.iM’r.ri (li) iiN].toot,sd:.£St 

w »} (M lliMbto, 

ft Staid a aiftn 

a)Ss4«i8!>s (iU) i 8"• 4 iS'; 

^8sa«»«(tSt {v)4:*«>l^ift 


ft An IT, 1", 1 fdL; I li. ta omttnoMl (ifo(M>it(oa t 


ft Staid tiwfMBiii pioporMoMl to— 

0) ft ft Mi (fl) 4% 3', 4's (Ut) «ft<Wp 9% 


7. Staid tin tUrd potoporttoM) to— 
diftSi! (H)tft8f 
ft StatdttaBMNtoimpirtitA^ to— 

(lift$4; («>4".ri 

ft TtaaddnolatriuiBloaratai tbantioSiSif uaitholraMit 

itdklia"; andtiwoUwriidto. 


: iMOfl or A StBAlQBT liIRS » A GIVBR EATtO. 


. afttoAMdodlalMtodlv 

n$m mmmki m ao isdoe 
< .liidiKliMMtoto divtded tattorn* 

or^ 

(poeStgil.) 


ptrt 


J8_ » 


nt.il 
Fto.S0ft 


If—"t>*‘ 


** ? eartemoBy O', It* Mgmcnta are Atf 

<uid O^0ii«aid'^lto»iittdd to In A^dad extoEwAy ta tl» i»do 
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Notice tiiet (a tlte ratio id which • llae is divided, the Uae itself 
does not ooonr, but onijr its seKmenta i aleo notloe that In the first 

r e BA is divided iatemsUy at C in the ratio BC: CA, and ht 
Bocond flgnte BO' is divided eirtemally at A in the ratio 
BAiAO*. 


Exaitn.aa 17. 

1. In S^g. 2fi2 (U) what is Uie ratio in whioh AC'is divided at B ? 
and in whioh C'B is ^vlded at A t 

2. In Fig. 262 (i) what is the ratio in whioh OB is divided at A T 
and in whioh AO u divided at B t 

8. Draw a line AB which is about 1 in. long, and guees the 
positioDS of points in whioh it is divided— 

(i) intenudty in the ratio 1:3 (C) t 

S i internally in the ratio 3:2 (D); 

) externally in the ratio 2:1 (E); 

(Iv) externally in tho ratio 2 1 3 (P)> 

i. Qlve a rongh gniws of the ratio in whioh in Fig, 262 (i) AB 
is divided at C, im In Fig. 262 (il) AB is divided externally 
at O'. 


6.'Is it postible lor a given lino AB to be dl'vidod internally 
in a given ratio say 2:3 (or xi y) in more than one point T 

[This is eqnlvalent to dividing a line into 
6 egnal parUoad taking AC to be-2 poi^ a a 

andTCB to be 3 porte j Uins AO »| or the ^ g 

whole line and OB >i 6 of tho whole line. wm sas 

Can a seoo^ suitable point O' be found 
internally t] 

6. Is it postible for a given line AB to be divided externally in a 
given ratio, say 6:2? 

[Will tho point required bo beyond B or —--g 

beyond At It D be the point, ft Fro. 264. 

A AD win be 6 nnlts, say and DB will be 2 units, viz, 2z. 
Henoe D will be beyond B and AB will beSx ,\x>= f AB, 

D oan only have one potition, beyond B, and AD => f AB, 
and BD - f AB.] 

7. If a line AB be divided internally at X in the ratio 4 c 7, will 
X be nearer to A or to BI What troetiou of the line is (i) AX, 
(ii) XB t 

iSBoiniin.) Q 
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ms 

S. If a-tbs AQi»divldlwdMt«r<»ll]riA Ytnibaniio it7,iri[Q 
y be bawond A w laqfim} 8 T WbrtbiwUoaofthsiiMii(l}AY. 
OiJYOf 

S. A Ibe AB t" long leiflvfaled fntanwQy lA C vtd extenuilhr 
D ilk ^ Si7{ eakntate AO, ^ AD« OS. Drew a nw^ 
figBM. 

10. Aline a" long 1 $ diwfded iitbMmaUy la the ntb pigt And, 
tbi bugllie elite MfBMati. 

11. A lineb" hmg S ^fMedextenulljr In (be tatio ISt ff; flnA 
tl» tagtlA of ito aefmente. 

U. A Haei^ tong S dMdad inlMHudlp at P end externeUy «t 
Q ia Vt» seUo mia, wImw m>ii] itta tbe l«qg^ of am 


fRSUlfXiUJElT THEOBBM. 

Ihe ATMi ot fiio ftisQj^ wtoal sll^dM m to 
one snotlbr m tiUlr burn. 

(am two Aa ABO, OEF, haying equal altibidea 
AX, OY, 



Via.SSSf 


Proof. 


A ABO ^jAX.BO 
A DEF joY.BF 

— 

EP‘ 


{Amt^ X ati.) 

(atnoa AX«»DY) 

' QiE.D. 


Oor. Whe mw$ of tm UtianffUt haoing ogml bam ore 
to one another ae mk 
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Note on Xhoommeruttiftblea. DeOnition. two magnltadea aie 
aaid to be Inoommeugurabte if ^eir ratio oarmot be exproBsed 
exaotly ea the ratio of two whole nomben. 

Thus a diagonal of a aquare and its aide are inoommonaninble, 

for their ratio ie 1 (by Pythagoraa), and as Vi cannot be 
expreaaed exaotly as a decimal we cannot expreaa VS; 1 exaotly 
as the ratio of two nambora. (We oonld, however, take Vi aa 
1*414 very neatly, andao the ratio wonld be 1'414:1 1414:1000 

apmox.] 

It la not easy to prove the 'nieotema dealing with ratio to be 
true for inoommouaurahiee. We oan, however, prove them tme 
first of all for oommonatirableB, and we oan then find oommenBur< 
able qnantltieB whloB are almoil equal to the g^ven inoommen' 
Burables (aueh as 1*414" and VS"), and bo we learn the troth 
of these ^eoiema for quantltiee that are almost exaotly, but not 
quite, equal to the given inoommenauiable quantities. 


ExAumis 78. 


1. Prove in full that triangles on equal bases are to one another 

os their altitudes. , , 

2. D is a point in the base BC of A ABC; show that 

A ABD: A ACD-BDtCD. 


3. X U a point on the side AB of A ABC suohthat AX = f AB. 
How many times Is A ABC greater than A AXC ? 


4. In A ABC Uie point P divides BC so that BP a ^BC and 
Q divides CA so that CQ » } CA. Provo that • 
AAQP-fAABC. 

6 . In A ABC, XY is drawn j| AB to out AC in X 4nd BO in Y. 
Prove that, If AY, BX are joined— 


(i) 


A CXY 
A AXY 


OX. 

XA’ 


(il) 


A CXY 

XIXV 


YB’ 



YB‘ 


6 , Ina A ABO, D is a point (mBC suohthat BD »■ 4 ", BCss 
find idle values of the ratios (i) 





»K» ti^oot. aioimtT 


T 8108 EII m 

h Sm tnm ptnlM to em ^ « ihmia 

4lyMM ft# ottw iMh p t ftf ffl i 'f lft ftftH fi ** 



Qtvttt » A AfiO witli XV drawn | ao and euti^ AS b 
X and AO ia Y. 

10 nrora that ~ m 

Oouiir. Join bv, cx. 

JHWt ^ ^ (A# iiwniv MfM ofc) 

—4 ay _ A AXV / V 

““ YO A^* ^.^ 

Bttt A Bxv »■ A oxv, {tom ha»9 XY and bu. »am |») 
. AX^AY 
“ XB yF 

AraoL Si^ A A 

|iOIB lito ~ «« wli«8 « jC 

dtti n ate whol# maoban. y 

,|Hl^ AX into » e^oai 

I^Itt OttibedrridBdittfco » " > BA." '. 

H egi^ i^ftxtn oI the same / "1 

eiw, X ” 

^)^Ai^|lcioi|c4lib o{ diviabn draw lilies I BO to 
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Then the Rs cut oS equal interoepta £toin AC» and ay 
contains m of themi and YC » of them. 

. AY OT 
’* VO ” »* 

. AX_AY 
XB YC‘ 


Cor. //XYlBC,^ 


AO 


and 


AB 

8X 


AO 

cy‘ 


These ooa be 
finm the result o 


proved in a limilsdr 
I the Theorem. 


way or they oaa be dednoed 


THEOHBM m. 


It two sides ot a triangle are divided in the same ratio, the 
straight Una ]olDlng the points of seetion 1$ paraUel to the 
third side. 

"■Given a A Abc ui whioh X and Y divide ab and AO ao 
that 

AY 

Xb”" YC* 


To prove that xy || bo. 

Oonstr. 

Join BY, OX. 

Frool. 

Then^^ii*^, 

XB A BXY 

* 

YO ACXY 

XB YO’ 


. A AXY_ A AXY 
■ * A BXY A OXY’ 


/, A BXY =* A OXY. 

.% xyBbo. 


{As fumng sam allJ) 


{gmn) 


Q.El.Di 


An AunuHanvB S’aooir of Theorem 66| which does not the 
Theorem on page S26i will be found at the bottom of page 252. 

* Uae the flitt three Tigiuos on page 228. 
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Sstimjsi 

KtnttRRUU 

!. If) Uw tial fifliim to TL 

it AS AO AX 

AX»i‘r'.AStr',Yo«i 


iJt-l'Mtad YCs 
- r'4*'.fti)dAY{ 
‘ft".ltedAC. 


1 ^ M (fif. S)«. AY< 

ted AX. 


.d-r, ACmv% sx-*®", 


8, la Tk. 60 (gig. 1), tl ^ » f, find ^ 


4h Itt1Qt.l8^||>S)i&^^M|.ted^<^* 

TteoiHRiciit. 

S. AOSltoteitelit Bm aad watolrtei an di*«nii obA<X AO 
MfSiawtesi if »fiw ABF ilmnn^ A amiit tboM MoioInlMin 
1, F, {MWW ^ AB t BF «■ AOiCS. 

B. AB<X) !■ • tiiSMRiam with AS MMitet to 00. and * lia« 
pua&ilto ABontoAOiaXo^ ^ia Y] pront^t AX:XD» 
BYfYO. 

7. ABQt OBO nw triuiM OB oppodto akhw of tho auw ban 
80) X to a octet tat 80 .iumI XY.XZ we dnws pentlel to BA. 
BOtoowetAli^ODta Y. Z) pronttet YZtopenUelto AD. 

8. ASCDtoapwnlbtogmat Bead P litowtABwtdODi tnow 
ttart AOtotaetoMMd tqr DB affit BF. 

fi. Ita 4 ABO potato O, B we Ukn on AB, AO ■ooIil that 
ADmIaB ud OBMlOAf prove tfwt a Use froa 0 ahten 
panMto DB HmtitAB, 

. lOir 0 to » pctet tanlda wt wuto ABO; show hoir to draw a line 
0 iniettaBf AB fat X i^BOla Y neli that XO‘r OY-■ 8! 1. 
XL ABOtoatttoottei XtoapctetottABaad Yon ACmcdtthat 
A>U>d)as aadOY-8 YA. B CX, BY meet la O, prove that 
® aO-|OY, wd (U) 00•> aox [To prow (1) draw Y2BOX.] 

X ead Y axe pcteto on ildM AB, AO od 4 ABO auoh 
ih«t BXfXA*8tlaad AYjYC-8)2. If BY, CX mart in 
QipmmA (1) COe> OX aod {B) BO >■ SOY. 

;■ IL-WZ to a tdan^i M to a octet cm XY edtid N cmXZ and 
MZ» SYi Wtot in Q. H VM •• 8 MX aod YQ •• OQN, pwva that 
XN - 8NZ. vlNiatoo ratio MQ i OZ. 


AY AX AB 
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FROBliEBI 15. 

To mm<A ft fottrtli proportoaftl to turw glwa straight 
lines. 

Given thtoo efetaight line* **» Qi ft* 

To make a proportional to P, <i, 



Constr. Make an angle AOB of any ®*e { , * -. 

atong OA mark off 00 equal to P, aud OD^ual to Q, 

^ obng OB nmrk off OE equal to H. 

Join CEind draw DP IOE to meet OB m F. 

Then BF ahall be the fourth prop* required. 

DO OE 

Proofi Since ceB OF »*, gp» 

gp» , 

EF ie a fourth propi* to P, Q» B* 

Cor, 

'’’’iSlto.boT. wiput» Q, Ma» oMra, ^ 

' Q EF* 

/, ef is a third prop* to P, 



KBIT Bcatoob asoKirKy 


mmiMm m 

ttnO^l UiM» iBfaraBni or BiUnuiIl;, lu 

Otna « Btmight line as. 

Ibilflde Hi (i) intjiHnAlly, (ii) ex* 
texaettf m tlut A i {. 

{i) mmaStf, Draw UuoBgb A 
any Use M laalnng en aagte wtU) 
as; 

akuig AOmKrlcn& AX •» ifc ontts. 
and forito; xv «• i onita. 

Sma draw XOI VS, to meet AS in o. 

o iB tbi ireqabsd point. 

Pwoi Sane B YB. ^ ^ ” p 

Q.B.T. 

(ii) Kxtttmeny. (Aesosw k>l.) Dwr AO thzoogh a aa 
before; 

along AO maxk off AX 
•s h tmitB, and then xz 
baokwazda ■■ I onita. 

AZOBi —Ionite. 

join ZB, and dran 
XO ]| ZB, to meet ab pro* 
dooMinO. 

Theno is tiie nqniied point. 

Proof. SinoexoIlZB, 

'OB xz I 

Notte. (tt) Tbe figuei an dzawn to tntt the omm tn wUoli AB 
is tn the mBo S i S. 

(t) Note thst in Oms (i) AB, tbs ^vn line, yepmente k +1 lu^ts, 
bittui0«iift(li)oiil7ib‘*-(iioita; *, the distesoe afa»g AC from A 
to the potni y or z, wbloh is joined to B, is b-H in IntsciMl 
dlTisi^ sad b‘^ {to extenuki cUmoB. 

(s) Whet modiAosBoa of tits seMud oontnietion most be v»da 
if b<>i?'. WhsreeWOtheabel Oolaide B or outside A t 
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Examuh 80 . 

PaAOrtOAi* 

(The line or osgnoaU obUined ihoold bo noosuiodt and lome of tbe 
mulU ebeoked by ari^etio.) 

1 . Constiraoi. a fonrtli proporUonal to 

( 1 ) S'l, 1 * 5 , Ws (ii) 4 ‘ 1 . 1 * 7 , 3 . 

2 . Conattuot a third proportional to (i) 1 * 7 , i'ii (ii) 4 * 6 , 3 ' 1 . 

3 . Work out. by drawing, the following reenlU 

(i) «(ii) ^ 5 (^) (♦••* 

4 . Divide a line i*' long internally in the ratio 3 i 2 . 

5 . Divide a line B '8 om. long Internally in the ratio 4 j 7 , 

6 . Divide a line 2 " long externally in the ratio 6 1 2 . 

7 . Divido a line 4 om. long externally in the ratio 914 . 

8 . Divide a line 2 ' 7 " long externally in the ratio 4118 , 

g Draw a lino 6 om. long and divide It internally and externally 
in^eratio (i) 10 : 8 ; (li) 6 :ll. 

10 . Divide a line 4 * 5 '^ long into three eegmenta whloh ate as 
8 * 2 * 4 . 

11 . Mvldo a line B" long into three parte whloh are proportional 

to Bi 3 , 1 * , , 

12 . If one rectangle meaaurce 2 *B o’®!*, •’Y *’3 

rectangle etande on a baeo of 3*8 om„ find the height of the latter 

by drawing. 

tftmibt mi* frit it iiWr 
ByR**mfrtiitntsJm ,, 
n fiam mit frtwyU h rigit 
A«i fid* tb* rag* ^ tm, 

I lb* triiU lydt 
F»*trntbt that I prttm**, 


And Ibwgb m* lyit «t mi rtpin*, 
Jiul* mtb* ibeU mi iifindis 


(Fm M*rt Ftarid'i Omitry--" Ti» 
Patbmy ti /CawWK* 'SS‘*) 
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THBOREH 57. 

tli» llMctov (IntntuU «x(iinui!) o( ftn 
iEi 1 d« if» skts (iQl«ittUy or «x 1 «niiil 4 r) In tbo mao 
ot Out oosUOalsf tbo aagto bliMted; oM oosy^^. 

Qhnui A A ASO in which ax bueotii A BAC {UuamHy m 
filg. t And taiema&y in Slg. ii), cutting so or BO ptoduoed 
inX 

To ftfcvo tl»t ^ •- 

XO AO 



Cotutr. Label the two equal angles at A « and fi. 
Draw 001 AX to meet BA or SA produoed in O. 


l^oot Then 4 « — A ADO, 

and Z j? •• 4 AOO. 

{oorren}. 

But 4 « »! 4 ^ 

4 AOO*» 4 ago; 

hence in A ago, ad « ao. 

(ppp, w» 4r] 

Now AX loo, 

but ad «w ao, 

MW M * 

(jM'Ottt? 


. BX BA 
" XO^AO* 


aB.D. 


Kino 


m 


Conversely. 11 tlie base of a A (bc) is divided (iate^ 
nally or externally) (at X) m the ratio of the other sides 
(BA: AC), then the line from the vertex to the point of 
seetion (AX) bisects the vertical A- 
For with the same oosstr. as before we have 


BX 

XC 


^ (PIW), and 


BX BA 

- ssa M 

XC AD 


(by W; 


AO as AO, A ADO =3 A ACD. 
But A ADO SB A a, 
and A ACO =» a /9, 

A « as A jff. 



Exajow 81 , - 
NmaBzoAt. 

1. i:iu) Bldm ot a triangle ore 4", 6", 6": find the lengths t>i the 
porta into which the losgeat aide is divided by the biaeotor of the 
oppoaite angle. 

2. AEUi b a A in which AB «■ 8", BO =a 4"; if the extemSI 
biaeotor of A A neeta BC prodnoed at a point 8^" txom 0, 
find AC. 

3. In A ABC, AB*i2", BC^3", CAa4''; if the blseotoia 
of A A, intomol and oxtemid, meet BC, or BC produced, in X, Y, 

ooloolote XY ond ahow that ^ ^ m 

4. In A ABO. BO > 4'^ CA - 6". AB » 9"; if the biaeoteia of 
A A meet BO, or BC piodaood, In X> Y, and D is the mid-point of 
BO, show that OX. 0Y OB*. 

TBflotumoAn. 

0. AD la 0 median of A ABC; the biaootors of the Aa AOB, 
ADC meet AB, AO in X, Y; prove XY to be parallel to BC. 

6. AB6D is A pocaUelogram whose diagonals meet in 6, and the , 
biseotot of A AOB meets AB in X and CD in Y; also the biaeotor ' 
, of A AOP amets AD In P and BC in Q, Prove that PX and QY 
are pa^el. 

. 7. 0 is a point inside A ABC; the biaeotoia of angles AOB, AOC 
meet AB, AC in P, Q j if PQ and BC ore parallel, emow that 0 lies 
on the perpendionlor biaeotor of BO, 



Itsw ^OOt OSOMimiT 


m 

8, HwfRarfKrintai A, 

•ad 00 nbteM oqtiaJ at P. ajpotot on Uw oireln ikaenllMd 
OR AC M dlaOMior; frow UmI A8.w «> 80. AO. 

8, PQR lift A *4 P. mad 8 a {»(d»4 la OR; find* 

Ixy^TiaQP or RQ prtMomidswd) tlmi 'R8:RT npaiPritod 
|imw Itttfc ««dt d IImm fMioi« Q8: QT, 

10. Is ySwqouIrBatanl ABCO, Uw b^noton of AindO 
nMtoaBOi iMontlMil Atl.OOofiO, AO. 

11. SM« ud {ROTfi ib* o onwiB of Bx. tO, 

IS. Ui htbaiftOfBtioot A ABCaad Al manta BObiD.imn 
iliM AlilD»»AB4 ACt BO. 

ObnooiniiMidn A ABC nidUwbliioBtondaaglMBOO. 
COA AOeuMetSC,CA, A8iRX.y.Z. Provotiia 
ax CY A2 _ , 

}®‘YA‘ZB 

U. ABOOIanmttwnMid A0,80nu«4ia0t if tlm btaootcv of 
•ogb BAO manta 80 In F md M In 0. prava BF ■> SQ and 
FO-IQO. 

pA O 

Iff. AB ia • girna Una and P moraa no Umi «*• | mark 

potnta Xi in AB, and Y, In AB tnodnoedi wluto AB ia dlvidad in. 
{ami%a»daxtaiu{Iyiatbai%UoS:l. P rov o - 

(i) that FXand PY on tiia biamtoraof L APB; 

(d) tb&t XPY b a right A t and alntin— 

($&) lihn hwna of pdnt P. 


Am iHKiiinaxT Lomni— 


The Ctrote of Apolloaitu. 

The loooa of P, vhioh aWTW a» tiwt PA: PB in * gtv«A raUo^ 
A and B balog tvro flood pointa. la n oltota. 


P 



Bu.USt 



£«t tha gdven ratio bo b j 1. 

X «»d Y be tho points wham AB la dlvidsd tntenuQy and 
extanudly in thfi ratio j); i 1; 

than X and Y a» fixed potdtiona of P. 


AtXlO 


237 


Also ^ ^ * 

iuaJ y ^ ^ ertemally. 

.-. /. XPY to ft rt. Z, [haifa ttr. Z) 
ftad, u X fttid Y are fixed points, 

(he looua ol P to (he eiioto on XY as diameter. 

Q.E.D. 

iVoto that the dittnuUtr XY, xiihkh thtemiiM th» oircU, joint iht tux 
poiitu loAsrs AS it iinidti intomaUy and txUtwMji in ^ given 
ratio. 


SxAnnuu 82 . 

KtncftBioAi,. 

1. AS to ft line 8" long; prove that the loons of a point P vhidh 
moves so that PA 8 PS to a olcole of radius 2" vhose oentre to 
1" from B. 

2, AS to ft line 20" low and PA ■■ PB, Show that the loons 
of p to ft> idrole of radius w\ 


PSAOTZOiZ.. 

3, Draw A ABC on a base BO of 2" snoh that AB » 2AC and 
such that the median btoooting BC to 1'8". Meaeure AB and AO, 

4. Draw ft triongla on a base of 3", with an altitude of ’8", and 
having the aldoe about the vertex in the ratio 81 1. Measure these 
Bides. 

6. Xn a olrole of radius 1'4" tasoiibe a A having Its base 2*6" 
long and the ratio of the other sides 2:3, Measure these sides, 

6. Draw a triangle with a base i om.> a vertioal m^e of the 
ratio of the sides about the angle being 61 2. Measure these sides, , 

7, Construot a ri|ht-angled triangle, the ratio of the sides about 
the right angle being 8 ] 1 and the hypotenuse being 2'6", 

Note. ^/^Uonliu of Perga* after whom the oirole mrnztloned 
ftbote Tj^reni. 62 are named, lived in the third eentury n.o. 
Dto leoti^ s^ Aie^nhtoi in the sohoola the snoeesBots of. 
Enolid, and Was knouti In Ms own day os the,Gieat Geometer. 
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«IRW SCHOOL OKOMKnty 



Via. ml. 


smtLAfi rtottm 

WeliafaabMdyMwn in UwfMijr put of this twok tksl If o(i» 
flgu* ti tB «»usL oopjr of MKrtknr tm a diffiMonl (ausli as tan 

dmiriiig* ot « adbcM pbj^nntnd o& different iksIm). two th^ 
anxteoeMUTi 

0) lU might qfoMffptnimmilbtt^ to qfht 

oittt, toJam ikmdtfi 

(fi) Atemw^miiiiigt^iirtimhnJigmtmtftmpmiimuL 

SiMk fiffinasKwid to bo slnflir. Tbsy bsw the tarn «Im 
but liot HO «Mw afw, Om of ib« abovo oondftiona tdlkout m 
oduvianotinfldsid^ 

^low that Iffdt fa so by aoiMd<kriiig<- 

» nataagfa and a aqiuuo; 
a reoUu^ out in two by a tine 
pwnaUdtooaeridii; 
a Hugaiigaun and atmall rbombna i 
toy jHfygm with a j^ace out off by 
a uiie ptnjy to om kldo. ( 8 eo 

n«. Mi] 

What happens la tho ease of two Irianglm t 

(1) If two triaoglea have atigka of 30*, 00*. 70*i and the 
baas (d oaa is twine U» base of tha oUisr, what 
about the raUMoi tbo otfaw pairof aidnal 
If tdaufllaa hare aides (o) i on., 0 cm., ff cm., and 
(6) 4", 5", 6", are oomapancUiig aa^ 
equal? 

Take the ttbogle shown In figure. 

How can it M oopied m a dlfisront 

|Otlfr~> 

d} using Ada Si mnch as possibleT 
m] ttibtg angles es nueh as poedble T 
. (lii) wdngdoes nad angles? 

ta eadh ease the trianglo and its oopy 
aiedmilitf. 



-frr 

x'lu.aea. 


HiIb Buggwts that two ttianjds* have tiu sane shape—' 
fi) ^Jihtttnghttfanttjwlthtanght^lht o(W; 
orp) (rfhe sides ^ wt art firopor&mt to &tt lUu rf (Jls 
ofiisr,*> 

or (ill) (f owe onpfs qf one friongfataonsanpia gf amolhsr Irh 
anfilt, miAtht lOuaboiU ihtH aught are prapotUonaL 



BA.TIO 


THEOREM 58. 

It two triangles are equiangular, their corresponding sides 
are proportional. 

Given two As ABC, def, in which 

Z.A=^At3, AC—AF. 


To prove that ^ 

DE DF 


BC 

■ 

EF 



Constt, Apply A DEF to A ABC bo that A O ia placed 
on tho equal L A, with DE lying along ab and DF lying 
along AC ; let the new position of A DEF be AXY. 

Frool, Because L AXY = A E (coTutr.) = A b (yiven) 
XY II BO, 

. AB _ AC 

” AX AY ’ 

But AX = DE and AY = df, 

. AB AC 

” DE df' 

Similarly it can be proved that 
M ^ BO. 

DF EF’ 


*•’ DE " DF EF' 

Q.E.D. 

Cor. Equi<mgvkur Tncmgles are amihr. 



mw iotooL «mMR«T 


fSlOfilll 80 . 

««• SMlr iMm s 
i^valukfilftr, dim iaclii hi^ t«i«l vUtlt ai« 

MflMfMAdB&d lUlHk 


mm t *0 A* AW, Oip, itt *Wcb ^ ^ 

Vdf plow (tlAt A A W 4 O, A tt W> Z. t, A. C «a A P* i 



(ksW. On tbs opp. i^e SP to D dmw a a xtP 
hAvtog Z XBP ■> Z B lad 4 XPS « Z c> 

StQ& Then As ABO, XBP w equbagailar; 

. AB BC 
** XB EP’ 


W ^ BO 
OB B?" 




. AB AS 

, _ — H ill IB BB MM _ 

XI 08' 


XB «■ 08. 
ffindlarljr XP «■ dp. 

!C]ua itt A« DBP, XBP. 

106 ■■ XB, {mwwiQ 

DP •• XP, Swad) 

BP aocnmuHi. 

Aa", (3nd« 

10 thftt Z DBP w Z XBP, whieh ■« z B, (<9WW’. 
and Z DPS — z xfe, vhidi A z 0, (ooimO’. 

Z o mu^ M Z A. (3 it a A 
' , Q.BJ). 

, TrimgUt vMeh kam tkak tHu pfoporHomd are 
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THEOnSM 60. 

If two triangles iiavfi one angle of the one equal to an 
angle of the other, and also the sides about the equal an gias 
proporttonali tdw triangles are similar. 

aiven two As abc, DEFin which A A » A D, and 
AB AO 

—» BB . 

DE or 

To mrove the Aa ABC, DBF eimilac. 



Oonstr. Apply A OEF to A ABO bo that A d is placed 
on the equal A A, with DE lying along AB and DF lying 
along Ac; 

let the new poririon o£ A DEF be axy. 


JProot. 


65 SB ^ 

DE DF' 


{gwen) 


but DE = AX and DF = AY, 

• 65 « 6°- 

" AX ay’ 

XYllBO. 

A a s A AXY, 
which Bs A E. 

Similarly A o ss a f. 

As ABO, DEF ate equiangular, 
ike As are similar. 


{sides dlwi* propf^) 
{oerresp.S 


5 


(■nwia) 


Q.B.D. 

R 



imw fOBOOL OKOMBniV 


BxAtm.M 81: 

HvitnucuuN 

1. A vm d* U;^ «Mbi » abtdov lir 8" knf: how high h * 
hottM whMk oHti a idtidow 80' kmg t 

8. A A hM Ita iklni 81 ydm,, 88 18h»g; H; fai dnwn 

toaaiile«oUMtlwkK4l)Milij<i«ii7‘8t»B^ fbdttwMMgiha 
otluwfidaa. 

8: In* A ABC,XV todmwa pwnlki to AS lad inaata AO in 
, XtodSCtnV. 

^ If AO • 8", AS - 8-8", BO • 4*0" Mtd XV » W", flna 
OX ud YB. 

w IfOX-i'T'.XA-ifhr'.CB-iir', AB«Sr fladXY 
wd VS. 

A A ir«t]dhg>«tiak 8* 8" long whan h^ epria^t oiMUy ootrot* 
<m 4h6 hfllaht oC a iamp*pDrt whi<A S 00' f(M away uA te U' 




A Hy «yo la 0' 0" ahovn iba gtwond and aa I lotit. m\, 61 m 
window I Bud that the botuiin ot the window Fraina, whiote ia 87r' 
above the floor, Jut ooven a email atone m the groond ouMoe 
wUeh S S' fl" bom the window. How for am I atandhig from the 
window f 

6. Thediamatacorthebaaeof aoomia lOem.. aadaaaoSonof 
it is eat off by a riane wl^ is 8 «a. from the base. If flbe 
dismeter of thta leoUoa ia 7*5 can., Sad the height of the eOM. 

7. A window meaaues 8' 8" high and 3' 94" wide; and it 
divided ttp into equal panee whioh are eimllar In ahape to the 
window, u tbo boight of eaoh pane is 18'B'',bow many pasas wlQ 
there be f (Nqgleot the wooden tUrfadons betweaa the panee.) 

8. Two At ABO. XCY an plaoed ao that their baiei BO, CY 
form a itnight Use BOY, a& AB«8". AC-4". 60-6", 
XO M 4". OY - 3", X Y - 8". ftove that AB | XO ai^ oaloalate 
when AX and BY meet when prodooed. 


9. Two As have thdr aidea 8", 7", 8" and 18", 14", 81" long. 
Prove that whldtever pair of tfdei an taheo in the first trianglei, 
a pah can be taken in the other having the lame ratio. An the 
trianglee elmile* I If not, why not! 

10. ABO ia an angle whoM anna BA, BO an ptodnoedto X and 
Yj if BAv*AX-r, BO-8", CY-7", prove that Aa ABO, 
X0¥ an udinflwf.' Whioh angle of A XBY eqnala A BAOf 
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11. A BMin B' 9" hlAfi iUads JO' 6" »w#y from ft Ump-post 
IS' 0" higk; bow knff & tho rdtftdow of tiw man v»hlob ia tbrowt 
on tbs ^uad by tbo uunp at tbo top of tbo ^ostt 

IS. 1 aw ttwt the top of ft post 10' B" h]|^ is dlnwUy in a line 
with the top of a distant btifldiiig 15' 6" high wbloh stands 13' 
away f»m the poet. If my eye is 6' 0" abovs the groond, bow Ux 
am I ftotn the bnilditig I 


* ToaonMnun. 

IS. Two isoaodes irtanf^ sm etmllAr If fheb' vertioftl anglss ftio 
oqnai. 


ii. Hie line iotnlng the mid-points ol two sides of a triftnnle is 
bftU the third am. 


16. A tnpeeiom bus one of its patsIIbI sides tvioo the other; 
pioTo that the point of interaeotlon of its disgonala Is a point of 
triseetlon of eftw diagonal. 


le. AOB is ftn angle. AA' is drawn X OB and QB' J. OA. UU 
inthe Idaakalnthastatamente M 2^. ' 


17. AB and CD are ohords of a olrole intoinseotin 
that Ae AOC, BOO are similar, ud fill in the 

statements ^ ■■ 


at 0; prove 
blanks in the 


18. OAB sod OCD are two seoants of a olrole; prove Ai; 
OAD, OBC are similar and complete the statements Sc 

25.^. DedooethatOA.OBaxOC.OD. 


19. From a point 0 a tangent OT and a seosat OAB am;dta^ 
to a olrole, nbcpress the statmnont OT*« OA. OB in the lorhi 
of an equality of ratios, and prove this equality by shnilar 
tdangles. - ' , 

' ff ' l', * 

30. If AD and BE are altitudes of A ABC, prove ~ w, 

31. Brove that tha. external eornmon, taugmiite of tw6,;oliqie8 

line of centres externally In the ratio of the radii; 
fkttialw also ease of the internal tangents, when sn^ esast. 



mm mMom, fisommiv 


|wdMtmMNmHiiBAi9,0MiX.y, Z MhotrUMk^ m] 


„ « WJ y* 

l»fm»D ,|; 

IP ilm inriii^ 53 ! 

M. Tm ttltt||te AM. tHM waal Ib him mb dnira m 4ll 
WflM Inum IM ttm M tilt ittflHi Ab o( !%• U ift ten pifittil 
mli AS, AOi 0«, so ia f», ^ ft.«, pm* ^ PQ •> fit. 


lAla AAtQfht Adt A8«r. S0«i4", OAor*! m 


IT 


M tl w tbt omoilto lUb of M to 0 lo tiM* AO ■* 
tpl Ao AJBSDt A80 tn ■*■»»>**» ' atMi that to liMHhM ttn 
A. ft. D. Ctknkto WO. 

is. MMtadOXP ai« two dadbir trisoi^} ft aotwMHdtei^i^ 
iMl^AX.DYaad;ntii,pcainyMi ABiDft<B AXiDV. 

S7. 0 A0i tB OM nxBmi <d A AftO owiliiic toft, prom ttik? 

a 0M>ftDiadBGlMi|BB. Boom mw tfaot w thiw loadSiiN 
!« Wndi^ awoh fa » polBl. 

in. AOttodlBBmwtf «rdE«l»,Bndlilw loagtota AO,ftO cb 
Awdfttw awt byorylted ton^t «» P.0. PtomthstAt 
AOO, BOO M» rinuW, and dodaeo wwt AO. 90 (iw^)*. 

St. K ra te thfl potpoodMar fton P. a potol ob * otroio, to 
BiotaagoatataaotMrpobA AoadAB w (ho dUnotor 
A. piom that Al^ Aft. PN. [Ama» thio aqitailtf fa m 
fom ol ttm oqtud ntoa, ud ao find oat irwA triaaite and to bi 
ptomdtobannllat.] 

|0. AftOtooaoq^titatandtilaaibtBaQalbadtaaafadat PiiaM 
p^uiiibantbiottn AOj AP. BO aca pcodNuad to aiiaot ta % 
am: AO.BPiiM«tbiO. Bemthit AaMB»AftQa( 0 itotlBr. 

' llU Uta lMMo 80 ofaataoawlai teiaaela ABO Ja grodaead both 



jWtoO and B.n Wagbo^B. K AB»-DB.OILpww 
mm Aa BAOt'AOB* am tnlHtt, WblcA am tba paJm of aqaal 

*• • ^ and BO ia biaaatad at P md CO at Q. K 
fto la X, Y, Mova Utal.X cad Y bctwot B0< 
BX«*tXO by aholbiit tadaf^a, or P) jfota 

ACt’"rQ.J’;■' V ,., 
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THEORBH 61 . 

If a parp^&dlotilar h dxawit from the angle of a 
right-angled liiangte to the h^oteni]se> the t^gles on each 
side of the perpeudleolar are ^hnllar to the whole triangle 
and to one another. 

Given a A ABC having A A a right; angle, and the peip. 
AO drawn {tom a to the hypoiennee BC. 

To iirove that Aa add, ado, abc are all similar. 



Troof. Zu As ABD and abo, 

f A B is oommon, 

\and rt. A ADB =* rt. A bag, 

As are equiangular. 

Sim'y it may be proved that As ADO, abo are equi A ; 
the three As are equiangular, and similar. 

Q.B.D. 


Cor. 1. Tht sjuare on tAe pe^^endiwlof is equal to the 
reetangle contained by (he s^immts cf (he hypotenuse .. 

For As ABO, CAD axe ahuOar, 

• ^ a • AD*aiBD.DC. 

'■ DA DO 


Cor, 2. The square on either of the sides cotUaining..the 
rigU onyU is emud to (he rectangle oontained by the 
hypctmuse and tlte segment qf the hypotenuse a^Ocent to 
that siiU, 


Fw Aa ABD, OBA ate aimilax, 

«= • BA* BD. BO. 

iX flC ” 

So alao CA* « CD ■ OB. 



vm ■csoot snoiamtY 


m 

8, Bf adding, w» 

BA* -f OA* « BOiSD f Bi» » SC*. 

riiu gmt m u my hru^ 

Mot* 1 OM lino b* pond by Am inlerm^h^f ditiHk^ 

*ad Oor. S by AHumt mi mem. 

Mot* (b).-^0w(Hhfiw t and a liKm m tbtw abui Proportiimdi 
ta lii* of tliMiKin 81 j 

tlutt DA hi ItM oMUt amp. to SD and 00* 

BA « » ^ BDuntiBO, 

OA « „ » OOaadCB. 

• • ♦— 

9».m. 

In a* flnt ottbaH ih* Uam («,b} to a taout pnp. {«) 
fovod do not ovodapt tn tiw mooiid and ihird Um tinea (a, d| 
(a/) do oTwlfip, *aa tludr suan ptoporUtmala anm aad p. 

ntOBLEH 17. 

To find « xam inropotHifflil to imo gim Silts. 

lAt X Mtd Y bo tlu two given lines. 

To find a mean pio];^ to x and Y. 

Msoson 1. {Nm-omiapping meihoi). 


t f 

X and Y in a aionight line (AO, OB) ao aa not to 

OYwftp; 

on AB ae dieiin. doaodbe a eemkizole; 
at 0 eceot 00 x AB tolneet tbe eitole in 0 ; 
join OA, OB. 

!I^en tom AOBit a it. d. and co Xbypot. AB, 

00^ aa . OB and 00 i» a mm lo X and Y. 

QnEJP* 



S tr 



lutto 




Msthod n. {Omiappinff meihoi ^., Suppcao Y > x. 



FUee X Aod Y ia a ettaight ifaie OA. 6fi ao aa to 
overlap; 

on the UoA OB aa desodba a saioidiolB, 

ftod at A aroet ao J. OB to meet tlie dtole mo; 

* join CO, CB. 

Than atnoa OCB ia a rt. Z and CA1 hymt. OB, 

CO* Bt OA ,OB and 00 ia a mecm prm. ioxandY. 

Q.E.f. 

Bxiiotns 84. 

PaionoAi.. 

I. Find « maan proportional to lines of (i) 8" I'O"; (il) S", i'U 
(iii) 7 om., 4 om. 

li. Omv lines V5“x I'i inshes end Vi x 2'6 inohos long. 

8. Draw a Hue vhoee length la Vf\ (Take 7 » 8 x 8'fi rather 
then7XI. Why!) 

4. Draw Bnei of length VfF', Vff', om„,i* V-P on., 

V^". / 

8. Draw a Une 8" long, and dhride It into segments 'ffhose mean 
propoiUonal Is , 

6, Prav a line ABi dnd a point 0 in it snoh that AO* jrAB*. 

’ .'JtenoBwntut'Aro'STwnBip^^ 

i Z A in A ABC is fiO" and AD ± BC,' If Aa= 8", BC = 4", 
todBD,Dp. 

8. Ih A ABC Z Ola a&itperpendioiilar to AB, 
and CBi the bisector of Z O; inee^ AB in E, ]} AO 8*', BC ^ 
12", oaloniatetbelengthof'PE. . * # 



mnr tmoa, mtotmvt 


m 

mmjkuA Uw «MiWM(mdtat nftKm h mmI to Uw tMtauii 
17 tte othw two itM of tiM 

10. If AO k ■» «hltiidii of A ABO Mid AO* BO. 00^ won 
BmA yw Mi 0 o 8 A 0 ti It tl^t 

Ik Xt AO,klMMwaOof A JMMl Mid BA h 0 mwA prapofTlIoiitl 
to MD «fid BO, ihow tbit A 8 AO h o ifi^t 101 ^ 

Aitbknativk IhtDtMn ov Tavotsiu SS abd fS4 {VAom 
315 Aim 315) ST iiSAiis os Stmux ‘rsumuiBA 


tHlOlSH 81 

IT tw dluaKb ol i f&Ai tetmtst xt i polst tuili tti 
dfr^ tlw iMtsBtto ftootiiiwd by flit Mfmaati,^ tb» m 
b oqpil to tb* mtfogto ocwtiiaoil iKf tlo Mpswilo tto 
vQm» 



OiVMi two ohorda of » oirok, ab sod OD, ist«n»oti]^[ 
stx. 

Vo proTs tibat AX, xb n ox. XD. 

Oonstr, Join ad, bo. 

Knof. ^en in As Axo, BXB, 

A A «• A 0, {wbtmd«d ijfBomm) 
sad A AXO WB A BXO, (twl opp.) 

As ate eqniMtgidu, and A dxoitet; 

"OX XB’ 

/. AX.xBMme.xD. 



lAtlO 


m 


VBsxmmw, 

H frtnn » pobt «nts^ a tibrcfe a weaat and a tiagaat to 
ib* ^nto a» drawn^ toa mtaafito oontalned by toa whole 
Meant aitd to» eafnaent of tt onWi ti» <drel« la equal to the 
eqnaie on the fameat. 



CUvaa a elide Asr with a secant xab and a tangent XT 
dtawn to it fram the extexnal point X. 

To i^ve that XB. XA x-XT*. 

Ceiurtr. Join at, bt. 


Prool. In Ab xat, xtb, 

A X is ooQunon, and A atx » A b, (in aU. ttgimt) 
As ate equiangular, and sin^, 

• 

XT KIS" 

/. XB.XAm:XT*. 

OOf, (fa oift^ inimeot ala point out9id6 

ihe (Ankf Ik roXtmU eonUmed bu the aegmmta ^ omit 
vpuH to ih reotoHgls oontoinsd m segnmlt of m o&m. 

Tbtw hi toe flgw* ^fB.XAwXD.Xn, far B,c^. 
batow^*, 

p to^ oaflK be pWTed dwoUy by % method^ i 
“ " i dfe toSsiNcit being «a gtyea bnp. ? ■"“ 


,, Jat 1$ JiJw, BXC a*e not yertleelly 
dte^'M'toe eeme 



1^0.272. 


Note. liMKplea on Theacewe 

?i8-m 


I ant} 6S viU be ioood^on pegea 




m 


MW iClKMHf OSOmtlty’ 

^ mmm m. 

.. .. WBM Of ifawtlfj y Mtasite ^ 

OB W'Wamoiwtf to sm 


®WO two ifaaQor Aa aa* 

®0 ood BIT 


Ti» irovo tbat A.!?®? _ ®c* 

A D8P gpir 

Cwrtr* l>ti.» Av 

AX, ov JL oc^ 

^LAH«iOO.AX 

A 08F jap; 0y (A a- j aOM X oil.) 
BF.b'y* 

••• A. an ^aiaagul,, «ri". 

a Aa AB 

*■ OV br 

ivitioh •« ^» 

EP' 

sou 

<^OEP EP.BF""ipl' 

yA8AB(^pePAawZB„ 

theaA^»,B^B 


-ah, 


QaBbjDa 


um 


m 


SxAimJi 8S. 

Noiomnux.. 

1, Two rimtlw ferUua^ hova bUM of I'i" and 3'1", Th« uea 
of tbe fltat is 2*4 aq, Uw. Find Um ana ol tbs otliw. 

2, Tbs araM of two alnihir tarUogtos an 48 and 75 sq. hu. If 
Uio baas oi tlw fist fa 2*4", fizid tha Mas of tha othei-. 

3, Two almiJaa iaiaiiglaa bars anas of 3*30 and 4*41 iq, om. 
Find tha ntb of (1) thw baaaa; (fi) thak altttndM. 

4, Tbs sidas of a irfaiifila an 8". 8*6". 4". Wbat are the aides 
<d a afnllar brianilo whose ana to Biae tifites as gtost 1 

5, Two tiiaiii^ an dnw» wfth thair aidea (1) 2"; 8". 4"t 
(8)2',^,4't findttkoiaHoof anas, 

0. A A80 to btoaoted hy a fin XY wbkb to parallel to BC. 
Fbid the tallo AX t XB oomot to two dedttal plaeea. 


Temobwroau 


7. Prow that the anas of dndlair tiriao|Ies an proportional to 

the squares of fiulr sltftnitoa. a 

8. f&aw that tha anas of dsilar trlat^w am proporttonal to 
the sqoariw of oomapondiiig medians. 


8. Prom a ])olAt 0 ontoide a oirole two wosats OAB, OCO an 
drawTk. If ahmB0a«8x (diofd AD.prow A OBCs*4AOAD, 

10. ABO to a lrtoo|[Ie; AB to triseoted at P and Q, and AC Is 
trtoooted at R and 8. P and R being the polnte ol trtoootion nearer 
to A, Ftovs that ana of trapealom PR8Q is ^ of that of A ABO, 

U. The Ads BO. OA. AB of a A ABC are dtoided Into five 
eqnaljparts,* P and Q an the fthd ldiEitb pohzts of di^on 
on Bd, R end Son OA,'T hind V On AB, Prove that ana Of 
PQfl8TV-if of AABO^ 

12. ABO. DBF an similar tadangtos, and on their bases BO, BF 
ate deaoibM eqatlatorel ttdaoglee PBC, QEF. Prove tbat. 

A ABOf A DBF-• A PBOi A QEP. 


18. Two ifemcto AB, 00 df 4 oirolo meet in pi . l^ve that 
■ A:AObr.(^ BOO«AD*jOD< 
lA In^ii flgnte to Theorem 01, prove that ' 

BA*jAO*«BO;DO> 



18. AB6D to a notengIe.aaa’AX; CY ate drawn at right WgW' : " 
to BD; If BD to thus trtoeotoA prove that the length of the , 
reotangle to times its bibadth. 
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ircif tciaoou aiowmT 


16w jMW to A X btoMto Aft iwi V to a po(tit m AC 

•adi tiM AYsYCiibSeI. Ytnd Uw wioe m Um 
ft,AX¥tA ABO. 

17, ABO to A Irtotii^t P» Q, ft iurt>jxiiHttmi BC. CA, AB null 
tittlSP««|BO,OQ«fOA. Aft»iAB. Pn>v«UiAl 

0) AiPft-|A AftOi (U) APQRmiAASO. 

18. Ida Att)pnlotoP.Q.REii»«AlP«on SC.OA, ABMltuto 
IH»t!PC-»0QiQA«ARsllS-<8ti. I>n>««Uttl 

A l>Qft - A ABO. 

tA loA ABDB«Ato(lMAB,AOAi«pn)(iiKi(dtoD. BiiiidOP 
liA»in|&Bto>B«toAOf)radffi>Bdin F. t*niwitte* 
AiUWtA ADS»AOtAF. 


IffllKBirAnYB ?!toop ot TsaoBSit 66 (mqb S38}. 
Coaitr. Dnv xv' y so to moot ac ia y'. 



. AY^AY'. 

"YO W 

i.e. AO ia divided is tlie same i*tio at Y 


(XV'IBC) 

OTvmh) 

Bi^ Y' both 



Y asd V' ocnncida. 
ButXYlBO,' 

XYI BO, 



tonmt TBMr 


SSS 


A MmrVAt (cm Oua) Tut or OtoicvmT. 


£utiB|dtoi 1-lT oui bo Itltaii ot Uto and Seotioo 1, 18->90 ai tha 
and of Sntfcxt If* S8-jlI iirbar Sootion IV, 8S-40 ofte Soctloa V, and 
(bo »tl at Uw aod of ibo Motiaa 00 ffit&UoT TirUoglaa. 

i, How auay sUbio baa (1) a pentagim, (ii) a bueoj^n, (lU) an 
oolagODf 

S. How ttuutv odgoa faaa (i) • cnibe, (ii] a (fiattgnJar pynuuid, 
a aqtuuo T Mako a idcotoh of «mK 

k How jUBiw faow baa (1] a eubo. (U) a leotaagitliiiF pytmJd, 
(Ui) a baagi g o i iBl ptbaa I Skeioh oac^ 

A If AS OMiOM 00 at Q Jutd /, AOB' 

«■ SS*. flnd tbo ofthor ao^a. 

b. lBF!g.S04wltMij|,HuuuaMo«&to 
ai^l^ (1)« aad/if (if) a and y, ^ jfaad y t 

0. If ia Fig, SM AB tad 0O tax If, ^ 

7. H tbtoo Haoi ueot at Of wbat te tha 
«nm (d (be tbtoe aagiM at 01 

& la A ABO, A A-80*. A 8-78*, find A 0. 

9. Hi A ABO. BO la prodaood to D; A ACO«*110” and 
A A -■ 88*: find A B. 

10. In a vnad' ABOD, A A-76*f A B-88“, A O-l^" 
Bad AD. 

11. Whataort of qoadl latlte jBgore inXz. lOT 



IF. Hibhaoaaeof t, flg^ of eight aidoa, how many degreea axe 
Om mnA .# ||) oxtecier aoglMf aO the interior 

18. It aadh angle of a polygon ia ITIP, libw huldy (idea hthitY 


li, IFludfll the alee in degtoee of each (i) exterior angle, (ii) ln« 
teriovimgleoiategidar figoreof (1} 10 Bldin( (ii) naideaf. . 

16. In a pDX» onb aide ia 6" tnd one angle ia 72*; -yrhat do. yon 
know about the other aidea and angles I ' 

16. What n..me oan be given to a quad! if its dJegonala (i) bia^t 
eaohotiwt; (11) biaeot eaoh other at right angles; (iii) bia^t eaw 
othwandareequM; (iv) out at right angles and one only is biseoted 

tile other r 

17. The aidoB of a triangle are 6", 7", 8". State (i) the dlieottoa, 
(d) the length of the line joining the mid points of the first two Bides. 

18. Fi nd the area of a par*' on 4" base and with height 2}". 
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MKw N»oot oiowsmir 


19. 71» MNMM of two an aqna): om 1mm aI nhm of t* 

and aof <1}’'i UwoUMir iwa baa«<d S'*; find iu altiKKia, 

19. A pai* and a tilaitglo an oqaal in ana; Uudt biaM ar» 
aqul. WtutMBjronaayabcm; thi!Wb%^ 

Si, »ad ttv ana ol A ABO if A S • A C - lA** aad M3 « ft'. 

SS, Vfsd tbe iMa of a aquan ^ ita ana tbit «( a nolaiq^ 
wiUt a^iMOt tfalaB 4|" aixl S". 

SS, Stud tt« tUrd Ada trf a t^Va^i^ tibuiftla B tba kAftart 
aide fa 17 «&, aad Um aboruwt la S.«n. 

Si, Ilia aldaa of a tHaagle an tri IS", 86", la It 

Sft. Tba aidn of a Inpaiiem an S" and IS", tin ottwf eUaa an 
ft" a^ IS", aod Iba ai^ at aaoh aod of lAe ft" Uw an rli^t 
ta^ Slfld tin area Bfuo. 

so. A du»d of a Ank la 34" tooi and tbe ndtmla 18"; flnd 
ftlw dktame of tlto obord from Um oantn of tita oink, 

87. A IS" dhord bt dkUot 1ft" from tba oaotn of tbe olnla, 
nadradtnaofolnla. 

18, Bad the kogth of tbe taagaot dtawo to a oliele of 8" 
dfanatw bom a point 0" ava; tcom the oeotn of olnla. 

38. U two (dnka ban dlaawtm (d 7 om. and 11 bn,, how bor 
apast an tbatr oeatna U tiia; tonob (I) externally, (ii) intonally t 

80. AoyeUooxitdrtlateralbtaomiingln four Utan tbeoppoAle 
eagle, lad ano^ aaglo la 79*. Bnd all tbs angtei, 

81, Bnd the lenglA of aa eiteraal oosmon tangent to two 
eltdoB, wboae ndll axe S' and T, md whoie omtna an 18* apart, 

81. lOwo chords of a drole tateraaot i»st;k tin ctrob; tin an. 
iuoat»oloinbboidana"aadft"; oneaegnenttdtinodnrlairi 
' Bnd the fenslniBg aegment, 

88. Twooboida AB, OD of aoltdemeat onWde the eixeleatO. 
tf AB ti 81", BO - OD - 8", and OD { fixd die the length of 
tbe tangent from 0 to tin olrble. 

84. AOB la a chord of a drolo ABD (oentreO); H AC«1^, 
OB 8", bo ■»8'< find the BuWns. 



HXiiT^ ran 


2D5 


ItL Fig. S09 wtuptottt thtt i& Exx. Sfi-37. 

8ii. AB*-.BC* + CA*+ . . . 


36. AB>« A0* + SAC.CE 4- . ,. 

37. AC*«AB» + BC*- . . . 

33. lo Fig. 305 inite » st*i«o»n6 
rimiliur to (he above, bringti^t In the 
quantity 2 AC. AB. 

30. in 4 KLM. AB (| LM. tneetlng 
KL in A and KM in B. if KA-S'C 
Ai.«4", KB-6", RndBM. 



40. In the figure to £x. 80. If'KA mS". AL-ilO", AB-i". 
findLM. 


41, Bquiai^lar figone an nob neoeemlly lintilar. Giro 
examplea, wW abont the «aae of tiriangloa T 


45, In the figure to Ex. 88, if KAwfiom., AL<*7 osi, whatia 
the ratio of am of A KAB f ana of A KLM t 

43. In A PQR, Z P - 00* and PX X QR. What lathe mean 
proportional between (i) QX %nd XR, (11} QX and QR t Whai 
unea la PR the mean proportional between 1 

44. « and fi are ^milar Aa. The aidea of a an 6", 7"; the 

amalleat dde of JS la find the other lidoe. 

46. a and fi an aiodlar triangles haring areas of 10 and 40 sq, 
om. If the base of«la 12 onu, find the base of fl, 

40. Calsttlate a in |1g,4i96. 



47, Oaloulato m In Fig, 207, . ' 

Cwplete the statemeuta ba FToa, 48-'6S referring to the figuna 

mentionM, 

48. In Fig, 296 (without the numbera), 

AB 

40* In Kg. 297 (Tritlwuttbe numbers), — -- 


Ml lOBOOL Itovmt 


in QR 

51. It Hi »,AO.OI<.. 

5t It Hi W^OQ.OHKr... 

6MtHine,y!E.ll'.^.». 



Mtmim MXAHnm 




nxmtoK mHPLEft. 

(Ai^ lit a point, {Mn^ieti, anglM of trimytlo «od poij^goiu) 

A. I. ({) Phid titff nrnita «wlo botwaea U» dlteotloia NX and 
Jf. mr* W. 

(ii) Kamo two direotiom thi^ «ni fwrpendioutAt to S. 21^ X 

A. 2. WlMt angle i« (I) twins its tmpptonuititT 

(U) fimr ttmw m somplomsntt 

A. 3. A lino AB Is 3 in. kmg. 0 is a point in AB sash that 
AC w 4 C8, and AB {a praduora to D so that 
AD « 3 BD. How kMig an AC, AO, CDf 

B. 1. In fig. B i arrows indiaats puallol Unw. 
nnd s and yin dsgmai. 

Jl. 2. 7b« sidM of a oiudriktenl «a {aodaosd 
in atdsT. and thm of toa artador aaglosan Tlf, 

SS”, 02°. Find tin fourth axtsrior angla and all 
ths Intarior angles. 

B. 3. Bi Fig. B 3, the angles « an both TS^; find L y and 
name two lines through 0 that am in the 
eann straight tine. 

C. I. In A ABC, A B la twloo L A, and 
Z C la tiites tlmei L B. Find tho angles 
iadogrsM. 

C. 2. Find tbs number of ddee a polygon 
has(1) ife^ sxtorior angle is 24° t 

oti (1^ yoh interipr an^e is 144°. 

a ^ J| A ASCt ABmAO, and BA It 
pt^difleD. FiorstbatADACistwiee 
ZC. 

T). 1. In A ABC, Z A 48°, Z B ^ 86°, and AC ia ntodneod 
to D. Find Z AXO If AX biseota Z A and CX 
bisRots Z BCD. 

U. 2. In Fig. n 2 AB and EF are parallel; 
find Z it, giving reoaouB for your atatemente. 

D, 3, In a polygon tho sum of tho interior 
angloa equals the eum of the exterior angles; 
bow many eidoa has tho figuret 

B. 1. ABC la a straight line and X biseots AB; prove that 
AC + BCS.2XC, 

(SHOnTBB) 
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E. 3. A6CD {« A qaadrikknl wilb A6 | DC. Mid Z A « Q [ 

}iro«« thut Z 0 «« Z D. 

E, 3. ABCO£i«At»flt«Ronin whiirh JL EA8 •* Wf aik} ZODEm 
ISCT, AB I ED, And BC ] AE. ChicnUtp llKr *itc> nf Z 8<^, 

llncluiiini; congnMnom.} 

F. 1. In & ABC. ZB*’ 46\ ZA 7T i BX, dmwn XAC, itnd 
AY, drawn XBC, nwet inO; And Z A06. 

F. 3. (0 If Alt Uk! anglni nf a pcmlARnn Am nquAl, And Uw nbia of 
M«h. 

(U) Enoh exterior arntlp of a polyqnn tbo inUdor 

AOgln of «n nquO*(<Mii) irutiRw: MW manjr tidw 1^ 
Uw polygnnr 

F. 3 . In A ABC, AB •« AC, And Z SAC t« otAuiw. EquttAhnil 
trfauietM BCD, CAE, ABF am drawn tuxtomaily mi tho ai^.of 
A ABO. Um omiigruMtt irUuiRkw to praro Uml DC OF. 

Q. I. If tite bbBoUira of Atigk* 8 and C of A ABC nwet In 1 and 
Z A-i8(Y, Bad Z BIC. 

0.3. In Ffg. G 2, prove that a + ^ + 300". 

G. 3. Two oimlm faam; tix* mine mnlm 0, and 
A atralgbt line ABCO ou(a Uh* iaiirr cimle in A 
And D And tho amallpr mio in B and C. l^ove 
by oongnioDt triMiglra that AB >« CD. 


H. 1. In A ABO, AB w AC and XY ia drawn 
I Be to out AB At X And AC at Y. Fnnra tlwt 
50C«i AY. 

H. S. AB ii A atmtxhl md. and a man atanda 
oE the toad ao aa to no aa far from A aa ho la 
from B! if PN X AB, prove tluU AN «■ NB. 

H. 8. ABQOEF hi a hexagon with alt ll« nldee equal and all lU 
aoglea equal; oaleolate the angle BFD. 


L1. The Aaglea of a quadrUataml in oitter am (x + 30)*, 
(« + 00)*, {» + 70)*. Find «, and ahow that two iddm an ||. 

1.2. In A ABC, Z A»8S* and Z C-00*t alaoADXBC. 
Prove that AD ■■ BD. 

1.3. In a reotaosle ABCO, AB ia iMigor than BA. A point P 
la taken in DC mioh that PC ^ BO, and a olrelo with P aa eontn 
and PA aa tadiua cute CB (or OS produced) in Q. Prove by aon« 
gruent As that QO DP. 




BBvieiOH e:caiipleb 


J. 1. In tho iiguio to Theorem 3 (p. 60) AOB is straight and 
Z ADD SB Z Bob; prove that COD is also a stroi^t line, 

J. 2. In Z ABC| O bisocts AB and 0A =s OC; prove that Z ACB 
is a right angle. 

J. 3, In As ABC. PQR, AB = PQ and BC ^ QR; X bisoots BC 
and Y bisects QR and AX = PY. Provo that AC, = PR. 

(Iiioluding inequalities and parallelograms.) 

K. 1. In A ABC, O is a point in AC snob that OA s OB; also 
Z A :bi 06'^ and Z C •» 20°. Prove that AC aa 2 OB. 

K. 2. In A ABC, CA » CB, Z A » 70°, and BC is produced to D 
so tiiat Z CAD ea 30°. Find tho angle ADB and find irhioh of tho 
lengths BC, CD is tho greater. 

K. 3. ABCD is a quadrilateral with AB 0 DC and AD == BC. 
(AB Is not equal to DC.) Prove, by drawing a parallel to BC 
throuj^ A, that Z D ~ Z 0. 


L. 1. Give in each ease tho name of a quadrilateral in which— 

(i) two of the sides only are parallel; 

(11) tho diagonals bisect each other;. 

(iii) all four aides ore equal; 

(It) the four anglos are equal; 

(v) tho diagonals aio equal and bisoot each other; 

L. 2. In A ABC the bisectors of the angles A and B meet in I. 
Show that Z AIB =. 00° + J Z C. 

L. 3. ABCD is a pat°‘ and X is taken in AB and Y in CD so that 
AX »B I AB and YD = | CD. Show that AXCY is a par®. 


M, 1. In AABC. ZA = 2ZBandZC 
Z B in degroes. 

M. 2.0 is a point inside A ABC. The 
par®* A06F and AOCE are drawn. Show 
that PE a* BC. 


hf.3. In A ABC, AB<aAC; BC is 
produood to D and AD is joinod; jLB — 
06°, Z D « 52°. Which is tho longer: 
(1) AB or BC i (11) BD or ADI State the 
roolmw why. 


= ZBH-2ZA.' Find 



N. 1. In Pig. N 1 AB » AC and BD biseots Z EBO. Prove that 
the external angle of A BCD ot D = 3 Z EBD. 

N. 2. ABCOE is a regular pentagon. EF is drawn perp* to 
EA to meet AC produced in F. Caloulate Zs AEC, AFE, FCD. 

N. 3. ABCD is a par® j if Z DAC > Z BAG, prove that DO > BC. 



MB 


KK«r ftCHCWt. OBOMSntY 


0.1. A90D it k ncUiuht and m AB, BC, CD u buMHfiqttiUtMsl 
kikni^ ASK, flCU OOM m« dnwo outii»kl« tbs tvctM^ Prove 
tbfclKL-LM. 

O. t. In k piHil«i;cin ABCOE of knjr eheiw* provn tbkt 

AB^ SKS -rCO ^ D£ >AE. 

0< fl. Two pMT** P9RA, fSBQ hiive oiw »id« PS eommcm. Prove 
b^teJW. 

'' (tneludln^t intorwpU.) 

P. I. In A ABC, X ii k Jpoint In AB eudi that AX tm | AS. XY 
h drown 1 BC to meet AO in Y. Bjr drawing enoltHT line I 1^ 
jffove Um AY ) AC. 

P. a. ABODE .. .fatapartitaitigulurlS-eiilKliMljiwi. Ptoni 
that AS A Ofi, 

P. S. In A ABC, ABm ACand BC i« prodnoed toD; DSxAB 
atul OF X AC iwodutwd. Provo tbat BO Diawita A EOF, 

Qi 1. In A ABC, X bb^ AB and Y biwwte AC, If Z it cmy 
pdflt bi prove that XY bieecui AZ. 

<}. 1 In the ipudrilateml ABCD. AB « AD and CB » CD. If P 
ie any^int in AC, pmvo by two pain of congniont triangleo tWt 

Q. 3. Sqoam BCVX and BAKH am drawn estontally on Uu 
(Idea BC, BA of A ABC. Provo by congruent trian^ ibat 
A HOB L AXB and deduce that AX X HC. 


R. 1. Provo that, if a atndgbt etick ia held at a aUnt above the 
ground, the earn of the heighta of Ita onda U twine the bebht of ita 
fflid-point. (Draw a boiixontal line through the bottotn ordm atiok 
or through Ita mid'painl.) 

R. 2. In A ABC, AB « AC; poiiiU D and E are (akcoi In BC 
produoocl, D beyond B and E beyond C. to that BD m CE; on tho 
ihtomal biaeotor of A A a point F ia taken. Prove that DF « EF. 
(PtoduoB the biaeotor of A A to meet BC.) 

R, 3. In A ABC, AB ■> AC, AB la produced to O and AO to E 
flo that BD HB CE. If BE and CD meet in F, prove that 

(1) Aa BpD, CBE are congruent, and (ii) A BFC la iaoteelMt. . 


S. L A ABC and A DBO are on opposite aidoe of BC; AB AC 
and A CBD ia 0O°. Prove that a um from A drawn X BC will, 
when produce(^ blaoot CD, 

S. 2, ABOD ia a pat* and E any point. F tdaeoto AS, and BF ia 
produced to Gao that FSbbBF. Prove that ED and GC bieeot each 
Other, 
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S. 3. In A ABC, AB =s AC} BA is produced to X, If the biseotor 
of L ACB meets AB at Y, prove that L CYX » } Z. CAX. 


T. 1, In the par*” ABCO, X faiiiocts AB and Y bisects CD. AC 
meets DX at P and BY at Q. Prove that AP = PQ QC. 

T. 2, Iiithepai^ABCDthasidoAB SB the diagonal AC and the mid 
points of BC and DA are E and F. Prove that AECF is a rootongle. 

T. 3. In the par'“ ABCD, Z B »= 46*. Squai-es ABEF, CDGH ate 
drawn outside the riar" and DF, BH are joined. Find the magni- 
tudo of L DAF and show that DF « BH b BD. 


(Including areas of parallolograms and triangles.) 

tl. 1. The diagonals of the quadrilatoral ABCD out at O. If 
As AOB, COD are equal in area, prove that AD || BC. 

U. 2. In A ABC, BC = CA and Z ACB is obtuse. BC is produced 
to D as far os will make AD = AC. 0 is a point in AB produced 
beyond B such that AO sb AD. If Z ABC c= x, prove that A AOD 
- de o ISO*. 

U. 3. In A ABC, AB 3 BC; prove that the porpondloulor from 
A to BC is thrcMj times the {K'rpeudicular from C to AB. 


V. I. The Fig. V1 shows two sots of tbroo parallel linos. Show that 
the nn<A of ABCD is half tho area of 
WXYZ. 


V. 2. ABCD is a par". Q is a mint in 
AB, snd P is the mid-point of AQ. Tho 
parallel through Q to PD meets AD 
produced at R, and BR outs CD at X. 

UM the mid-point theorem to prove 
that DX » XO. 

V. 3. In Fig. V 3 O bisects AB and XZ j P biseots AC and XY. 
What Wnd of llguroa ore AZBX and AYCXJ Prove that BZ «= CY. 
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W. 1/ln F)g. W1 pram tMi Ik luiii of 

A,i,C.&.£Utvo , 

(Joinfil.| 

W. 1AB. CD, EP «n puulk Him mH 
k two iio&<pijr»lM lisfi in A, C. E nnd 
B, 0, P tnpecliniy. prm, b)f biMkinK iiivi 

A AD^ ABCFinnm. 

W* 3. ABCD in a qndrilalwil in tHiob 
ABm AD itul A iM A D. ]^ve tkl; 

Ik teftuili AC, BO ml li light anglw. 
iEnmuaotkttkamorABK) b) nii, 
nknACBnudSDa A 

X* 1. Tk hkotm of tib ualM B 
Oof A ABC nMt in I, lf46lCMl40*, 

pn?ftbt4AM KKy*. 

XI Ik Mdo BG of pai* A6Q) b nroduoad to X, Fioyo 
llkqotd'AOXO-iAmniim. 

X. 3. Draw ft pai« AiCD kviii AB»sr, BOhS'C". 
ABwOlf. EbftpointinADftndFifftpciifltinCOattolitkt 
AE« 2-4" tnd OF». 1-8", Cwiitfaet a A BFU «quftt ^ m 
to AEPB, having Don BA pradowd, Hmiiiiiv BO. A)io,wil^ 
meumring m othor liaM, And the ittioe of Ik mw of A« BOF 
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REVISION EXAMPLES. 

(Including Pythagoras.) 

Y. 1. In quad' ABCD, AB = 3", BC = 4", DA = 13", 
^ B ox 90”, /L ACD 00”. Calculate the area nf the quadrilateral. 

Y. 2. In A ABC, AB =a ^ cm., AC = 0 cm.; CY, the altitudo 
through C, is 6 cm.; using aroas. And BX, the altitude through B, 

Y. 3. ABC is an aoute-anglod triangle, and AX is the altitude 
through A. If BX » 3 XC, ^ow that AB* — AC* aa g XC. 

Z. 1. In the quadrUatoral ABCD, AB -■ 9 in., BC •><: 12 in., 
CD MK 2S in., DA *• 20 in., A B » 90”, Prove, witlmut a drawing 
to soalo, that A DAC is 90”. 

Z. 2. ABCD is a par**, and 0 the point of iutotMction of AC and 
BD. if X is a point in OB. prove that A AXB k A XW In area. 

Z. 3. ABC is an equilateral triangle, and AX an Bltitnde. If XC 
is produood to Y so that CY » BC, prove that AY* >■ 8 AC*. (Take 
BC as 2ji units.) _ 

A.A. 1. In the trapoaium PQR 8 , PQ || SB and PQ >SB. ST is 
drawn I RQ to inwit PQ at T; 8 M bisects PT at M. Provo that 
qnod' 8 PMR m | of quad' PQR 8 in area. 

A.A. 2. On the side QR of tho acute-angled triangle PQR a square 
QR 8 T is drawn on tho oupositu side of QR from P. Provo tliat 
PT* - PS*« PQ* - PR*. (Draw PXY XQR and TB.) 

A. A. 3. DBCE is a stmiglit lino in which DB as CE and ABC is 

an isosodos triangle on BC ns liaw*. Tho angle BAC is bisected by 
AF and F is a is»iul i>n AF Is-twivn A and BC. Provo that DF «• EF 
and A ASF« A ACF. _ 

li.B. 1. In tltc rhombus ABCD, AC »> 0 cm. and BD » 8 cm. 
(ialculato its area and the poi^iendioular distance between a pair of 
oppositn sides, 

B. Il. 2. ABCD is a square of area 100 sq. in.; E, F, Q, H are points 
on AB, BC, CO, DA rcepoctlvely. so that EFQH is a square of area 
52 sq. in. If AE in., prove that a‘(10 — x)» 24, and deduce 
Uie possible lengths of AE and EB. 

B. n. 3. In tho ligure to Theorem 20 prove thatCD » AK and that 

CE* - AH* « AB* - BC*^___ 

C. C. 1. Prove that a tiiaiiglo whoso sides (in ins.) are a* — b*, 
a* HI' h*, 2ab is right-angled. Also calculate its area. 

(ic. 2. In a regular hoxagon ABCDEF (centre 0) AB 4 in.; 
OM is draw'n perp' to AB, an4 OB, AC moot in N. (Calculate 
(1) OM, (2) AC, (3) BN, (4) the area of the hoxagon, (Surds need 
not bo worked out.) 

C.C. 3. In A ABC A A is 90" 5 X bisects AC, and Y bisects AB. 
Provo that BX* + CY* * 6 XY*. 
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mmcAL sxAMKja, ucmao ths use of mi, 

I. Dmw a triaittk ABC on a buo of 3 in., witb iImi .4 8« 6a« 
iod having a (dtawn thnoiiftb A) of I-$ in. Maamire AG. 

1 OiKMtmi a paraikitHnim orlmip diaa^U ai« 7 m. and 
lOonUitfaoai^hirtiiMUMin M nnditaana, 

3. Dm* A A8C, givea AS 3 in., AC 13 in.. 4 8 DO", 
lad^iUaita. 

4. Otaw a irtai^ whowt aidva an S In., i'% in., 3 in. and S»d 
Ita am tidUng awdi aichi in turn aa haw and nnamring 
flOrM^oamng al^tada. 

5. 0«uriijrttutapai*A8CDofamS»q.in.iKichthatABM4iii., 
AC* ISttL, L DAS balm acuta. MeaMn L 8. 

i. Draw a qoa^ ABCO. vdUi AB « 7 mn., BC * 8 «n., CD * 5 
(aii,.DA*8(nn.i 4 BwQIF. h'bwdtaw a A of 
OM aids of Tom. and MW angle <^00*. Cialoilato tia ana. 

t Is A ASO. BC-18 in.. CA« ll in.. 4 C* 52*. By 
dtaving two tool Snd the noaition of a point P whidi i< oquldiatant 
from A and 8, and whbh u aquldktant from AB ajid BC. 

8. Onv tha A ASC wHh AS * 18 in., 80 « i'Sin., AC * 3-5in. 
Sind a poiat 0 iuddo the friaogdo irbich la oqiddirtMt &Mn AB 
and BO. and laob that AO * S-3lo. 

9. Oonattuet A ABC. give» 4 A * 78*. 4 C * 40*, and the 
kngtih of the altitnda throng B18 om. Metaun AC. 

10. Draw a pacaUelogcam whoae noii>paralle1 aidn ant 7 em. and 5 
OM.loogaiidanditltatonBdlagoflatia lOein.Imig. Mctiumrnitaanglei. 

n. Draw A ABC, given AB * 11 in., BC «»S>7 in,, 4 8 * 80°. 
Now draw a triangle of oqnal ana XBY, having XB * i'7 in. and 
4 8*80°. MeaaureBY, 

IS. Ocmatroot A ABC in whioh SO » 0 om., the altiiude thnogh 
A 4 <mi., and tlu median thnvi^ A Id om. 

' 19. Draw a figure to lepteamib a tootangular table 13 ft. tw 9 ft. 

wd draw the oomplete looui of a p^t on Iti anrflwe whleb it 
alwaye 8 ft. away imm the neoieet edge ol the talde. 
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REVISIOK EXAMPLES. 

(tiichiditig <ihoK]« and angles in a oirole.) 

D.D. 1. A chon! of a oirolo 10 in. away from the eentro is 22 in. 
long. How far from the eentro ia a choid of the samo oirole which 
is 10 in. long? 

]).!>. 2. AB is a diametor of a oirole ami CD a parallel chord. 
The angle DAB is '27”; caloulato the angles DCA, DAC. 

D.D. 3. AD, BE are altitudes of A ABC. AD is produced to 
moot tlio oirole through A, B, C in F. and FB is joined. Prove 
that EBC «. Z FBC. 


K.E. I. Two parallel chorda AB, CD of a circle are drawn, their 
lengths hoing ItH cm. and 120 cm. and the centre of the oirole being 
hotween tliom. If tlio radius of the oirole is 66 cm., oaloulete how 
far tho ohords an apart. 

E.E. 2. ABC is an lumto-angled triangle imeribed in a oirole; BA 
in produced to O so that AD a AC arm P is any point in the ate 
BAC. Provo that Z 8PC » 2 Z BDC. 


K.E. 3. Two radii DA, OB are drawn in a circle so that Z AOB == 
74”. BC is a chord | AO, and AB and OC when produced meet in 
D. (>,Ieuiate Z BDC, and And out whioh is the longer BD or the 
radius of tho circle. 

P.F. 1. In Fig. FF 1 with the angles shown, 
caloulato the angles BDA, OAC, AOD. 

F.F. 2. In the cyelie unadHIaterftl ABCD the 
disgonal AC bisoeta Z DAB. Prove that 
ZCOB«»ZCfiD. no.FFi 



F.F. 3. A ABC is Uoscoles having AB — AC and Z B >■ 2 Z A. 
Find the number of degrees In angles A and B. If the bisector of 
Z C outs AB in D, prove that AO •> DC BC. 

0 ,0, ], ABCO is a oydlo quadrilateral, having AD | BO, The 

g lint E lies nn tho arc BC on the opposite side of BC irom D, and 
E meets BC at F. Show that Z FB^E + Z DFC - Z ADO, 

0,0. 2. AB and CO an two eqnal ohords of a oirole, centre 0, 
and when produced they meet oatoido tho oirole in P, By drawing 
perpmidlnilan Aom 0 to the ohords, prove that P Is the some 
distance from the mld.polnta of 'Uio chorda. 

0.0.3. ABCO and AXCY oio par”" with a common diagonal AC; 
prove that AC, BD andXY meet in a point, 

H.H. 1. In the oyolie quadrilateral ABCD, CA bisects Z BAD. 
CB Is drawn I BA to meet the oirole in E and AD, or AD produced, 
inF. Provo UmtEF-OF. 
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H.H.S. P is tlwi of A8 in ii ASC mkIQ k n point oo 

ACt. (St\ k dlrnwn | QP to niort AS, or AS pmituiffdi in S, I^va 
Unit Um of A AQR k of tb« 

MW of A ABC, 

H.IL Fig. HH A abomi oqunl mnw of 
wpul oinlM on n oommon Imm AS ID in. 

HwmiikctiridtiiCDoftbnflguiTk 
41a. OiloiutUa Um nudiM ofiNMsb pinsk. iit.imt 

(Inottidtng tKtiMl arm, Uitgwto. nooUol df okoton.) 

LI. t. The kmgtb d * Uu^t dfewn u> n rirok k SR tn. when 
it to dmwn from a point A whliA to 3S In. froni Iho oentro O. 
ookte the ndiiu u ttw oinito end Uw tongUi of n (ongent dnwn 
from a point S which U 76 in. from 0. 

LI. 2. AS end 00 mb ecpiai mm of a 
dnla ABCO. Fnm thnt the ebonto AC, 

BOaneq[Wl. 

LLa Intheipiut' ABCD.AB« AD- 
dogma] AC; pton that 

2 4 BCD + Z B AD - SBQ f*. 

JJ. 1. In Fig. JJ 1 « - h and c - d; 
hy expnBaing x and v in terma of a and «, 

E that s — Stf. nove oIbd that the cenlio of the etiote BXC 
ithodroleSAC. 

d J. S. Tod cirolee, of radii 2 in. and 3 in., touch oxtomally, and 
both touch latemally a drole of radlua 7 in. Find the perlnwUw 
of the tftonglo thnned by the centma of the eindai. 

J.J. S. PA PS OM the tan^te at the pointa A, S nf a drole, 
oontre 0. AO, BO are joined and pKxIuoed to meet PS, PA, both 
produced, in C and D toapocil vely. mve that A, S, C, D lie on a drole. 

K.K. 1. In A ABC. 4 A-68“ and 4B *» 34*. The dtde ABC to 
dravm and L ia the inld.|»lnt of the minor mo SO; UM ia a diameter 
of the olrole. Find the As ACL, ACM. 

KJL S. ABCD to a aquare inched In a droio, and X to a point 
on the minor aro SC. emro that 4 BXC «■ 3 4 AXE. 

KK.8. ABl6aohoidoraoIrala{QontR>OhMdBnrtotheta>,MtBntat 
B;OT,dtftwnXOA,inoetaBTinTandASiuC. ProvothatTB—TO. 

Llk 1< A, B, 0, D are on the droamtorenoe of a drole, oentoe O; 
AB — AO — AC and BC ■■ BD. IPron t^t A BCD to equilateral. 

L.L. 2. In the rmllc quadrilateral ABCD, BC | AD. The point F 
ilea 00 the cLrcnmmronoe of the drole ABCD botomn B aodCon the 
.oppoaite side of BO from D. and DF meota BO at E. l^ve that 
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LL. 8. A MDintcircfei i« drawn on AOB m diwtnotor, O b ring the 
oMiiw and tho radiim bring R in. HamirirriM am now drawn in^o 
Ute other on AO and 06 m diameteni. A drcta U now drawn to 
touch the Iat)fR drrte intomally and the email eirolne externally. 
l>covo that ita tadiua muet be ) n in. 


(Including the allemale aegnmnt.) 

M.M. 1. In A ABC, L A«74*. L and the Inriroteof 

the triande touchee BC in O, CA in E. and AB in F. Chlouitta 
the angle EOF. 

M.M. 2. A8 bi a chord of a rimie and AC ia the tanoent at A. 
Prove that the biaeotor rtf' L BAChiercUoneaftheattMAfi. 

M. M< 3. tlalnuUtfl the length of a oommon tangent drawn to two 

rinto whoeo radii am 4 ft. and 3 ft. I in., tbrir centna being S ft. 
1 in. apart. _ 

NX I. (lompteto the fbltowing locu* itatementa 
llw hxma of the centre of a rircle whinh 

(i) mmmm through a point A and haa a radiua 2 In. 

Meat 

(ii) touohcB b<Rh ama of the angle AOB la , .. 

(iii) touebea a rirrin of radiua 4 mn. externally and haa 
a ndioa rtf’ I cm, 

N. N. S. TA la the tangent at a point T on a rirele, and ABO ia a 
aecaut drawn from the imint A. If Uie biaoolor of tbo angle BTC 
mertaSC In O, prove that A ATD » A ADT. 

N.N. 3. TWo inumcoting ritvlce havo radii S In. and 3{ in., and 
the length of the emnmnn cbonl ia tt in. Find tbo diatanoe between 
the coutroi if the mnimon chord iim between them. 


0.0.1. A circle meota a aecond oirole in A and B, and the seoentd 
mectaaUiirdrircIninCandD. The line AC, when produoed, meata 
the drat rinde in E and the third in F; tbo line BD, when pioduoad, 
ffitwta the fint rirdo in Q and the third in H. Provo that the quad* 
EFHQ ia eji^kt, 

0.0.3. The cirolea ABP, A8Q meet i» A and B, and are mob 
that AP and A(}. the tangmita at A to the rirotea ABQ, ABP i«qieo< 
tividy, are at right anglea. Provo that PBQ ia a atnlght line. 

0.0.3, What (in earii caae} fat the loona dT the contra of a oirole 
whl^ 

(i) tauehM a given lino AB at the jxdnt At 

(ii) tottehea a f^von lino AB and hu a given radloa of 
r ta.t . 

(iU) pnaaea throng two givm polnta X and YT 
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PJ*. 1. A0C it » atfsight lim and T It » poinl onUkta ABC. 
Cton^ato t)w ttaMacttl; CT t« Um Unj^l «t T tn Uk ttols 
ATBirtlw 4ST0i««itta1 

irAA8C,Z.AOa««a*.«iaCOJ.AB; EtaapoltilmiCOuid 
AE It noducnd to nept tlw circk< on AB m dtonwtor In f. Ptma 
Uut AC it Uw tMigpnt at C to llae drclt CEP. 

P.F.S.lnAABC.AB»»7cfn..aC».Hnn..CA»>0rm. Thrm 
dlralw aw dwmit to touch Midi odtcr catonitlly in pniit, tiioir 
a«fUM btlnf A, B. C and ttudr ndii (in m.) Iioinjt a g, a napw- 
Uvoly. Write down them rniuaiiraw. web cnniweting two of Uw 
latton «, gi A tod \ty aoiring Uwm. find ibe ndii of Uw drclw. 

PJP.t WbaltaUtBkwttaor 

(i) Uw twmx A ot A ABC dmwn on a, girat btaa 
BC and bating a known vwiical angle at A of 9S*f 
(U) a point P, tba laugonl fron) which to a given dwlB 
hat a dnbnite hunRlh, my 1 ln.f 
(Ui) the mid'poiiU ofaol^ S in. tongofa ^vm dnlo f 


1. A olnile to dmuoi tiiraugfa Uw oonwn A, C, O of a pai* 
A6w. Tbe tangtnt to this drcte at C ineeU AB, or AB produced, 
atE, Provo that 4 ACS-4 ABC. 

().Q. 3. ABOO to a oyalio quadrilatenl whom diagonala AC, BD 
out at ti^t utglea at E (not Uw oentw). Tlw tanj^ta to eirela 
ABCD at A and D meet at P, and Uw tangnnta at B and 0 moot 
atQ. Prove that 4 P •(■ 4 Q « lQ(f. 

Q.Q, 3. Hio tanganta ttom a pdnt A to a oirnle are AB and AC. 
The tangeito at a'thlrd point D nwtfar AS in X and AC in Y. If 
XD ■■ 1^, prove that AD btoeota 4 BAC. 

THE CmCLE-REVUlOH OF FRACTICAL C0NSTR11CT10M8. 

1. If an aro of an inoompiate drUe to given you, how would you 
find ito oentraT 

8. Oonttruot two olnlet of ndii I in.. 1-0 In., auoh that tbUr 
wmmon ohord to 1-8 In. long. 

8. Draw a triai^e whom aidm are 1 in., 3-4 in., 2*6 in., and dnw 
a Me through ite angular ndnla. Whore to Uw oantro of Uw 
dnlef 

4. Draw a olteto of radius 8 om, and taha a point P 7 am. from 
tht oentre. Draw one of tbe taogonta from r to the drole and 
meamie lU length. 

6. Draw a drole of tadltw l-S tn. and take a point P rm it. Draw 
Mtangent at P, and Uwn a aeoond tangent InoUned to the fomec 
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0 . Dtftflf A trinnulo whoM <idM apb 1-8 in., 2*2 in., 3-2 in. and 
draw a circlo to touch the aidra intomatly. Monaure ita mdiua. 

7. In tbo triAnj;to Riven in No. 0 draw a circle to touch the shortoat 
Dido extomally and tin* other two sidu produced. 

8 . ABC {« an angle of 7U'; draw it, and draw a circle with ladiua 
H in. to touch AB and BC. 

9. Draw a circle, oentm 0 and radiua 5 cm.; now draw any 
tadiiiB OA, and produra it to B ao that OB aa 0-8 oni. Oonatniot 
a circle of radiua 3 cm. to go through B and to touch the ^ven 
circle externally. 

10. Draw A ABC with BC » 7 cm.. L ABC « 40^ and L ACB « 
01”. Now draw a circle which ahall {waa tlirough A and touch 
BCatC. 

11. AB and CD are parallel linca met by a tranavotaal AC 1*4 In. 
long and auidi that Z BAG ■■ 70", Conatruct a drole to toaoh 
AB, AC, and CD. 

12. Draw a aemidreie on a diameter AB which la 3 In. long. 
Now dmw a circle inaide the aomicircla to touch the curve and AB, 
and to have a radiua of -0 in. 

13. AB la a given line 1-2 in. long. On it as haae draw a triangle 
ABC having A C » 85’ and with an area of <0 aq. in. 

14. Draw oirclea of radii 1-S in. and 0-0 in, touching externally; 
now draw a thitd circle of radius -7 in, to touch each of ^ other 
circles externally. 

1 ,1. Draw n triangle ABC In whieh tlie hoao BC 2*2 In,, the 
angle A U W, and the median bbawting BC ia 1*3 in. 

10. Draw a triangle ABC, given BC » 7 cm., A A » 06”, and 
AC ■« 8 cm. How many dilTercnt triangles sro poeaible? 

17, A aeniiclrcio ia drawn on the line AB, 2 In, long, as diameter, 
and AB ia produoxl ixith ways to C and D, Find a oonstraotlon 
for drawing a circle of radina *4 in. which ahall touch the Jine CO 
and aliK) toneh the aemlolnilfl, internally or extomally. How many 
eitcliM arc ixaMible! 

18. Draw two oMallel atrnight litwa AB, CD witii a line AC per* 
pondicular to botu, AC being 2 in. long. G ia a point In AC such 
that AG « ‘7 in. Now draw a circle wUoh paeaoe through G and 
which touobM Uu two porallok 
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REVISION EXAMPLES. 

(Including ostonsioiu of PytluijMnut, Aixillonhui. intenwcUng 
cbordi.) 

R.R. 1. Dinouffii M'hrtiHT the* folloiFtng triangliw iu« r^i-anf^, 
obtusc'Anglod, or lumto-angled. the lenj^ha of tbo iddM bring ^von 
in each coae 

(i) 11, 12, 17; (ii) 13.14, 10: (Ui) 11, «0, SI 

R.R. 2, In oiich of tlio As AQC, AX is an Allitmls. Qsloolato 8X. 

(i) AB « 7 in., AC >» 4 in., BC »• 10 in. 

(ii) A6 n 6 ora., BC » 8 cm., CA u 9 oin. 

R,B. 3. ABC is an oquiinUtral trionglnof side Bn, and D is a point 
in BC such that BD | DC. Prora by Pythogoru that Ao*h 
7 BD*. 


S.S. 1. ClatoulatothoaTnaafalrianglowlioasaidMainAB >M IS in., 
BC 14 in., and CA « IB in. lui follows 

C^lQuIato tha projaction of AB on BC and tiwn tbo oltttade 
through A. 

S.S. 2. (i) If tho lengUui of tho sides of a trionglo am (in am.) 

5-0, 0-5, 8, find the length of tho median whicdi 
bisects longMt ride. 

(ii) Iftbeaideeof atrioogloamSa, So, She, andUmawdloa 
to tha third tido is So, piovo that So* m> Ba*. 

S. S. 3. ABC and ADE aro straight Unto suoh that 

AO»BD»BEnCE. :^vo that A CEF «• 4 ^ BAD. 

T. T. 1. In A ABC, AD is a median end B bissota AO. Provo 
that 3 (BE* + CE«)« AD* + BC* 

!r.T. 3. AB is a dinniatcr of o circla (contra 0). D is token on 
the olrole so that ehonl DB » tho rodiuH. Tho langpnt at D moots 
AB produood at C, Provo that AD a DC, 

T.T. 3, From on oxtomal point B, BA b drown os a tangent, 
and BCD a meant, to a oiruo. If AB a 0 in. and BC a 4 in., 
oaloulatoCD. 


H.U. 1. A and B are poinb IS om. apart and P b a point whioh 
moves BO that PA* + PB* » 170 sq. am. O Is the mid-point of 
AB. Caloiilato OP, and stato clearly how tbs point P movm, 
tl.II, 3. X is a point 11 in. from tho centra 0 of a circle of rodlus 
14om.; AXBbachordauuhthatAXa3XB. b'indIhoIongtfaofAB, 
tl.U. 3, A ABC is iiiBcribcd in a rirclo. If AB a AC u 10 in., 
and BC a 16 in., oaluulate tho radius of tho ciruto. (Join the 
mntro to A and B.) 
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BEVISION EXAMPLES, • 

(Including tulioa of pamllel lincc, blaeotors of cngloc of triangle, 
similar triangles.) 

V.V. 1. (i) A lino AB, 16 In. long, is divided, intomallT at X 
and externally at Y, in the ratio 4:1. Hnd the 
length of XY. 

(ii) In A ABC, AB-.2", BC=3", CA=.4". The 
Internal and external biseotors of A B meet AC, 
or AC produoed, in P and Q. Caloulato AP and AQ. 

V.V. 2. In Kig. VV 2 Z AXC - L BYA » Z CZB, Prove that 
Z E of 4 OEP ■■ Z ABC, and ahow that 4 b DBF, ABC Uro 
aimilar. 

V. V. 3. In 4 ABC.BC »> 91 in.; PQand 
Rd am drawn |l 6C, meeting AB in P and 
a and AC inQ and 8. Xfi^-8C-3in., 

RB >■ <26 w 2 in., oalonlate PR, AQ and RB. 

W. W. 1. In par- ABCD.^B « 3 in., 

BG ■■ 6 in. The biaootor of Z BAD meets 
6 D at E, and the biaeotor of L ABC meets 
AC at E. Find (in turn) the ratios of each, 
of the 4 b AFB, AEB to the area of the 
par*. What can you now deduce about EFt 

W.W, 2. llie ride CD of a square ABCD is 6 cm. long and in CD 
a point E is bdcen so that CE ■■ 3 om. .BE and AD are produced 
to meet in F, Cialoulato DF and area of 4 DBF, 

W. W. 3. The falaootor of Z BAG tnoeta BC at D; X is taken on 

AD, or AD produced, ao that CX » CD. Provo by aimilar triangles 
thatAB;BD-AC;XC._ 

X. X. 1. The pai* ABCD has an area of 12 aq. In. P and Q are 
taken on AB oa that AP m PQ QB, and DP, CQ are produoM to 
meet in X. Oidcnlate 

(1) the area PDC; (U) the area PQC; (ill) the jralSo 
XP/PDj (Iv) the area XPQ. 

X.X. £. The btoeotor Z X of 4 ABO meets BC In D, and AE, 
draw X AD, meets BC produced in E, Prove that BD t pC >»■ 
BEiEft 

X.X. S. A point E is taken on the diagonal BD of a eyollo quad> 
ABOO ao that Z BAE - Z CAD. Provo that BA; BE» GA t CD. 
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Y. Y. S. Two otnlM OAB bon » lino CAOr dmwn Umm^ 

A. Sjr JotniRK 0 wi41l to tin «ontn of isirota OAB, oiid D and B 
to. tin Oonb« « oiroto DAB, MWe iiwt 

C»i BO In tbo mUo of tho rftdll. 

^ Y.Y. Tbo yieotor of A of tMu<* ABCO meou BO nt F «nd 
i50»tQ; i)rofi>tb»tAP; PQ»ABtAO. ' 

{lodading IntmeoUtift obords, Un^t and Moanl. atvM of 
■ImUor IriaogKw.) 

Z, Z, 1. ASCD to % tranmium wiUi A8 } OC and AC, BD miwt in 
D. If AB:OC«3:S, find tin ratloiOO/OB; AADO/ACOO; 
A AO^ACOD. 

t. AS and CO uo two chotdo of a cindo wliioh moot, wbon 
tRWw»d,tnX. Sbowthat A XAC: AXBD«* ^ 

XA*!XD*-«XA.XC!XB.X0, 

22. 3. Tbft dtogonato of a «s«lio quad' ABCO 
out at0. ProvDtbat AD.OC H SC.OD. 

tt. 1. In Figt a 1 AB to a tangut Cak»latoa> 
and v. [x 1 • 

«t. S. Tin Into 60 of an aqnilatenl ttriangto K J 
ABO to produood ttfX (berand 6] and Y (faen^ 

C> M that XAY 1^. Rreve that 

XB,)(Y«.XA» ***' 

«. 3. The Internal htoeotom of the thnn anglee of A ABC meto In 
I. and HIK to drawn X Al to meet AB in H and AC in K, Frm 
jlbiat L AHK ■■ It (B + 0), and ^t A» BHI, OKI am sii^ur. 

fi. 1. From T, a point ohtaids a drote, a tangent TA uid Meant 
Tl^ are drawn. By ooiuldoring the ame « akoilar trlatB^ 
uving AB and AO u oomanondmg aldaa, pmtb that 
AB*;AO*-rTB!TC, 

p. 2, ABCD to n cyolio quad', and DA, CB mevt, when produced. 
In 0<j! DP to drawn i AB to meet BO in P, lYovo that 
ui „.,i, OD*«OP.OC. 

p. 8. AB (a a flagetaff Axed on the top of a vertical pole BO. and 
^antdpjtO on the ground (lovid with 0) the Hcfitafr and pole imbletid 
equal anglee. If AB «1 8 ft, and B 0 «o l a oalattlato OC, OA. 

' 1. Thi chord AB of a oiioto to parallel to the diameter iX>, 

^totongent at 0 meetsAB produood in B, and the bbeotoa' of L COE 
meets AB in E. Provo that AF i FB ■■ AD; BD. 

‘{ 8. Foinljs B, B are taken on the a{^ BC, CA, AB rMpeC' 

A;A$0, 00 that BP - 9 PC. CQ >■ 3 QA, AR >• 4 RB, 
Find the ratito A BPR; A ABC onchA PQR: A ABC. 

A ABC, 1 to the In-oentio and d to the ex.eenfct» etwirt. 



